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CHAPTER  XVI 

SURFACES  IN  A  REGION  :    GEODESICS 

Orientation-variables. 

193.  The  preceding  investigations  have  been  concerned  with  properties  of  a 
region  depending  upon  any  line-direction  through  a  point  ;  we  now  pass  to  the 
consideration  of  some  of  its  properties  depending  upon  any  superficial  orientation 
at  a  point.  An  indication  has  already  (§  159)  been  given  as  to  surface-  variables 
at  a  point  ;  they  can  be  taken,  either  as  new  variables  £,  77,  £,  which  satisfy  a 
permanent  relation 

^«P=l 

when  in  their  canonical  form  ;  or  they  can  be  composed  from  two  non-coincident 
directions,  with  line-variables  p^,  y/,  r/,  and  p2',  qz',  r2',  at  an  inclination  e,  such 
that 


_   _  __  _ 

?i  V  -  ft  V     riPz  -  p^    ptfq2f  -  (Jipz     sin  e  ' 

Any  other  direction  P',  Qf,  R',  lying  in  the  plane  through  these  two  directions, 
that  is,  lying  in  the  orientation,  must  be  such  that 

P'  =  Aj 

for  parametric  quantities  A,  p,  ;  and  therefore  the  variables  of  the  direction  satisfy 
the  relation 


We  also  may  have  a  surface,  passing  through  the  point  and  lying  wholly 
within  the  region  ;  and  then,  when  the  tangent  plane  to  the  surface  at  the  point 
is  taken,  the  orientation-variables  of  the  plane  are  postulated  as  the  orientation- 
variables  of  the  surface.  Such  a  surface  can  be  given,  without  any  implied 
restriction,  by  an  equation 

0(p,q,r)=Q, 

between  the  representative  parameters  of  the  region  ;  if  the  surface  be  one  of  a 
family,  the  equation  would  involve  some  magnitude,  constant  for  a  surface,  and 
changing  from  surface  to  surface  within  the  family.  If  the  two  directions  j^',  g/,  rt'  , 
and  p2',  qz',  r2',  lie  in  the  tangent  plane,  we  have 


2 

so  that 


PARAMETRIC  SURFACE  AND 


CH.  XVI. 


It  has  appeared  (i.e.)  that  there  is  a  quantity,  denoted  by  On)  and  defined  by  the 
relation 


and  therefore,  with  the  foregoing  definitions  of  £,  07,  £,  we  have 


Within  the  region  there  exists  a  imi(]ue  direction  normal  to  the  surface  ;  if  its 

direction-  variables  be  denoted  by  7    ,  _    ,  —  ,  so  that 

an    an    an 


r7w, 

being  the  permanent  arc-relation  of  the  region  for  this  direction,  then  (I.e.)  we 
have  the  equivalent  equations 

Trfr> 
\lnl 


n        n 

"  t  "^  U<n 


o2-ott 


dn        dn 


dr\ 
M 

,dr\ 
dn) 


a    a  (rdp4  wd(l  +  r> 

"3  ~  "n  \  tr  ~7     +  J1  j-+Lr 

\     dn        dn 


dr 
-=- 
dn. 


The  prime  normal  of  any  regional  geodesic,  and  all  the  other  non-gremial 
principal  lines  of  the  geodesic,  are  at  right  angles  to  every  direction  within  the 
region  :  and  therefore  they  are  at  right  angles  to  every  direction  on  the  surface. 
But  a  regional  geodesic  is  not  a  surface  geodesic  in  general  -the  surface  must 
belong  to  the  particular  class  of  surfaces  hereafter  discussed  under  the  title  of 
geodesic  surfaces ;  and  the  surface  geodesies,  the  prime  normals  of  which  are 
necessarily  (§  94)  orthogonal  to  the  surface,  must  be  investigated  independently. 

Accordingly,  we  begin  with  the  geometrical  relation  between  a  regional  surface 
0(p,  q,r)~Q  and  its  tangent  plane. 

Tangent  plane  of  a  parametric  surface. 

194.  Any  spatial  direction  in  the  region,  given  by  the  typical  equation 

dy  =-yldp-{-  ?/2  dq  +  y3  dr, 

is  tangential  to  the  surface  0(p,  q,  r)=Q  when  the  directing  increments  rfp,  dq,  dr, 
satisfy  the  equation 

#!  dp  +  02  dq  +  03  dr~  0. 


194]  ITS  TANGENT  PLANE 

Hence  the  tangent  plane  of  the  surface  is  given  by  the  typical  equation 

y-y=Xdy 

dq 


where  A  is  a  parameter,  and  a—Xdp,  /3=)(dq,  y~Xdr,  provided  the  parametric 
quantities  a,  jS,  y,  satisfy  the  condition 


The  equations  of  the  plane  can  also  be  taken  in  the  form 

c\     /-)/)      fi 

but  the  earlier  form,  explicitly  involving  the  three  parameters  subject  to  the  single 
explicit  condition,  is  the  more  convenient. 

From  a  point  S  on  the  surface  near  0,  having  TJO  as  its  typical  space-coordinate, 
let  a  perpendicular  of  length  P  and  with  direction-cosines  typified  by  Y9  be  drawn 
upon  the  tangent  plane  at  0,  the  small  arc  OS  along  the  surface  being  denoted  by  S  , 
and  let  the  foot  of  the  perpendicular  on  the  plane  be  the  foregoing  point  given  by 


Then  we  have 

YffP-=r]o-t/~i]o-(y+-  ayl  H 

Because  P  is  the  perpendicular,  the  magnitude 

]1)  [no  -  (y  +  «yi  +  $/2  +  r^))2 

must  be  a  minimum  among  all  the  magnitudes  which  can  arise  for  all  permissible 
values  of  parameters  a,  ]8,  y,  that  is,  for  all  quantities  a,  /?,  y,  satisfying  the 
condition 


The  critical  equations  for  such  ti  minimum  are 


/*0j  •-=•  ^L,  2/3  {ye  -  (y 

where  /x  is  a   multiplier  left  undetermined  in  the  formation  of  the  critical 
equations  ;  and  they  can  be  simplified  to  the  forms 


4  PERPENDICULAR  ON  THE  [CH.  XVI. 

For  the  small  arc  OS  on  the  surface,  we  use^>',  y',  r',  to  denote  the  direction- 
variables  ;  and  for  second  derivatives  along  that  arc,  whatever  it  may  be  ultimately, 
we  use  pQ",  qe",  rd".  Then,  accurately  up  to  the  second  power  of  8  inclusive,  we 
have 


')  8  +  iy«"8». 
Also 


ye=9iPt  +  ytf 

=yi(p»"+ 

+  2lJ«J»  V  +  21JBJ  V 


where  1/p  is  the  circular  curvature  of  the  regional  geodesic  in  the  direction  pr,  q',  r', 
manifestly  a  regional  geodesic  touching  the  surface  along  the  direction  of  the 
small  arc  OS,  and  where  Y  is  the  typical  direction-cosine  of  the  prime  normal  of 
that  geodesic.  Hence 


the  term  in  1/p  vanishing  because  ^jir«/1=0  ;  and  the  right-hand  side  is  accurate 
up  to  82  inclusive.  Similarly  for  the  quantities  ^y  ^(lyo  ~y)  and  ^")  ya  (rtn  —  y)  ; 
thus  the  critical  equations  become 


with  two  others  of  like  form,  all  accurately  up  to  S2.    Hence,  also  up  to  that  order 
inclusive,  we  have 


Multiply  these  equations  by  019  02>  ^3?  respectively,  and  add  the  products. 
Because 


the  result  can  be  taken  in  the  form 


194]  TANGENT  PLANE  OF  A  SURFACE  5 

Now  the  second  differentiation  represented  by  p0",  qe",  re",  has  been  effected  in 
the  surface ;  consequently 

6i  Po"  +  0*9e"  +  W  +  On  P'2  +  20wp  Y  +  022£'2  +  2013p  V  +  2023?  V  +  033/2  -  0. 
We  introduce  new  symbols  {)•„,  according  to  the  definitions 

S*u  =  0w  -  0|-T,,  ~  02^  -  0?&  \h 
for  all  the  combinations  i,  j,  —1,2,3;  and  now  the  last  equation  can  be  written 


We  thus  have 
so  that 


being  a  value  of  the  undetermined  multiplier  /x  ;  and  therefore 


Returning  to  the  equations  for  the  length  and  the  direction  of  the  perpen- 
dicular on  the  tangent  plane,  in  the  typical  form 

Y$P  =  f]o  -  (y  -i- 


accurate  up  to  the  second  order,  and  substituting  the  foregoing  values  of  a,  /?,  y. 
as  well  as  the  earlier  value  (p.  1)  of  y0"  ',  we  have 


where 

TF  -  yi  (00!  »-  h62  1  flffi,)  f  ya  (Mi  +  W2  ^-/03)  +  2/3  ( 


and  the  magnitude  -~-  denotes  a  typical  spatial  direction-cosine  of  the  regional 
normal  to  the  surface.     Hence 


6  SUPERFICIAL  GKODKSICS  [oil.  XVT. 

Let  l/p0  denote  the  circular  curvature  of  the  section  of  the  surface  by  the  plane, 
through  the  direction  j/,  </',  /,  and  the  perpendicular,  so  that 

1  2P 

—  Lim  ^2-; 
PQ      d   .0  ° 

and  also  (with  a  permanent  and  new  use  of  the  symbol  y)  write 


y  n 

a  magnitude  the  significance  of  which  will  be  obtained  later  :  then  we  have 

r,_r+i  dy 

Po     P     y  dn  ' 

as  a  relation  connecting  the  length  and  the  direction  of  the  perpendicular  on  the 
tangent  plane. 

Intrinsic  equations  of  superficial  geod-esics  :  regional  flexure. 
195.  The  intrinsic  equations  of  superficial  geodesies  are  obtained  by  assigning 
the  conditions  that  the  integral 


shall  be  a  minimum  for  values  of  ;>,  q,  r,  that  obey  the  relation  6(p,q,  r)  =  0. 
These  critical  conditions,  by  use  of  the  frequently  recurring  analysis  of  the  same 
type  for  different  problems,  are  found  to  be 

APe"  I  nya"  +  (,'re"+^[ij,  1J^>/  =  M0,, 
Up,"  +  R<la"  +  Fre"  +  ^  [  ij  ,  2J  p,'p;  --.  M62, 
GPo"  -t-  Fya"  +  Cr<i"  +  ^  \ij,  *]pt'p,' 


where  the  summations  are  for  the  combinations  i,j,  —  1,  2,  3  ;  where  pt~p,  q,  r, 
according  as  z—  ],  2,  3;  where  the  symbols  [ij,  k]  have  the  significance  given 
in  §  12  ;  and  where  M  is  a  multiplier  undetermined  by  the  critical  equations. 
Hence,  changing  this  multiplier  to  A  where  X=MQ'1,  we  have 


and  the  multiplier  A  still  has  to  be  determined. 
As  in  §  194,  we  have 


2012  p'q'  -\  022q'*  -|~  26l3p  V  +  20MgV  +  0^r'z  =  0 


195]  REGIONAL  FLEXURE  7 

along  the  surface.    Hence  multiplying  the  three  equations  by  0l9  02,  03,  respectively, 
adding,  and  using  this  surface-relation,  we  have 

-S&np'^A^a^A^'fl, 
so  that 


Now  (§193) 

Q0n   <P 
so  that 


and  similarly  for  the  other  right-hand  sides     Hence  the  intrinsic  equations  of  a 
geodesic  on  the  parametric  surface  9(p,  q,  r)~()  are 


— '    m  On        rfwj 

The  term  regional  fleyure  of  a  superficial  geodesic  is  used  to  denote  the  arc-rate 
of  angular  deviation  of  the  superficial  geodesic  from  its  regional  geodesic  tangent 
(the  regional  geodesic  through  ()  in  the  direction  //.  q',  /,  on  the  surface).  A  point 
S  along  the  superficial  geodesic  at  a  small  arc-distance  S  from  ()  has  its  set  of 
space-coordinates  which  may  bo  typified  by  rj0  as  in  the  preceding  investigation  : 
let  a  point  7T,  taken  along  the  regional  geodesic  in  the  same  direction  and  at  the 
same  arc-distance  3  from  0,  have  its  typical  space-coordinate  typified  by  77,  so  that 

accurately  up  to  the  second  order  in  8  inclusive.    Thus 
But 


and  therefore 

ye"  -  y"^(pe"  -p")  -i  y*(q9"  -  q")+y3(re"  -  /') 


6n        dn  ' 


8  MAGNITUDE  AND  DIRECTION  OF  THE  [CH.  XVT. 

Let  the  magnitude  of  the  radius  of  regional  flexure  be  denoted  by  y,  and  let 
Z  temporarily  denote  the  typical  direction-cosine  of  that  radius  ;  then,  by 
considering  projections  along  the  typical  spatial  axis,  we  have,  to  the  second  order, 

82 

^-  ^Zty' 

When  the  results  are  combined,  they  yield  the  typical  relation 


_._. 

y  0n        dn  ' 

Measuring  this  flexure  by  the  deviation  along  the  positively-drawn  regional  normal 

dtj 
to  the  surface,  and  having  regard  to  the  fact  that  Z  and        denote  direction- 

.  an 

cosines,  we  have 

7Jy     i__S»i./' 

'    dn'     y-  On        • 

The  first  result  shews  that  the  direction  of  the  radius  of  regional  flexure  of  the 
superficial  geodesic  is  along  the  positively-drawn  regional  normal  to  the  surface  ; 
and  the  second  result  shews  that  the  magnitude  y  of  that  radius  of  regional 
flexure  is  expressible  by  the  formula 


where 

•8^~0u  -  01-T,,  ~  02AtJ  -  03@?;, 

for  all  the  combinations  i,  /,  —  1,  2,  3. 

Moreover,  with  this  significance  for  y,  the  intrinsic  equations  of  a  superficial 
geodesic  are 

ft"-p"  =  -^,     ft"-^1?-,     *"-'"—£. 

y  rm  y  aw,  y  dn 

Also,  if  now  we  use  ro  (instead  of  lrfl)  to  denote  the  typical  direction-cosine  of 
the  prime  normal  of  the  superficial  geodesic  and  retain  p0  to  denote  the  radius  of 
circular  curvature  of  that  geodesic,  then  there  exist  the  equations  typified  by 


= 

pQ      p     y  dn  ' 

where    '   is  the  typical  direction-cosine  of  the  regional  normal  to  the  surface. 

The  last  set  of  equations,  on  the  elimination  of  p0,  /o,  y,  leads  to  the  group  of 
other  equations 


fly 
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shewing  that  the  prime  normals  of  the  regional  geodesic  and  of  the  superficial 
geodesic  and  the  flexural  radius  of  the  superficial  geodesic  lie  in  one  plane.    Also, 

because  ]>}  Y      =0,  the  flexural  normal  is  at  right  angles  to  the  prime  normal  of 

the  regional  geodesic  :  indeed,  its  direction  lies  in  the  tangent  flat  of  the  region  *. 
Within  their  plane,  let  ifj  denote  the  inclination  of  the  two  prime  normals,  so 
that 

^yyo=cos0; 

and  then  we  have  the  results 

GOBI/'     1         sini/r     1  111          1      cos  iff    sini/r 

po     p'       PO     y'     Po2    p2    y2'     PO      p        y 

yo  '--  y  cos  i/j  +  -/  sin  0. 
dji 

In  this  plane,  there  is  a  direction  at  right  angles  to  the  prime  normal  of  the 
geodesic  :   denoting  its  typical  direction  -cosine  by  yo,  we  have 

yo--  -  Y  sim/H-      cos  i//. 

Moreover,  the  tangent  of  the  superficial  geodesic  (being  the  tangent  also  of 
the  regional  geodesic)  is  at  right  angles  to  this  plane.  It  is  at  right  angles  to  the 
prime  normal  of  the  regional  geodesic  because  ^Yy'  —Q.  Also 


- 

dn        dn        dnl     ±   \     dn        dn 

+  F*± 

dn        dn 


so  that  the  tangent  of  the  geodesic  is  at  right  angles  to  the  regional  normal  of  the 
surface.  Consequently  it  is  at  right  angles  to  the  plane  in  question.  It  is  there- 
fore at  right  angles  to  every  line  in  this  plane  ;  and  thus,  as  is  to  be  expected,  it  is 
at  right  angles  to  the  prime  normal  of  the  superficial  geodesic. 

*  When  the  region  is  homaloidal,  so  that  it  is  tho  plenary  homaloidal  space  of  the 
surface,  as  in  the  Gauss  theory  of  surfaces,  then  l/p^()3  and 

y0_i<fy. 

Po     7  dn  ' 

that  is,  the  regional  flexure  of  a  superficial  geodesic  becomes  the  circular  curvature  of 
the  geodesic,  and  the  direction  of  the  flexural  radius  is  the  unique  normal  to  the  surface. 
The  tangent  flat  of  the  region  has  become  the  region  itself. 
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We  have  an  immediate  geometrical  construction  for  this  configuration.     Let 
OF  represent,  both  in  magnitude  and  direction,  the  radius  y  of  regional  flexure, 
the  direction  being  unique  for  all  geodesies  through 
0  :  let  OT  be  the  tangent  of  any  geodesic  :  and 
let  OR  represent,  both  in  magnitude  and  direc- 
tion, the  radius  p  of  circular  curvature  of  the 
regional  geodesic  drawn  in  the  direction  OT.  Then 

OF,  OT,  OR,  are  a  set  of  three  lines  perpendicular     T  .,-''  °  R 

to  one  another.     Let  OS  be  the  perpendicular      ''  pI(,   OQ 

upon  RF  ;  then  OS  represents,  in  magnitude  and 

in  direction,  the  radius  of  circular  curvature  of  the  superficial  geodesic  drawn 
in  the  direction  OT. 

Also  the  locus  of  the  centre  of  regional  flexure  of  the  surface  (that  is,  of  all  the 
superficial  geodesies)  is  a  range  of  the  line  OF  whose  extremities  are  the  two 
principal  centres  of  such  flexure,  one  for  its  maximum  value,  one  for  its  minimum 
value  ;  the  range  is  the  direct  interval  between  the  extremities  if  they  are  on  the 
same  side  of  0,  but  it  is  the  complement  of  that  interval  if  O  lies  between  the 
extremities. 

Pr  inc  ipal  rcg  io  na  I  Jlcjr  i  1  res  of  wipe  rjic  ial  gcodes  icx  :  surface-measures  . 
196.  Now,  in  the  region,  the  normal  to  the  parametric  surface  is  independent 
of  all  directions  in  the  surface  ;  and  the  quantity  On  is  independent  of  p\  r/',  r'. 
Hence  to  find  the  principal  values  (that  is,  the  maximum  and  the  minimum 
values)  of  the  regional  flexure  at  any  point  of  a  surface,  it  is  sufficient  to  determine 
the  maximum  and  minimum  values  of  the  right-hand  side  in  the  equation 


y 

for  all  the  admissible  values  of  //,  </',  r  ',  satisfying  the  conditions 


The  critical  equations,  in  their  initial  form,  are 


/  +  Bq' 

8-ai?'  +-  9-32?'  +  8»/  =  *0a  +  1?  (°P  +  F(l'  +  cy  )> 

€  and  Y)  being  two  quantities  undetermined  in  the  formation  of  these  critical 
equations. 

Let  the  equations  be  multiplied  by  p',  </',  r',  respectively,  and  the  products  be 
added  :  then,  when  the  conditions  are  used, 

en 
--=,, 
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determining  the  value  of  77.    Thus  the  critical  equations  become 

u  -/"  A)  P'+(b»  +e-n  H)  q' 

/          \  y      / 


11 


Also  we  have  f)^/  +  Q2q'  -\-  #.</  —  0. 

The  detcrminantal  elimination  of  the  quantities  p',  </',  r',  €,  which  occur  linearly 
in  these  four  equations,  leads  to  the  single  equation 


-]( 

y 


-!< 

y 

y 

.1, 

y 


=-0, 


a  quadratic  in  y,  determining  one  maximum  value  and  one  minimum  value.    Let 
two  quantities  M  and  p.  be  taken  such  that 


so  that  M  and  JLC  are  contra  variants  of  the  two  ternary  qualities 


with  015  6/2,  0jj,  as  the  contragredient  variables,  similar  to  the  contra  variant  ^J  afff  ; 
then  the  foregoing  quadratic  in  y  becomes 


that  is, 


Accordingly,  if  the  maximum  and  the  minimum  values  of  y  be  denoted  by  y±  and 
y2,  we  have 


11 


with  the  foregoing  values  of  p  and  M  in  terms  of  magnitudes  connected  with  the 
region  and  the  parametric  equation  of  the  surface. 
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Next,  the  principal  directions  of  regional  flexure  (that  is,  the  respective  direc- 
tions of  the  maximum  and  minimum  values)  are  given  by  the  values  of  p',  q\  /, 
given  in  turn  by  the  successive  substitution  of  the  two  principal  values  of  y.  In 
particular,  the  two  principal  directions  are  at  right  angles.  To  establish  this 
result,  let  p/,  q^',  r/,  be  the  variables  for  the  direction  of  y1?  and  p2'9  q2,  r2,  be 
the  variables  of  the  direction  of  y2.  When  the  first  forms  of  the  equations  for 
Pi,  <//.  r/,  and  yx  are  used,  we  multiply  them  by  p2,  q2,  r29  respectively,  and 
add  :  then 

^  #11  Vi  'T*  =-  e  0iK  -I-  #2  ?2'  +  03*a')  +  *h  ^  APiP*  ^Vi^  APiP2> 
where  ^t—  -Qnly\-    When  the  same  forms  are  taken  for  p2,  q2',  r2',  and  y2,  and 
are  multiplied  by  p±,  ?/,  r^,  and  then  added,  we  find 

^^ 


where  rj2—  -Qnly*-    We  assume  that,  for  our  surface  0—0,  the  quantities  y,  and 
y2  are  unequal  ;   and  therefore,  for  such  a  surface, 


The  latter  result  shews  the  two  directions  are  at  right  angles. 

As  yet,  though  the  value  of  77  connected  with  a  principal  direction  of 
regional  flexure  has  been  determined,  being  equal  to  -#n/y?  ^e  corresponding 
value  of  e  has  not  boon  obtained.  For  this  purpose,  we  take  the  second  forms 
of  the  equations  for  the  principal  directions  ;  and  add  them,  after  multiplying 
them  by  a^  +  /^2  I  #03,  Ml  f  &02+/03,  gOl  \  f02  \  r03,  respectively.  Then  the  right- 

hand  side 

=  e^a01a  =  €0nafl. 

For  the  left-hand  side,  the  aggregate  of  the  terms  in  6n/y  has  for  the  coefficient  of 
that  magnitude 


+  (Hpf  +  Bq'  +  Fr')  (Mi  +  602  +/03) 
+  (Gpf  4  Fq'  +  Cr' 


and  so  we  have 

€0n*Q=(bnp'  +  ftlzq'  -I  &J3/)  (aOi  4  7i 

4  (&2lpr  4  t\22q'  4  &23/)  (l^ 


Later,  in  §  207,  it  will  be  proved  that  the  value  of  the  quantity  on  the  right-hand 
side  is  Q0n  -,  "  ;  and  therefore 


_ 

€~~en  ' 
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where  the  derivation  now  is  taken  along  one  of  the  principal  directions.    Thus 
the  equations  of  the  principal  directions  of  regional  flexure  are 


=  *        -  ~"  (Up'  +  Bq'  +  Fr') 
''=  -*"  (Gp'  +Fq'  t-  CV) 


It  is  to  be  noted  that,  along  each  of  the  principal  directions,  the  equation 


,    Ap'  +  Hq'  +  Qr',    0l    -0 
+  *>«/,    TIp'  +  Bq'+FS,    0.2 
q'\'bvr',    Gp'+Ftf  +  Cr',    0, 

is  satisfied.  It  will  appear  later  (§  200)  that  this  relation  implies  a  property  of 
the  regional  torsion  of  a  superficial  geodesic  :  viz.  this  regional  torsion  vanishes 
at  a  point  where  the  superficial  geodesic  touches  a  principal  direction  of  regional 
flexure  *. 

Again,  the  directions  on  the  surfoce  0--0,  which  allow  a  vanishing  flexure  for 
the  superficial  geodesic,  satisfy  the  equation 

+  2ai3pV  +  '28-23?V-|.«-33r'2    0, 


as  well  as  the  equation 


characteristic  of  all  directions  on  the  surface.  Thus  there  are  two  such  directions 
at  each  point  of  the  surface,  real  or  imaginary  :  for  each  of  these  two  superficial 
geodesies,  there  is  secondary  contact  with  the  tangential  regional  geodesic.  Also, 
the  angles  between  these  directions  of  regional  inflexions  are  bisected  by  directions 
(§  159,  Ex.  1)  which  satisfy  the  equations 


that  is,  the  bisectors  are  the  two  principal  directions  of  regional  flexure. 

Thus  there  is  an  indicatrix  conic  for  the  regional  flexure  of  each  surface  within 
the  region.  The  conic  is  the  intersection  of  a  quadric  by  a  plane  :  the  axes  of  the 

*  It  is  the  analogue  of  the  property  that  the  torsion  of  any  geodesic  of  an  amplitude, 
existing  freely  in  any  plenary  homaloidal  space,  vanishes  at  a  point  where  the  geodesic 
touches  a  curve  of  circular  curvature  in  the  amplitude. 
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conic  are  the  principal  directions  of  regional  flexure,  while  the  asymptotes  of  the 
conic  are  the  directions  of  zero  flexure  ;  and  the  radius  of  regional  flexure  of  a 
superficial  geodesic  is  proportional  to  the  square  of  the  central  radius  vector  of 
the  indicatrix  conic  drawn  in  the  direction  of  the  tangent  to  the  geodesic. 


Curves  of  spatial  curvature  on  a  surface. 

197.  The  preceding  investigation  leads  to  the  curves  of  regional  flexure  on  a 
surface  in  a  region,  being  the  directions  at  any  point  where  the  flexure  of  a  super- 
ficial geodesic  is  a  maximum  or  a  minimum  among  all  the  directions  ;  and  the 
regional  geodesies,  which  have  secondary  contact  with  the  surface,  arc  the  (real 
or  imaginary)  flexural  asymptotes  on  the  surface. 

There  exist  also  the  curves  of  circular  curvature  on  the  surface,  the  directions 
at  any  point  being  such  that  the  circular  curvature  of  the  superficial  geodesic  in 
that  direction  is  a  maximum  or  a  minimum  among  all  the  directions.  These 
curves  will  be  called  the  curves  of  spatial  curvature  of  the  surface. 

Further,  there  exist  the  curves  on  the  surface,  the  directions  at  any  point 
being  such  that  the  circular  curvature  of  the  regional  geodesic  in  that  direction 
touching  the  surface  is  a  maximum  or  a  minimum  among  all  the  regional  geodesies 
touching  the  surface  at  the  point.  These  curves  will  be  called  the  curves  of 
regional  curvature  of  the  surface. 

The  regional  flexure  1/y  of  a  superficial  geodesic  in  any  direction,  the  circular 
curvature  1//>0  of  that  geodesic,  and  the  circular  curvature  1/p  of  the  regional 
geodesic  touching  the  superficial  geodesic,  ai*e  connected  by  the  equation 

1       1       1 

,>-=-o  +       0- 

/v  />u   r 

It  will  appear  that,  at  any  point  of  a  regional  surface  (as  of  any  surface  in  a  plenary 
space  of  more  than  three  dimensions),  there  exist  four  curves  of  spatial  curvature  : 
also  that  there  are  four  curves  of  regional  curvature  at  any  point  of  the  surface  ; 
and  it  has  been  seen  that  there  are  two  curves  of  regional  flexure  at  any  point  of 
the  surface,  together  with  two  asymptotic  lines  of  regional  flexure  the  angles 
between  which  are  bisected  by  the  curves  of  regional  flexure.  In  general,  no 
curve  of  any  one  of  the  three  sets  coincides  with  any  curve  of  either  of  the  other 
two  sets.  An  asymptotic  line  lies  between  a  curve  of  maximum  regional  curvature 
and  a  curve  of  minimum  spatial  curvature.  A  curve  of  regional  flexure  lies 
between  a  curve  of  minimum  regional  curvature  and  a  curve  of  maximum  spatial 
curvature.  Each  sector  in  the  tangent  plane,  constituted  by  the  acute  angle 
between  the  direction  of  a  curve  of  regional  flexure  and  the  direction  of  an 
asymptotic  line  contains  one  direction  of  maximum  regional  curvature,  one 
direction  of  minimum  regional  curvature,  one  direction  of  maximum  spatial  curva- 
ture, and  one  direction  of  minimum  spatial  curvature.  These  properties,  and  other 
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similar  descriptive  properties,  can  easily  be  derived  from  the  respective  sets  of 
equations  which  are  characteristic  of  the  various  curves  at  the  point. 

The  curves  of  spatial  curvature  on  the  surface  are  the  directions  giving  a 
maximum  or  a  minimum  value  of  the  circular  curvature  l/p0  of  a  superficial 
geodesic.  We  therefore  must  seek  the  critical  equations  giving  the  directions  of  a 

maximum  or  a  minimum  value  of  --.  (not  being  a  zero  value)  where 

Po 

J_      1      1 

"       o  o    '         «»  > 

PO"   p*   yi 

with  the  known  value  (§101)  of  1/p,  while 


Also,  the  admissible  values  of  ]/,  <]',  r',  arc  subject  to  the  two  conditions 


AVe  write 


analogous  to  the  magnitudes  %,  */2,  ?/<},  derived  from 
tudes  v'j,  v2,  />;j,  derived  from  the  expression 


/2,  and  to  the  magni- 


j/2 as  the  value  of  -  .    Then  the 
first  form  of  the  three  critical  equations  for  the  present  investigation  is 


I        1 

?\,  - 

1        1 


where  t  and  T  denote  multipliers  left  undetermined  in  the  establishment  of  the 
critical  equations. 

In  the  first  place,  by  the  elimination  of  t  and  T,  we  have  the  equation 


1 
p 


1 
p 
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a  relation  which  can  be  changed  into  an  equation  involving  only  p',  q',  /,  as 
variables.  For,  with  the  notation  of  §  168,  we  have 

-  *\  =  Qi,    ~  v»=Q2,    -  Vs=  #3, 
P  P  P 

where  Ql9  Q2,  Q3,  are  homogeneous  cubics  in  p',  q',  r'  ;  also  1/y  is  a  homogeneous 
quadratic  in  p',  q',  r',  while  S^,  o>2,  -9<3,  are  linear  in  those  magnitudes  ;  thus  the 
constituents  of  the  first  column  in  the  determinant  are  homogeneous  cubics.  The 
constituents  in  the  second  column  are  linear.  Hence  the  foregoing  determinantal 
equation  is  of  the  fourth  degree  in  p',  q',  r',  and  is  homogeneous  in  the  direction- 
variables  ;  and  therefore,  when  combined  with  the  linear  relation 


it  provides  four  sets  of  values.    We  thus  have,  at  any  point  of  a  regional  surface, 
four  curves  of  spatial  curvature. 

The  value  of  T  is  at  once  obtainable  in  the  form 


rp  _ 


but  this  form  adds  no  obvious  significance  to  the  equation. 

Another  form  can  be  given  to  the  determinantal  equation  which  appears  to 
have  a  more  immediately  geometrical  significance.    It  can  be  written 


1 


I'l, 


3,      <>3 


It  will  appear  later  (§§  200,  201)  that 


Wn 


s-i,  «!,  0! 

*»    u,,    02 


where  l/r$  denotes  the  regional  tilt  of  the  superficial  geodesic,  and  that 


where  l/a0  denotes  the  regional  torsion  of  that  geodesic.  Consequently  the  foregoing 
equation  can  be  changed  to  the  form 

1        1       „ 
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a  relation  between  curvatures  alone,  belonging  to  the  curves  of  spatial  curvature 
of  the  regional  surface  *. 

Curves  of  regional  curvature  on  a  surface. 

198.  The  curves  of  regional  curvature  on  the  surface  are  in  such  directions  as 
to  give  a  maximum  value  or  a  minimum  value  of  the  circular  curvature  of  a 
regional  geodesic  touching  the  surface.  Their  directions  consequently  are  given 
by  the  maximum  and  the  minimum  values  of  1/p,  for  all  values  of  //,  q',  rf ', 
admissible  under  the  two  conditions 


Now  wo  have  (§  168) 

dp' 
Thus  the  critical  equations  are 


where   A0  and  /c()  are  multipliers  loft  undetermined  in  the  construction  of  the 
critical  equations.    Consequently,  as 

where  Ql9  Q2,  Q&  are  (§  168)  homogeneous  cubics  in  p',  q' ,  /,  the  directions  of  the 
curves  of  spatial  curvature  satisfy  the  equation 


)lf    Wl,    0l    =0, 


manifestly  homogeneous  of  degree  four  in  ^/,  (/',  r'.  When  combined  with  the 
superficial  relation  01y/-f-02'/'  +  ^Jr'  —  ^  ^his  equation  shews  that  there  are  four 
curves  of  regional  curvature  through  a,  point  on  a  regional  surface. 

The  explicit  values  of  A()  and  /c0  can  be  obtained.     In  the  first  place,  multiply 
by  p',  qr,  r'  ,  and  add  the  products  :  then 


*  The  result  is  in  accord  with  the  result  obtained  when  the  region  is  a  primary 
region,  that  is,  existing  in  a  plenary  homaloidal  space  of  four  dimensions  ;  see  G.F.D., 
vol.  ii,  §§  365,  370. 

F.I.U.  II.  B 
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Again,  from  the  critical  equations,  we  have 


1 
p2 


and  therefore 
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Thus  the  equations  for  the  directions  of  the  curves  of  regional  curvature  on  the 
surface  arc 

,  _M1-!^ 

P  _«2=102 

^=ie, 

3   P   °on\ 

We  have  proved  that  the  typical  direction-cosine  of  the  binormal  of  any 
regional  geodesic  (§  172)  is  given  by 


where 


(Al  \-  Hm  \  On)  —    UL 

CT  p 

(HI  \  Bm  \  Fn)~    u2 
a  p 


cr  p    '       '  j 

Thus  along  a  curve  of  regional  curvature  on  the  surface,  we  have  (except  as  to 
sign) 

.     dp  do  dr 

-  - 


n= 


-, 
an 


and  therefore,  also  except  as  to  sign, 


V     • 

an 


in  other  words,  along  a  curve  of  regional  curvature  on  the  surface,  the  binormal 
of  the  tangential  regional  geodesic  is  normal  to  the  surface,  and  therefore  it  is  at 
right  angles  to  the  binormal  of  the  superficial  geodesic.  This  result  also  appears 
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as  a  corollary  of  a  later  investigation  (§  202) ;   for  the  inclination  #,  in  general,  is 
there  given  by 

(T 

cosx-  - 


which  vanishes  along  the  curve.    Moreover,  it  then  also  follows  that  the  regional 
tilt  1/T0  of  the  superficial  geodesic  vanishes  along  a  curve  of  regional  curvature. 

It  is  to  be  noted  that,  when  we  denote  the  equations  of  the  curves  of  regional 
flexure,  the  curves  of  spatial  curvature,  and  the  curves  of  regional  curvature,  on 
the  surface  by  Ef=0,  E8=(\  Er  —  (\  respectively,  in  the  adopted  forms,  then 

F      If        l    F 
&8--&,-  -^   hf, 

so  that,  in  general,  no  curve  of  any  one  set  coincides  with  any  curve  of  cither  of 
the  other  sets. 

Finally,  as  regards  the  curves  of  regional  curvature,  we  have,  along  their 
direction, 

<*9n~J     '  f     "^ (          P^      *  l 
Q 

O    5 

(7- 

so  that  the  covariant  V]  av^  has  the  value  Q6n/cr  along  such  a  curve. 

Regional  curvatures  of  superficial  geodesies. 

199.  When  a  parametric  surface  is  contained  in  a  region,  the  surface  is  also  a 
configuration  in  the  homaloidal  plenary  space  of  the  region,  and  it  has  the  regular 
curvatures  for  its  geodesies  as  determined  by  its  relation  to  that  space  ;  for 
convenience,  these  regular  curvatures  will  be  called  spatial.  The  surface  also 
has  its  restricted  relations  to  the  containing  region  ;  its  geodesies  are,  of  course, 
unaltered  and  therefore  their  principal  lines  are  unaltered  ;  but  the  changes  of 
inclination  of  the  principal  lines,  relative  to  the  region,  are  affected  by  the  region. 
There  will  be  consequent  measures  of  curvature  of  the  superficial  geodesies, 
relative  to  the  region ;  and  these  will  be  called  regional.  One  such  regional 
measure  is  the  regional  flexure  of  a  superficial  geodesic,  being  connected  with  the 
rate  of  deviation  of  that  geodesic  from  the  tangent  regional  geodesic.  The 
others  can  be  obtained  through  an  orthogonal  frame  for  the  superficial  geodesic, 
constructed  with  reference  to  the  region. 

The  principal  lines  of  the  geodesic,  gremial  to  the  surface,  are  its  tangent  line 
and  its  binormal,  the  latter  lying  in  the  tangent  plane  of  the  surface  at  right 
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angles  to  the  tangent  line.    Let  P',  Q'}  R',  denote  the  regional  direction-variables 
of  this  binormal,  so  that  we  have 


then  its  typical  spatial  direction-cosine  is  A3,  where 


It  is  to  be  at  right  angles  to  the  tangent  line,  with  direction-variables  p',  </',  r'  \ 
and  therefore 

that  is, 

^ 

Hence,  for  P',  Q',  R',  we  have  * 
P' 


the  common  value  of  the  fractions  being  obtained  from  the  relation  2jAP'2=  I ; 
and  tlms  the  direction  of  the  binormal  is  analytically  determinate. 

Another  direction  in  the  region  at  0  is  organically  connected  with  the  surface. 
We  have  had  the  regional  normal  to  the  surface,  being  a  line  within  the  tangent 

flat  of  the  region  ;  its  typical  direction-cosine  is  ,    ,  where 

o.n 

dy         dp         dq         dr 

As  this  direction  is  perpendicular  to  the  tangent  plane  of  the  surface,  it  is  at  right 
angles  to  every  direction  in  that  tangent  plane  ;  and  therefore  it  is  at  right  angles 
to  the  binormal,  a  property  satisfied  by  the  foregoing  magnitudes,  because 


V 


Thus  there  are  three  lines  within  the  tangent  flat  of  the  region  at  right  angles 
to  one  another,  two  of  them  being  principal  lines  of  the  superficial  geodesic,  and 
the  third  being  the  regional  normal  of  the  surface  itself.  These  will  be  taken  as 

*  In  selecting  the  signs  of  P',  Q',  R' ,  account  is  taken  of  th<»  values  of  the  direction - 
variables  (§§91,  106)  of  the  binomial  of  a  superficial  geodesic  for  the  spatial  direction- 
cosines. 
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the  foundation  of  the  orthogonal  frame  of  the  geodesic  relative  to  the  region. 
They  also  are  leading  lines  of  the  flat,  and  are  equivalent  to  the  three  gremial 
principal  lines  of  the  tangent  regional  geodesic.  Accordingly,  as  the  normal  to 
the  region  associated  with  the  direction  of  the  curve  is  the  prime  normal  of  the 
regional  geodesic,  we  shall  take  that  line  as  the  fourth  principal  line  of  the 
orthogonal  frame  of  the  geodesic  in  relation  to  the  region. 

Now  consider  the  variation  of  this  frame,  so  far  as  inclinations  of  its  lines  are 
concerned,  for  successive  places  Q  along  the  superficial  geodesic  in  the  immediate 
vicinity  of  O.  Let  S/z1  denote  the  angle  of  regional  flexure  of  the  superficial 

d'U 
geodesic  ;   the  spatial  direction-cosine  of  the  radius  of  regional  flexure  is       ,  and 

Cl'IV 

therefore,  from  the  arc  in  the  orbicular  representation  of  the  whole  configuration, 
we  have 


when  the  arc  QO  (  —  t)  is  small  ;  if  we  define  the  flexure  \jyQ  by  the  equation 

1        .     Suj 
=  Lim  7, 

70     t   ,0    * 

we  have,  as  the  first  relation  for  the  frame, 

l_dy^Y*_¥ 

y0  dn      p0      p  ' 

the  result  already  established. 

Let  rfjLt2,  d^,  rf/z4,  denote  the  small  angles  in  the  displaced  position  of  the  frame 
at  Q,  corresponding  to  the  small  angles  in  the  displaced  position  of  the  spatial  frame 
at  Q  as  used  in  the  construction  of  the  Frenet  equations  *.  Then,  if  we  write 

?/~'l>       rfn='2'        ^9=13>        Y=h> 

these  small  angles,  and  the  variations  of  these  typical  direction-cosines,  are  con- 
nected by  the  relations 


these  being  sufficient  to  express  the  variations  of  the  directions  within  the 
osculating  block  of  the  region. 

*G.F.D.,  vol.  i,  §§164,  197. 
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Regional  torsion  of  a  superficial  geodesic. 

200.  The  significance  of  the  first  equation,  with  the  due  interpretation  of  dl^ 
has  been  obtained.  We  shall  denote  by  l/ae  and  I/TQ  quantities,  called  the  regional 
torsion  of  the  superficial  geodesic  and  the  regional  tilt  of  the  superficial  geodesic, 
and  defined  by  the  equations 


and  now  the  second  and  the  third  of  the  equations  become 

d  (fy\__tf_+l* 

ds  \dn)          y     GO  ' 

dl3^  _±dy+Y 
ds        op  dn    TQ 

We  proceed  to  deduce  values  of  the  regional  torsion  and  the  regional  tilt. 
From  the  equation 


ds  \dnJ          y 
we  have 


Now 


and  therefore 


As  regards  the  second  sum  on  the  left-hand  side,  we  have 
v  ^       dy     dp  ^  da  ^  dr  ^^ 


'/Ju+  C(6»u)} 
-fl^i-Tii  +  Mu  +  ^i): 

un 

and  similarly,  for  all  values  of  i  and  j,  —  1  ,  2,  3, 
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Consequently  we  have 

'V      ^  (d}. 

and,  in  the  same  manner, 


23 


When  these  values  are  substituted  in  the  expression  for  l/cfy,  the  total  coefficient 
d/l\ 
\0J 


of 


ds] 


and  when  the  explicit  values  of  P,  Q',  72',  are  substituted,  we  find 

^iiP'  +  9"i2?'  +"  $  i3r/'    ytyj'  *"  Hq'  +  6V',    Ol 


It  has  already  (§  198)  appeared  that  the  right-hand  side  vanishes  along  the 
principal  directions  of  regional  flexure,  being  those  directions  which  provide  a 
maximum  or  a  minimum  value  of  that  flexure.  This  property  can  be  associated 
with  the  characteristic  property  of  a  different  (but  ultimately  equivalent)  definition 
-  connected  with  the  intersection  of  consecutive  radii  of  regional  flexure  along 
the  direction.  The  typical  equation  of  a  radius  of  regional  flexure  is 

1  dit 

u  —  it  —       '   : 
y  dn 

hence  when  this  radius,  for  a  superficial  geodesic  in  the  direction  p' ',  qf,  /•',  is  inter- 
sected by  the  radius  through  a  consecutive  point  on  the  geodesic,  and  when  we 
take  y  as  the  typical  coordinate  of  the  intersection,  we  have  relations  typified  by 
the  equation 


ds  \y/  dn     y  rf.v 

From  this  set  of  equations,  two  inferences  can  be  derived.    In  the  first  place, 

nil 
let  the  typical  equation  be  multiplied  by  -'   and  the  product  be  summed  for  the 

set ;  because 


dn 
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we  have 


giving  a  stationary  value  for     ,  a  result  to  be  expected  owing  to  the  intersection 

y 

of  the  consecutive  radii.     Next,  multiply  by  y^  and  add  :    then  by  y2  and  add  : 
lastly  by  ?/3  and  add  ;  then,  successively,  we  find 

-  (Aj/  +  H,f  +  Br')  ~  °-±  ~  (~)  +  -1 


Elimination  of  -.   (  n-  )  and  of     between  these  equations  leads  to  the  result 
(tft  \Vn/  y 


and  also  to  the  same  equation  as  before  for  the  principal  directions  of  regional 
flexure  on  the  altered  definition. 

Regional  tilt  of  a  superficial  geodesic. 

201.  Next,  for  the  regional  tilt  of  the  superficial  geodesic,  we  proceed  from 
the  equation 

rfA3_rf/j_      1  dy     Y 

ds      <ls         o0  dn     TO  ' 

the  arc-differentiation  being  taken  along  the  superficial  geodesic  so  that  the  left- 
hand  side  (with  the  former  notation)  is     3  .    Now 


—  -  -^- 

y  \     an         an         an]     y  Un 

and  similarly 


ds0      ds      y  6tl  '      dse      ds  ~  y  Qn 
The  value  of  P*  is  (§  199) 


and  therefore 


Fjr     i_r   (iea\_    (i  et\\_ 

*o  **-  Q\e  r\76j  My0Jr 


201] 

and  similarly 

Consequently 
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dQf    dQ'     _      dK    dR 

"j 3~    ~^'>      ~J J 

dtif,      as  ds0      as 


25 


so  that  the  first  variation  of  /3  is  the  same  along  the  superficial  geodesic  as  along 
the  regional  geodesic  tangent ;  and  the  latter  may  be  used  in  the  calculations. 

Multiplying  the  equation,  which  expresses     :l ,  first  by        and  adding  all  the 

(7«s*  Cl  tb 

products  for  all  the  dimensions  of  the  plenary  space,  we  have 


Because 


ds  dn 


we  have 


and  therefore 


as  before. 

Next,  we  have  X?/ 


and  similarly 


fdi/ 


'  —  (),  and  therefore 


dY 


Also,  we  have  V}}73=0,  and  therefore 


Hence,  on  multiplying  the  same  equation  by  Y  and  adding  all  the  products  as 
before,  we  have 


or 
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Ex.  Some  covariants,  belonging  to  the  complete  system  for  a  regional  surface, 
can  be  expressed  in  terms  of  this  quantity  re. 

In  connection  with  the  coil  l//c  of  a  regional  geodesic,  there  are  (§§  182, 189)  quan- 
tities 7/-5,  v5, 10^  such  that 


,     w&  -    (Ga  +  F0  +  Cy), 

K 


where 


and 


2_ 


fi 


Now  we  have  the  relations,  for  a  superficial  direction  p',  qr,  r't 


'  +  flar'=0, 


and  therefore 


0, 


P 

-o, 


or 


Again,  from  the  first  three  relations,  we  have 
P'     M5,    t>6,     w 


with  corresponding  values  for  g'  and  r'.    If,  then,  V  denotes  the  coeflicient  of  p'  on  the 
loft-hand  side,  we  have 


V2-^jA(p'V)2 


202] 

Further, 
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-Vi 

AC  *~* 

Q    a 


*i  (AS. 


"l, 


+  <?y) 
,     «, 


•flff.-; 

KT0 


and  therefore 


implying  that  1/r^  numerically  is  smaller  than  I/a. 

We  thus  obtain  a  geometrical  significance  for  the  covariant 


in  thcj  form 


and  a  geometrical  significance  for  the  covariant 


in  the  form 


and  incidentally,  we  have*,  proved  the  relation 


(J 

'  f^fl' 


Regional  frame  of  a  superficial  geodesic. 

202.  Before  discussing  the  spatial  curvatures  of  a  superficial  geodesic  which 
are  of  higher  grade  than  the  circular  curvature,  it  is  necessary  to  bring  the  regional 
frame  of  that  geodesic  into  relation  with  the  spatial  frame  of  the  regional  geodesic 
in  the  same  direction.  The  tangent  line,  being  the  same  for  the  two  geodesies,  is 
common  to  the  two  frames.  The  inclination  of  the  two  prime  normals  has  been 
obtained  (§  195) ;  and  these  two  prime  normals  and  the  regional  normal  to  the 
surface  lie  in  one  plane.  Other  lines  to  be  associated  with  these  lines  are  the 
regional  binormal  of  the  superficial  geodesic,  as  well  as  the  binomial  and  the 
trinomial  of  the  regional  geodesic. 
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Now  the  tangent  flat  of  the  region  contains 

(i)  the  binormal  and  (ii)  the  trinormal  of  the  regional  geodesic,  with  /3  and  £4 
respectively  as  typical  direction-cosines  : 

(iii)  the  binormal  of  the  superficial  geodesic  (this  direction  lying  also  in  the 
tangent  plane  of  the  surface),  with  a  typical  direction-cosine  A3  such 
that 


(iv)  the  regional  normal  to  the  surface,  with    '     as  its  typical  direction- 

cosine, 

All  these  lines  are  at  right  angles  to  the  common  tangent  of  the  two  geodesies, 
with  yr  as  its  typical  direction-cosine,  this  tangent  line  also  lying  in  the  tangent 
flat  of  the  region  ;  hence  the  four  lines  _ 
lie  in  one  and  the  same  plane  which  is 
perpendicular  to  the  tangent. 

In  the  diagram,  OT  is  the  common 
tangent  of  the  superficial  geodesic  and  the 
regional  geodesic  ;  the  lines  OY0  and  OB 
are  the  prime  normal  and  the  regional 
binormal  of  the  superficial  geodesic,  its 
regional  trinormal  being  not  yet  deter- 
mined ;  the  lines  OF,  0/3,  O/4,  are  respec- 
tively the  prime  normal,  the  binormal, 
and  the  trinormal  of  the  regional  geodesic; 
and  ON  is  the  regional  normal  to  the 
surface.  The  tangent  piano  of  the  surface 
is  TOB  ;  the  tangent  flat  of  the  region  is 
TBI^NIJ,  the  lines  07?,  0/:J,  ON,  0/4, 
lying  in  a  plane  perpendicular  to  OT  ; 
and  OY  is  orthogonal  to  the  tangent  flat 
of  the  region.  The  lines  01',  OY0,  ON,  lie  in  one  plane  ;  and  in  the  continuation 
of  this  plane,  there  lies  a  line  OY0,  at  right  angles  to  O70,  so  that  NY0  —  YY0. 

The  inclination  of  the  prime  normals  has  been  denoted  (§  105)  by  <//,  so  that 


with  the  analytical  relations 


cos  0     1        sin  0     1 

PO     p'      PO     y: 


Po      P 
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As  regards  the  line  0Y0,  taken  in  the  plane  as  drawn  at  right  angles  to  0Y0,  its 
typical  direction-cosine  Y0  is  given  by 


while 


Y0--Ysin</r  + 

fan 
(ll/ 

Y0—     Ycos^H-  l  shn/>. 


We  denote  by  x  ^ie  inclination  of  the  binomials  of  the  two  geodesies,  so  that 
BOI3--x=NOlt,    13ON  =  ^-x, 

the  lines  0/3  and  0Z4  being  the  directions  of  the  binomial  and  the  trinomial  of  the 
regional  geodesic.  Also  as  Y0/aiW4  Y  is  a  flat,  in  which  the  three  lines  0  Y,  0/a,  0/4, 
arc  orthogonal  to  one  another,  wo  have 


Then,  with  the  usual  formulae  of  spherical  trigonometry, 


cos 


3  —  sn  if  sn 


^  Ir0^4  —  cos  Y00/4  —  cos  }r0./V  cos  A^/4  —  sin  i/j  cos  x? 

results  which  must  be  verified  by  any  values  of  sin  x  and  cos  \  that  will  be  obtained. 
Now  we  have 


-  ^  (.%' 

where  /,  m,  n,  have  the  values  obtained  in  §  1  72  :  that  is 
cos  x  =  ^  (Al\  Jim  4-  Gn)  Pr 


M 


with  the  former  expression  for  the  regional  tilt. 
Similarly,  we  find  (for  N13) 


dr 
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because  6^1 +d^q' -\-d^r'  —  0,  arising  through  the  substituted  values  of  /,  m,  n\ 
and  it  is  easy  to  verify  that 

]       L 


Similarly  for  the  other  inclinations. 

Ex.     By  means  of  the  values  of  the  direction-cosines,  it  is  possible  to  verify  the 
results,  which  are  summarised  for  convenience  : 


YO^  =  sin  ^  sin  x  r  J 

Y0i4  =  sin  0  cos  x  J 


A  0 

° 


SF.?-™ 


_ 
dn 


cos  w 


-  cos  0  sin  x  \  ' 

^  cos  ^A  cos  X  I 


Spatial  torsion  of  a  superficial  geodesic. 

203.  We  now  proceed  to  find  the  spatial  torsion  of  a  superficial  geodesic,  its 
circular  curvature  being  already  known.  The  direction  of  that  geodesic  being  the 
same  as  that  of  the  regional  geodesic  which  is  its  tangent,  first-order  differentiation 
with  respect  to  the  arc  is  the  same  for  the  two  geodesies  ;  but  second-order  (and 
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higher-order)  arc-differentiations  are  not  the  same  for  them.  As  before,  repeated 
differentiations  along  the  arc  of  the  superficial  geodesic  will  be  denoted  by  a 
subscript ;  and,  in  evaluating  them,  repeated  use  is  made  of  the  intrinsic  equations 
of  the  superficial  geodesies  in  the  form 

„       „     1  dp  „      „     1  dq  „  1  dr 

Po    ~P   =      7    >         <70    ~!/   =  -  v    >         *0    ~r   —  -  y   • 
y  (in  y  »ft  7  ^n 

We  take  various  magnitudes  in  succession.    It  has  been  proved  (§  168)  that 


and  therefore 


y  \  1  dn      2dn      3  dn 


_  2    . 

ycr 

using  the  value  of  the  covariant  just  obtained  (§  202). 
Again,  proceeding  from  the  relation 


P 
and  using  the  former  significance  (§  1 88)  for  77^  7;2,  773,  given  by 


for  i=l,  2,  3,  we  have 


rf/- 


7?!  V 

y  \  '   rf/* 


and  therefore 

IfdY    dY 
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by  the  formulse  (§184) 

7?1  ^  Y  Vi  -f  Z6%  ,     i?2  =  Yv2  +  IM  ,    773  =  Yv9  + 
Now,  by  §  182,  we  have 
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where 


and  therefore 


,     v,J-(Ha  +  Bp  +  Fy),     wsrJ( 

K  K 


I,      U* 


(II        2p,     v^ 

---^— '  \ 


+  ^/?  +  G'y), 


COS   Y. 

X 


We  thus  have  the  values  of 


expressed  in  terms  of  magnitudes  belonging  to  the  regional  geodesic  in  the  same 

direction.  , 

W'V 
We  require  the  arc-derivative  of  y-  along  the  superficial  geodesic.    Because 

dtj        dp        d(/        dr 


and  because  all  the  magnitudes  on  the  right-hand  side  are  free  from  the  variables 
p'  ',  q',  r'  ',  the  first  arc-derivative  along  the  superficial  geodesic  is  the  same  as  the 

first  arc-derivative  along  the  regional  geodesic:  thus  it  is  equal  to   7    f  .    ),  and 
the  value  of  this  magnitude  must  be  obtained.    We  have 


d 

ds 


I    du\         .dp        .do        .dr          d  fdp\          d  /dq\         d 

7  -    =Vi  j   +Va  T^'t  7A   7   +Viv  -  L      +?/27      7    M  Vii- 
6'\dn/     J    rfn          rfw-     J    dn     Jlds\dnJ     Jlds  \dnJ     ^ds 


dr 


Now 


with  the  notation  of  §  172  for  at,  ^,  <A!  ;  that  is, 
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There  are  similar  expressions  for  y2  and  for  y3'.    When  these  are  substituted,  and 
the  coefficients  of  yl9  y29  y3,  are  collected,  we  have  a  result  of  the  form 


/     dp        da        dr\ 

\Vi-j-  +V*-TL  +  V*-J   I 
\    dn        dn        dn/ 

dp        dq         dr 


Y  L 


where  U,  F,  W,  are  definite  magnitudes. 

Instead  of  developing  the  actual  expressions  for  U,  F,  W,  we  can  obtain  their 
values  by  using  the  results 

,  d 


d  fdy\     .   d 


obtained  in  evaluating  l/a0  in  §  200.  In  fact,  we  multiply  by  yl  and  add  for  all 
the  space-coordinates  :  then  by  y2  and  add  similarly  :  then  by  y3  and  add  similarly. 
Because 

Sy.y=°>  SyA=o, 

for  i=  1,  2,  3,  we  have  successively 


6H' 


Thus  values  of  C7,  V,  W,  are  obtained. 

A  further  modification  proves  convenient.    In  §  178,  we  proved  the  relations 


yi=»X  + 1&  \-  ~  Vi )  +  l*(Ad  +  Hp  +  Gy), 
\  I 


F.I.U.  JI. 
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so  we  substitute  these  values  of  yl9  y2,  y3,  in  the  expression  for  -y-  (-p).    The 
resulting  coefficient  of  y' 


when  the  deduced  values  of  C7,  V,  W  ,  are  substituted  :  or,  as 


0n 

y ' 

the  resulting  coefficient  of  y'  is  — .    Thus  we  have  an  expression  of  the  form 

y 

d  (diA        y'    7  _     .  L1    Y  .         I, 

I  «/    I <J      i    /    7i    i    7    Jj'  «,*,  -.1       ° 

rf.s  Vrfw/          y 
Because 


we  have 


_ 
dn\r     a 


-    cos  x, 

T 


so  that 


Similarly,  because 


we  deduce 


Thus,  finally,  we  have 

d 

ds 

We  now  can  obtain  an  expression  for  the  spatial  torsion  of  a  superficial  geodesic. 
Let  it  be  denoted  by  l/o-0,  and  let  the  typical  direction-cosine  of  the  binormal  be 
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denoted  by  13  ;  then,  with  the  earlier  notation  for  the  magnitudes  of  the  geodesic, 
the  Frenet  equation  is 

dY*=!*_tf 
ds0      a0    pQ  ' 
Now 

--' 


and  we  have  had  a  typical  direction-cosine  F0,  representing  a  line  at  right  angles 
to  the  superficial  prime  normal  and  lying  in  the  plane  through  the  prime  normal 
of  the  regional  geodesic  and  the  regional  normal  to  the  surface,  where 

^          .__  .     .     dy        . 
J0—  -  Y  snnA  +  V  cos0. 

r    dn       T 

Also, 

d   (dy\  _  d  fdy\ 
dx0  \dn)     ds  \dn)  ' 
consequently 

dYQ  ^  dj  dY  ,  d  fdy\  .  , 
-r^=  F0  7  +  r-  cos  0  +  -,-  7J  sin  0 
rf^  &0  rf,v0  r  rf^-  Vrf/?/ 

^  F0  j^  +  (  -  -  y  -\-  2/5  P  cos  x  )  cos  0  -h       (  /y  )  sin  0, 
%k>0      W      o  «:        A/          r      rt,s-  \Jw/ 


on  using  the  relation 

dY^dY+ 

yK 


y     61|    p 
-=       +2/5  — cos  x- 


Let  the  value  of  -,-  [  -=   )  be  inserted :  the  two  terms  on  the  right-hand  side 
ds  \dn/ 

involving  /5  combine,  because  p  cos  ifj— y  sin  iff ;  hence 

.^y'J^o 

a0     p0      dsQ 

-  dJj     (I,    t/\        f       Z6 
=  yo -,-+(--     )  cos 0 -f  3 -- cos  Y sm 0 
dx0     \v     pi        r        /<• 


The  direction  of  the  binomial  of  the  superficial  geodesic,  typified  by  /3,  is  at 
right  angles  to  the  tangent  and  to  the  prime  normal  of  the  superficial  geodesic, 
with  typical  direction-cosines  y'  and  Y0  respectively.  Two  such  lines,  lying  within 
the  osculating  block  of  the  regional  geodesic  in  the  direction  p',  q' ,  r',  have  typical 
direction-cosines  YQ  and  A3,  the  former  being  at  right  angles  to  the  prime  normal 
of  the  superficial  geodesic,  and  the  latter  lying  in  the  tangent  plane  of  the  surface 
at  right  angles  to  the  tangent  line  of  the  two  geodesies.  The  lines,  of  higher  rank 
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in  the  orthogonal  frame  of  the  regional  geodesic,  can  be  combined  with  the  lines 
having  y',  Ir0,  }r0,  A3,  as  typical  direction-cosines,  to  constitute  an  orthogonal 
frame  of  reference  for  the  plenary  space  ;  and  we  therefore,  for  the  present 
purpose,  can  propound  an  expression 


where  the  coefficients  e,  77,  175,  rj6,  ...  ,  have  to  be  determined,  always  subject  to 
the  permanent  relation 


Let  this  propounded  value  of  f3  be  substituted  in  the  developed  Frenet  equation 
for  the  spatial  torsion  of  the  superficial  geodesic.  That  equation  then  becomes 
typical  of  the  aggregate  of  such  relations  for  the  plenary  homaloidal  space,  there 
being  one  such  equation  for  each  of  the  space-coordinates  ;  and  it  is  an  equation 
which  is  linear  and  homogeneous  in  the  typical  direction-cosines  of  various  organic 
lines.  We  consider  the  successive  direction-cosines  in  turn,  after  the  substitution 
is  made. 

The  terms  in  the  typical  direction-cosine  y'  cancel,  on  account  of  the  equation 

1      cos  ifj    sin  ifj 
Po       P  7 

Next,  the  terms  in  76,  /7,  ...  ,  occur  only  in  the  propounded  expression  for  /3  ; 
hence  multiplying  the  equation  by  ?6  and  adding  the  products  for  the  set,  we  have 

%=<>; 

and  similarly  T77=0~-^fi—  ...  ,  so  that  we  now  have 

13  =  €YQ-\-7)Xx  +  7)rJfr 

where  e2  +  if  +  ^52  —  1  .    The  typical  relation  becomes 

-(<:F0  +  7^3  +  775/5) 

siny 

n     i    --  - 

'  a  K 


siny\     ,    ffdy     1\    .     ,     1 
)  +  ^n     i    --)  sin0-h  - 
a    I        '  [Va.s'o     T/  a 


on  using  the  relations 

A3  =  13  cos  x  -  h  sin  X'     ^3  cos  0  —  (  ^o  +  Y  sin  iff)  sin  x  +  A3  cos  x  cos  iff. 

Hence 

€     di/f     sin  x 

—  j    +-  —  , 

(J0       «.V0  CT 


r?      /rfx_l\sin,      1 

(T  \tt9fl        T/  CT 

-  =  -- cos  x  sin  i/r. 
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Manifestly  the  spatial  binormal  lies  in  a  flat  containing  the  lines  with  typical 
direction-cosines  Y0,  A3,  /5  ;  and  the  magnitude  of  the  spatial  torsion  of  the  super- 
ficial geodesic  is  obtained  by  substituting  the  foregoing  values  of  e,  77,  775,  in  the 
relation 


Spalial  tor.non  of  a  superficial  geodesic  :  another  determination. 
204.  The  spatial  torsion  of  a  geodesic  on  a  regional  surface  can  be  discussed 
in  a  different  manner. 

When  the  surface  is  0(p,  q,  r)  =  0,  we  have 


where 

fA-0i,   <-203-02; 

and  therefore  the  superficial  arc,  being  also  an  arc  in  the  region,  is  given  by 

yl0?/»  +  27/oP 

where 

A9=A  -ac-ifl  +  t^C,     Hi-H-Ci 
so  that 


Again,  the  circular  curvature  of  the  superficial  geodesic  is  given  by  the  equation 


po    p 

WheTi  y>  and  q  are  maintained  as  the  parameters  of  the  surface,  let 

--°=£nya+2SMpV+^». 

Po 
Now 


and 

-  y" 

where 


Tn  =  11  1  - 

^12=  ^12  ~  C17?23  ~  <'V?13   I    ^l 


^1^23  ~  ^2^.U  +  ^'2^33       \ 
^C2^23   \   C22^33  J 
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and  therefore 
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The  secondary  magnitudes  A0,  H0,  BQ,  are  such  that 

^o—  ii  ^0^11^     ^o^  ^j  ^0^12  >     ^o—  ]L,  ^0^2 
and  therefore 


But,  for  all  values  of  i,  j,  &,  =  1,  2,  3,  we  have 

and  therefore 

\ 

4. 

\ 

*• 

also 

"S 

^ 
consequently 

Similarly 


3)}=^ 


,     u. 

yOn 


PO       P 


In  accordance  with  the  usual  notation  (§  107),  we  write 


also  we  wrote  (§197) 


Then  we  find 
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for  the  primary  quantities  ;  and,  for  the  secondary  quantities, 

^~}(    -       }-    -(<)• 
Po    P    *      l  3      V$n 

v2_l      _       ,     J^,^ 
The  spatial  torsion  of  a  superficial  geodesic  is  (§  106)  such  that 


and  therefore 


1 


U2,     U3 


where  l/o-0  is  the  regional  torsion  (§200)  of  the  superficial  geodesic  and  l/re  is 
the  regional  tilt  (§  201).    TIenoe  we  have  the  relation 

1         1        1 


The  result  accords  with  the  property  of  the  curves  of  curvature  on  the  surface 
which,  always,  are  characterised  by  the  vanishing  torsion  of  their  geodesic 
tangents,  and,  for  a  regional  geodesic,  are  given  (§  197)  by 


Also,  the  spatial  direction  -cosines  of  the  binormal  of  the  superficial  geodesic 
are  known.  For  the  binormal  is  the  line  in  the  tangent  plane  of  the  surface 
drawn  at  right  angles  to  the  geodesic  tangent  ;  and  therefore  (§§  95,  106),  denoting 
a  typical  direction-cosine  by  A3,  we  have 


where 
Consequently, 


u,, 
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But  other  deductions  can  be  made  from  this  expression.      From  the  Frcnet 
equations  for  the  frame  of  the  geodesic,  we  have 


and  therefore 


»'*<> 


2/l>      ?/2>       2/3 


-- 
Po 


thus  giving  an  expression  for      —  which  is  linear  in  the  regional  magnitudes 

along  the  superficial  geodesic.  Such  an  expression  is  entirely  different  in  character 
from  that  given  in  §  203  ;  and  a  comparison  of  the  two  forms  leads  to  analytical 
inferences. 

The  foregoing  expression  for  the  spatial  torsion  of  the  superficial  geodesic  can 
be  derived  by  means  of  the  value  of  A3  and  of  the  Frenet  equation  ;  for,  from  the 
latter,  because 

the  binomial  and  the  tangent  being  at  right  angles,  we  have 


1     ;  «„ 


Now  we  have 

and  therefore 
But 

and 
also 


IY,    6, 

V,  t)2 


dn 


(/>/        dttj      y  0H 

Pn     dOi         n       d 
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Hence  gathering  the  terms,  we  have 


Similarly 


Let  these  values  be  substituted  in  the  foregoing  determinants!  expression  for 
I/or().  The  terms  arising  through  the  arc-derivatives  of  p0/y0n  disappear  ;  and  we 
find 

Po 


yj,         i/2.        «/;j 


leading  as  before,  by  using  the  results  in  §§  201,  204,  to  the  former  equation 

1         1        1 


With  the  former  significance  of  the  angle  i/j  as  given  (§  203)  by 

.     <///  .     .      cosii     1       simA     L 
>   —  \  cos(/r-f-7    sin«A,       —/-.---,     ___'..-.  ? 

«'*  Po      p        po      y 


this  equation  can  be  written 


1      sin       cos  i 


Spatial  tilt  of  a  superficial  geodesic. 

205.  We  proceed  similarly  to  determine  the  spatial  tilt,  and  the  direction  of 
the  trinomial,  of  a  superficial  geodesic. 

Denoting  the  typical  spatial  direction-cosine  of  the  trinomial  by  A4,  and  the 
magnitude  of  the  spatial  tilt  by  I/TO,  we  have  (§  132) 


T0         CT0         '  0 

-  -,!( 

PoTo      (  o 
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£22?'  =  foi  ~ 


The  two  formulae  for  A4  are  equivalent  to  one  another.     In  the  first  of  them,  let 
these  values  of  £x  and  £2,  as  well  as  the  values 


be  substituted  ;  then 


,,         t/2,         Wg 


An 


Vjj      lT2»      ^ 
01,        02'        ^ 


so  that,  with  the  valuo  of  l/(re  in  §  204,  we  have 
A4     ro     1  dy  _     1 

TQ  O*Q  (70    (lit          f)^  f) 

n 

Now  (§  188) 


on  the  substitution  of  these  values  in  the  determinant,  the  coefficient  of  Y 


1 


j. 

TO' 


by  §  201  ;  and  so 


A4     Y0  ,  1  dy     Y 


01,     02,     fla 


But  (§  189) 

P  P  P 

with  the  significance  of  the  symbols  a,  6,  c,  (and  other  connected  symbols),  as 
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given  in  §  188.    When  these  values  are  inserted  in  the  determinant,  the  coefficient 
of  &* 


^  -  0i  (W  +  uzq')  +  MJ  (03r'  -h  02?')  =  -  0l9 

because  of  the  relations  0^'  +  027'-f  03r'  =  0,  u^  +u2q'  +  %/==!  ;    and  similarly 
the  coefficient  of  6e/> 


and  the  coefficient  of  c'p 

-  (02%  -  0.1^2)  </'  ~  (03^1  -  <V*3)P'  =  ~  03 

We  therefore  have 


the  typical  equation  for  the  direction-cosines  of  the  trinomial  of  the  superficial 
geodesic,  expressed  in  terms  of  variables  of  the  regional  directions  associated  with 
the  surface  and  with  the  tangent  regional  geodesic.  Of  the  direction-cosines 
involved,  Y  and  15  belong  to  the  tangent  regional  geodesic,  both  being  at  right 
angles  to  the  tangent  flat  of  the  region  at  the  point,  and  their  two  directions 
determine  a  plane  orthogonal  to  the  regional  and  superficial  geodesic  ;  while  Y0 

is  linearly  expressible  in  terms  of  Y  and       ,  the  typical  spatial  direction  -cosine  of 

fl'ti 

the  regional  normal  to  the  surface,  by  the  relation 


po    p    y  n 

In  the  first  place,  multiply  the  equation  throughout  by  YQ  and  add  the  products. 
We  have 

^/  J"oA4—  0, 

from  the  necessary  orthogonality  of  the  prime  normal  and  the  trinomial  of  the 
superficial  geodesic  :  also 

^  Y  r  0  -  cos  i//,     V  j^_  yo  -_  sin  ^ 
with  the  former  significance  of  \ft  :  and 

N^  7  y  _Po  v>  i  Y  .   ]  V  /  dyi~~(\ 
J-  1*1  *  '5  i   -», 


the  first  term  vanishing  from  the  necessary  orthogonality  of  the  prime  normal 
and  the  quartinormal  of  the  regional  geodesic,  and  the  second  term  vanishing 
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because  the  quartinormal  is  at  right  angles  to  every  direction  in  the  tangent  flat 
of  the  region.     Hence 

1      1    .     ,      1         ,     A 
-      -h  —  sint/f  --  cosi/f—  0, 
^o    ae  TO 

in  accordance  with  the  preceding  result  (p.  41). 

In  the  next  place,  we  take  the  direction-equation  in  the  form 


_>         e        0        e 

TO     °e<t»'     Q*8n 


where  the  directions  typified  by  A4  and  Y0  are  perpendicular,  and  the  directions 
typified  by  —-,  Y,  /5,  are  perpendicular  in  pairs  ;  we  square  the  equation,  and 
add  the  squares  of  the  sides  for  all  dimensions  of  the  plenary  space.  Then 


In  evaluating  the  last  square  on  the  right-hand  side,  we  use  the  relations  (§  188) 

'\     g-(ca)1,     £=-( 


and  therefore 

1        1       1        1         P2    v 

—     \     --=_-     H  ------  4-     r  —  Y 

«>  o  «»    '          o    '     /"i/i    o       ' 

TO"       O-Q-       T0*       <7tf-       U6n* 

where 

r-ae^  +  A^-i-ag^  +  Bfla2  I  2fM3-l  cfl,2. 
But 

11111       /sin  0     cos  i/A2 


/sin  0     cos  i/A2 

(sin  dt    cos  i/A 2 
~T         '        ff      /     ; 


and  therefore 


We  note  that,  when  the  plenary  space  of  the  region  is  quadruple,  the  quantities 
a,  6,  c,  f  ,  g,  E,  all  vanish  :  for  example,  because  (§  183)  the  quantities  w5,  v5,  w5, 
then  vanish, 

a=bc-f2^?^22r:32-(?\2r3)2-0 

from  the  values  in  §  188.     Thus,  when  the  region  exists  in  a  quadruple  space, 
we  have 

J      sin  0     cos  i/r 

To        re          <*e 
1  _  sin  i/j     cos  «// 
^o       VQ          TO 

in  accordance  with  the  known  results  for  a  parametric  surface  in  such  a  region*. 

*G.F.D.,  vol.  ii,  chapter  xxi. 
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Ex.  1 .     Obtain  the  foregoing  equation  for  the  tilt  of  the  superficial  geodesic  by 
proceeding  from  the  equation 


The  equivalence  of  this  equation  to  the  equation 

>       y        i 

_j*_r°  —    -f"  Y  _/"  / 

To     °b     ^o 
is  established,  by  the  help  of  the  equation 

y 

Po 
for  the  elimination  of  f l  and  £2  leads  to  the  condition 

AA  A  i       /  n          J      ^n 


'    Frt 


7 


whi(;h  is  an  identity  under  the  equation 


Ex.  2.     Evaluate  the  covariantive  magnitudes 


Ti!      172'      '^ 


connected  with  the  parametric  0-surfaco  ;   and  j>rove  that 

ci    /»/  i  cv      '  i  cv    „'       „,        /) 

^13^    +^237     "•  t'33r  >         ^3'        ^3 

The  determinant  on  the  right-hand  side,  with  its  value,  should  be  compared  with  the 
similar  determinant  in  §200,  which  has  ?/.,,  ?/2,   u.3,  for  its  second  column,  and  is 

equal  to  -fl¥0wz/cr0. 

(/co-Metrical  construction  for  the  trinormal  of  a  superficial  geodesic. 
206.  Returning  to  the  equation  of  the  typical  direction-cosine  of  the  trinormal 
of  the  superficial  geodesic,  which  may  be  written  in  the  form 

Aj_  1          1  v       1  dy 
To     T0         °o  °0  **'* 
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we  substitute  the  value  of  Y0  from  §  195,  that  is, 

/     dy  .     . 
Y Q~  JL  cos  w ~h  j   sin  w. 

On  the  right-hand  side,  the  coefficient  of  Y 

/cos  i/r    sint/A    .     . 
^   — r  +  — -jsm^r, 

\     <T0  T0     / 

ft  a  i 

and  the  coefficient  of  -. 
an 

(cos  0    sin  0\         , 
— -  +       L  )  cos  i/f ; 
°0          re   ' 

and  therefore,  if  we  write 

1     cos  0    sin  0 

.  —          _j  ? 

^t  (70  Tg 

we  have 


where  Y0  is  the  magnitude  in  §  202,  and  is  the  typical  direction-cosine  of  the 
direction  OY0  in  Fig.  21  which  lies  in  the  plane,  drawn  through  the  prime  normal 
of  the  tangent  regional  geodesic  arid  the  regional  normal  to  the  surface,  and  is  at 
right  angles  to  the  prime  normal  to  the  superficial  geodesic  in  that  plane.  The 
trinomial  of  the  superficial  geodesic  therefore  lies  in  the  plane,  through  this 
direction  typified  by  Y0  and  through  the  quartinormal  of  the  tangent  regional 
geodesic  ;  and  if,  in  that  plane,  it  makes  an  angle  ^TT  —  W  with  the  quartinormal, 
we  have 

-  A4  —  Y0  cos  co  +  ?5  sin  o>, 
where 


cos  o>     cos  ir    sn         sn  o> 

T0  00  T0 


in  o>     /  Y/>2  \  i 

T0  \QOt*J 


As  the  covariantive  expressions  for  l/ae,  I/TO,  Y,  are  known,  the  magnitude  and 
the  direction  of  the  radius  of  tilt  of  the  superficial  geodesic  are  thus  obtained. 


CHAPTER  XVII 

SURFACES  GEODESIC  TO  A  REGION 
Variations  of  the  normal  dilatation  of  a  regional  surface. 

207,  We  have  seen  that  the  normal  dilatation  of  a  regional  surface,  which  has 
been  denoted  by  #„,  is  given  by  the  equation 

fl^SX*: 

and  that  the  direction-variables  -/-,    ,  ,  -7-,  of  the  regional  normal  to  the  surface, 

an    an    an 

that  is,  of  the  direction  of  the  radius  of  regional  flexure,  are  given  by  equations 


, 

We  need  the  variations  of  0n  in  various  directions  in  the  region,  especially 
those  which  are  normal  to  the  surface  oraro  tangential  to  the  surface.  We  need 
also  the  variations  of  the  direction-  variables  of  the  regional  normal. 

We  begin  by  obtaining  the  parametric  variations  of  0n.    Differentiating  the 

relation  „ 

n  z-\^a  Q  2 
a»  -  £JQ  *  ' 

with  respect  to  p,  we  have 

0W^"=^{K+A^ 

.iiV/M3    ("} 

+  *^°l  dp  (a)' 

By  the  results  in  §  160,  the  last  line 


+  9  A  [(»/'ll  +  ^12  'I  //'»)   +  Mu 

l 


i/Wi- 

and  therefore 
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Proceeding  in  the  same  way  for  the  other  two  parametric  derivatives  of  On,  we  find 


df) 


and  these  three  results  may  also  be  written  in  the  forms 

d@n     <\    dp     ~     dq     ~     dr 

-\~  ~  ~  "11     7  ~    ~t~  'V  12    7          H  W 13    7 

d/?  a>?          ra          a/t 

dOn     ~    dp     c     d!^     c.     dr  1 


~s  ~ 

dr 


. 

7       iA32~j  --  '337" 

dn          dn          dn 


Hence  using  0nn  to  denote  -~  ,  the  second  normal  derivative  of  the  parametric 

dn 

magnitude  6  within  the  region,  we  have 

e  =dl.«dP+d^d^+de".dL 

""     dp  dn     dq  dn     dr  dn 


and  the  equivalent  form 


as  co  variant!  ve  expressions  for  0nn. 

Similarly,  for  the  variation  of  9n  for  any  direction  p',  q',  r1  ',  in  the  region, 
whether  the  direction  lies  on  or  off  the  surface  at  0,  we  have 


as  a  covariantivc  expression  ;  and  an  equivalent  form  is 


-I  A) 


One  inference  may  be  noted  :  the  operators  ,  and  ,-  are  not  interchangeable 
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Thus        on  a  surface  always  vanishes,  and  therefore  -     (  —  J  always  vanishes, 

whereas  -^  usually  docs  not  vanish.    It  will,  however,  be  found  (p.  62)  that    ,- 
a,s  as 

does  vanish  for  a  class  of  parametric  surfaces  which  have  second-order  contact 
with  the  geodesic  surface  in  the  same  regional  orientation. 
Next,  we  have 


g03), 
and  therefore 


(2) 


after  reduction  similar  to  that  used  for  the  parametric  derivatives  of  Qn  ;    also 


Consequently 


«    r     r     r     r      r     r  (lq    dr" 

-  on  i  u,  i  M,  Y  B,  ^  M,  y  „  ,  y  u 


so  that 

I  <1P     d<l 


F.r.o.n. 
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with  the  significance 

an     dP<  a.    ^4.  a     dr 
i7j-  —  i7,i  -,  -  -h  17^2  J~  -r  a7t3  j—  , 

aw          an          an 
for  i=l,  2,  3.     In  the  same  way,  we  find 

P     dq     dr\*     Onn  dq 
,  £  J  +  *  1 


A 
,  A3l, 


The  covariantive  expression  for  9nn  is  known  ;   manifestly  it  can  be  taken  in 
the  form 

a    _ii  (iP+^d(l  ,  a  rfr 
"«  n  —  iti  j~  +  ir  2  j™  '  r  v.t  j~  • 

an        an         an 

ITence  the  values  of  the  second  normal-derivatives  of  p,  q,  r,  are  known. 
Again,  we  have 


'"  Vd« 

dp  dq     dr 

An  dn'    dn 

dp  dq 

dn '  difi ?    rfw 


1  v*\dn> 

when  the  preceding  values  of  ~29  -  2,  j~2»  arc  su^s^tuted,  the  resulting  equation 

merely  repeats  the  known  value  of  0nn. 

Similarly  if  we  take  any  direction  //,  q',  r',  in  the  region,  whether  the  direction 
be  on  the  parametric  surface  0—0  or  not,  and  if,  as  before  (§  197), 


we  have 

d  {„  dp\      1  /   rx       ,~         ^  \     n  I  „    X  dp     dq     dr 
d*(e-&Q(a^  +  **'+^)-8*(r»V£'  dn>  d 
d  I     dfA      I  (  \         I  A     Xdp     dq     dr 

*(e*d$=a(^+™'+f*'r9*(A»VdE*'  dn'  *» 

d  t '     dr\      If^       rn         H\     n  In     fidp     dq     dr 

~ 
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The  value  of   ~  has  already  (p.  45)  been  obtained  and  it  can  be  expressed  in  the 

form 

d0n_      dp         rf<7          dr 

~T~  ~~~  Vl  ~j~  +  or  2   7       «"  '"  3  ~y  "  ' 

(fo          an         an         an 

and  thus  the  arc-derivatives  of  -- ,    /  ,  --— ,  taken  in  any  direction  in  the  region, 

An    An    An 

are  known. 

Arc-variation  of  the  direction  of  a  regional  normal  to  a  surface. 

208.  By  means  of  the  foregoing  relations,  we  can  obtain  the  value  of      (  ~-  j 
which  will  be  needed  later.     For 


with  the  notation  of  §  172  ;    and  similarly  for  the  arc-derivatives  of  y2  and 
Hence 

d  I     dp         dq          dr\ 


d    d\         d    d\         d  idr 


But  by  the  use  of  results  in  §  207,  we  have  three  formula)  of  the  type 
„    d 


so  that 

a  \^_  d(dv\^'dy 


Consequently 


=    («  (J  8-1,  ft2,  i>3  0  ?/i,  ,y2,  .%)  -  <?w  ^  (yi« 


'  6n  AH 

dp         dq          dr       1 


the  formula  in  question. 
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Ex.     Verify  that 


for  i^=l,  2,  3.    These  results  were  obtained  in  an  earlier  investigation  (§  200). 

Magnitudes  involving  third-order  derivative  for  a  regional  surface. 
209.  For  all  values  i9  j9  —1,  2,  3  (and  with  the  current  conventions 
(j  =  x2,  r=-x3),  we  have 

so  that 

Vvtj__Q  *      n         n      A          /)     £\ 


In  the  values  of  the  derivatives  of  the  quantities  ri},  Jz;,  @fj,  as  given  by  the 
results  of  §  163,  it  is  convenient  to  write 


7k  (ij)  =  (3i,  jk)  4-  (3j,  ik), 

all  the  quantities  on  the  right-hand  sides  being  Kiemann  four-index  symbols 
(ab,  cd).     Also,  we  write 


Then  after  reduction  we  find 

- 


holding  for  all  values  of  i,  j,  /c,  —  1,  2,  3,  repetitions  being  admissible.  In  the 
symbols  ak(ij)9  fik(ij),  y/c(^)j  the  integers  i  and  j  (when  different)  are  inter- 
changeable without  affecting  the  value  of  the  magnitudes  a/L.,  j37f,  yfc  ;  and 
the  form  of  Otjk  shews  that  the  integers  i,  j9  k,  (when  different,  wholly  or  in  part) 
can  be  interchanged  without  affecting  the  value  of  the  quantity  denoted  by  St}K. 
Accordingly,  we  take  the  combination 

a^+aA*+^. 

dxk      dxt       dx 
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In  this  magnitude,  the  aggregate  of  terms  involving  the  four-index  symbols  is 


-. 

dn    I 
where 


and  similarly  Q  —  0,  7?=0.  (Consequently  the  aggregate  of  terms  involving 
the  four-index  symbols  in  the  specified  combination  of  the  derivatives  of  the 
quantities  -8  tj  is  zero.  We  therefore  have 


dxk      fix,       dr., 

-30lrt 

where 


for  all  the  admissible  combinations. 

The  value  of  the  regional  flexure  of  a  superficial  geodesic  has  been  obtained  in 
the  form 

-  ^n=  5>n/8=('V  a»2<  »83.  a  28,  ^i,  ^i.^',  ?',  ^)2  ; 

and  therefore,  differentiating  along  the  superficial  geodesic,  we  have 


+  »„/)  r0"+   -1     p',  <?',  r' 


2  /p.       rx       _       r.       p.       _      X  f/T)     rfr/      rfr  X     ,     .     A 

+  -  (»„,  »„  »„  »»  »»•  »••  8  &  -  s  •  *,  fi  *  •  ^  '  ) 


The  expression  in  the  third  line  of  the  right-hand  side  of  the  last  expression 

_2dfl. 

At  ' 
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after  the  result  on  p.  48  ;  and  therefore  we  have 


with  the  notation  of  p.  15  for  S^,  &2,  &3.    Because 

d9v,=    aa,J+  ,<n>,,  )r,^%, 

ds      J     dp  dq  dr 

and  because  p",  q"  ',  r",  are  homogeneous  quadratic  functions  of  p',  r/,  /,  the  right- 
hand  side  is  a  homogeneous  cubic  form  in  //,  </',  r'  ;   we  shall  take 

d  I  \\     :>>  d6n        ,  v  v 

"  ""  d*  V  ~  r  *  "  V  Y  V   ""  *   2   8  ' 

where  J\~p,  J'2  —  (h  T3~r- 

To  obtain  more  explicit  values  of  the  coefficients  $1Jk  in  relation  to  the 
magnitudes  9ljk,  we  take  the  respective  coefficients  ofx^*  y\^  ,r3/A'  on  the  two  sides 
of  the  equivalent  expressions.  When  they  are  equated,  they  give  the  relation 

r  +<i   r   \  ^    r  \ 
IJ^  ki  +  '^u1  u  I  ^i?^  ?/,) 


-  65IJA  -  69-,  07-)  -  6^  (In)  -  (5  J>A  (y), 
so  that 


WTe  therefore  have  the  value  of  --—  ,  on  the  substitution  of  this  value  of  0ljA ,  in 
the  form  /l 

>,(y)+;J>,(y)+£n(y)j. 

with  the  assigned  definitions  of  the  symbols  {)A(/X]>),  aA(/zv),  /3A(/ii'),  yA(/>ti'). 

Next,  we  proceed  to  find  the  value  of  '     for  the  parametric  surface  in  a  region  ; 

(In3 

the  associated  results  will  be  required  later  in  the  consideration  of  geodesic  surfaces. 
When  the  relation 


-. 

d»«~-'11 

is  differentiated  along  the  regional  normal  to  the  surface,  we  have 


• 
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From  the  values  that  have  been  obtained  for  the  second  normal-derivatives  of 
7;,  q,  r,  it  follows  that 


where 

i 
and  therefore 

dn*    ^        *-'  dn    \dn 


The  quantity  on  the  right-hand  side  can  be  deduced  from  the  quantity  on  the 
right-hand  side  of  the  foregoing  expression  for 


0nrMy/"y  cfa 
when,  in  the  latter,  we  change  p',  q',  r',  into  ,    ,       ,  .-  ,  respectively  ;  and  there- 

U'/fc      (i  tli      (I'llt 

fore  the  value  of  the  last  quantity  on  the  right-hand  side  is 

Cf/^/Y  i clr\^ 
dn,/    \dnl 
Accordingly,  we  have 

with  the  foregoing  value  of  N  :   and  we  associate  this  result  with 
1    d  (6 


while 


Surfaces  geodesic  to  a  region. 

210.  Any  equation  8(p,  q,  r)  —  0,  among  the  ])aramcters  of  a  region,  determines 
a  surface  wholly  comprised  within  the  region  ;  such  a  basis  for  a  surface  is 
manifestly  of  an  analytic  character  in  its  initial  stages.  There  is  one  species  of 
surfaces  in  a  region  (and  in  any  non-homaloidal  configuration  of  more  than  two 
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dimensions)  the  basis  of  which,  initially,  is  of  a  geometric  character  ;  the  con- 
ception is  due  originally  to  Riemann  (§  74).  At  any  point  0  of  a  region  (or 
non-homaloidal  configuration),  he  postulates  two  regional  geodesies  in  different 
directions.  The  two  directions  determine  a  plane  orientation  at  0  ;  every  other 
direction,  passing  through  0  and  lying  in  that  orientation,  determines  a  regional 
geodesic  through  0  ;  and  the  aggregate  of  all  these  regional  geodesies  through  0 
is  defined  as  a  geodesic  surface  at  0,  the  tangent  plane  of  which  at  0  is  the  plane 
orientation.  (It  is  to  be  noted  that  the  definition  is  concerned  solely  with  the 
regional  geodesies  passing  through  the  point  0  :  an  assumption  that,  if  P  and  Q 
be  points  on  two  of  the  geodesies  through  0,  the  regional  geodesic  PQ  lies  in 
the  surface,  seems  plausible  but  cannot  be  justified.)  Uy  means  of  this  type  of 
surface,  Kiemann  postulates  his  measure  of  curvature  of  the  region  (or  other  non- 
homaloidal  configuration)  as  given  by  his  measure  of  curvature  for  that  geodesic 
surface  ;  and  as  has  been  seen  (§  117),  the  measure  of  curvature  is  what  has  been 
called  the  sphericity  of  the  geodesic  surface,  and  thus  it  is  the  sphericity  of  the 
region  (or  other  configuration)  estimated  in  the  orientation  of  the  surface. 

We  proceed  to  consider  the  analytical  characteristics  of  geodesic  surfaces  at  a 
point  0  within  a  region.  Manifestly,  all  the  superficial  geodesies  through  ()  are 
regional  geodesies  :  were  any  superficial  geodesic  through  O  less  over  a  range 
than  the  regional  geodesic,  it  would  be  an  arc  within  the  region  less  than  the 
regional  geodesic—  inadmissible  as  a  possi  bility.  The  determination  of  the  character 
of  surface  geodesies,  not  passing  through  O,  in  relation  to  the  region  must  be  effected 
later.  We  shall  also  obtain  relations,  concerning  grades  of  contact  between  a 
parametric  surface  and  a  geodesic  surface  in  the  same  regional  orientation 
at  O. 

Accordingly,  we  suppose  initially  that  a  relation  0(jM/,  r)  =  0  can  represent 
a  surface  which,  in  the  foregoing  sense,  is  geodesic  to  the  region  at  0  ;  then  every 
regional  geodesic,  which  originates  in  a  direction  touching  the  surface  at  0,  must 
lie  wholly  within  the  surface.  Consider  therefore  a  regional  geodesic  through  O3 
the  parametric  point  p,  <y,  r,  in  any  direction  pf,  q',  /,  touching  the  surface  ;  at 
any  point  T  on  this  regional  geodesic,  at  an  arc-distance  t  from  0  measured  along 
the  regional  geodesic,  the  regional  parameters  are 


where  the  second  and  higher  derivatives  of  p,  q,  r,  are  their  values  at  0,  as  deter- 
mined for  the  region  by  equations  of  the  type 

-p"  =  £  Ai  P'2,    -i"  = 
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If  then  the  regional  geodesic  thus  determined  lies  wholly  within  the  surface  0=-  0, 
the  equation 

0(P9Q,R)=-0 

must  be  satisfied  for  all  values  of  t  ;  and  when  the  surface  is  postulated  to  be  a 
geodesic  surface,  the  various  conditions  must  be  satisfied  for  all  directions  p',  q',  r'  , 
touching  the  surface. 

To  satisfy  the  requirements,  the  first  necessity  is  that  when  0(P9  Qt  R)  is 
expanded  in  powers  of/,  the  coefficients  of  the  successive  powers  of  /  shall  vanish, 
each  in  turn.  For  present  purposes,  we  shall  consider  such  powers  up  to  the 
third  inclusive.  Now,  up  to  this  third  order  inclusive,  we  have 


it  being  assumed  that  0(p,  q,  r)  —  0  ;   and  the  coefficients  of  the  powers  of  /  must 
vanish  successively. 

(i)  lu  order  that  the  coefficient  of  the  first  power  of/,  shall  vanish,  the  condition 


must  be  satisfied.  Effectively,  it  is  the  expression  of  the  property  that  the  regional 
direction  p',  qf,  /,  touches  the  surface. 

(ii)  In  order  that  the  coefficient  of  the  second  power  of  /  shall  vanish,  the 
condition 

N>l7/'+N>lU>'^<) 

must  be  satisfied.  When  the  values  of  p",  q",  r"  ',  are  inserted,  the  condition 
becomes 

2W-o. 

Effectively,  it  is  the  expression  of  the  property  that  the  regional  flexure  of  the 
superficial  geodesic  in  the  direction  ]/,  </',  r',  shall  vanish. 

Now  it  is  possible  that,  for  any  arbitrarily  assumed  surface  0(p,  q,  r)~  0,  the 
two  equations 

e.p'+o.q'+e.r'--^   ^a,y8=o, 

shall  be  satisfied.  As  has  been  seen  (p.  13),  they  are  the  equations  which,  at  any 
point  0  of  the  surface,  determine  the  two  inflexional  directions  of  that  surface  at 
0  ;  consequently,  the  two  conditions  can  be  satisfied  for  a  pair  of  directions  on  the 
arbitrarily  assumed  surface.  But  when  the  surface  is  required  to  be  geodesic,  the 
equations  must  be  satisfied  for  all  directions  on  the  surface  ;  the  exceptional  and 
particular  instance  passes  from  present  consideration. 

The  analytical  significance  of  this  second  condition  will  be  developed  later. 

(iii)  In  order  that  the  coefficient  of  the  third  power  of  t  shall  vanish,  the  con- 
dition 
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must  be  satisfied.    When  the  values  of  p",  q",  r",  and  p'",  q'",  /",  are  inserted, 
the  total  coefficient  of 


_ 

iljlkl 
on  the  left-hand  side  is 


-  {(«!./%  +  euru  +  elkrti)  +  (*„  j»  +  BVA»  +  M«)  +  (0  A  +  03, 

In  the  last  set  of  terms,  we  substitute 


for  all  the  combinations  I,  in  ;   and  then  the  coefficient  can  be  arranged  in  the 
form 


uK-e^r^+r^jk)  f-r,(*o 


that  is,  the  said  total  coefficient  is  fr^^.    Tlence  the  condition,  which  arises  from 
the  necessary  vanishing  of  the  terms  in  £3,  becomes 


The  analytical  significance  of  this  condition  will  be  developed  later. 
It  thus  appears  that,  for  the  selected  range  up  to  the  third  power  of  t  inclusive, 
there  are  three  conditions 


which  must  be  satisfied  by  every  direction  p'9  q',  r',  through  the  initial  point  0  on 
the  surface  0(p,  q,  r)  =  0,  if  that  surface  is  to  be  geodesic  to  the  region  at  0.  It 
must  not,  however,  be  assumed  that  the  further  conditions,  which  result  from  the 
evanescence  of  the  coefficients  of  higher  powers  of  t,  also  are  satisfied. 

Now  the  preceding  discussion  relates  to  the  possibly  geodesic  quality  of  the 
postulated  parametric  surface  0~().  The  surface,  which  is  geodesic  to  the  region 
at  0  and  has  the  same  orientation  at  0  as  the  parametric  surface,  can  be  repre- 
sented in  a  different  manner.  It  is  given  by  the  three  earlier  relations,  which 
express  P,  Q,  R,  as  functions  of  p',  q',  /,  t  ;  the  values  of  p'  ,  q'  ',  r',  are  subject  to 
the  two  relations 


where  £,  77,  £,  are  coordinates  of  the  orientation  at  0  ;  and  t  is  a  variable  for  the 
geodesic  surface.  A  single  equation  of  the  geodesic  surface  would  be  the  result  of 
eliminating  t,  p',  q',  /,  among  the  five  relations  :  the  quantities  p,  q,  r,  then  are 
merely  the  parametric  coordinates  of  the  individual  point  0  in  the  region.  If 
this  elimiiiant  actually  had  the  form  0(P,  Q,  R)~  0,  the  postulated  surface  would 
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be  geodesic  in  quality.  When  the  eliminant  is  G(P,  Q,  R)=09  an  equation 
functionally  different  from  6=0,  there  still  are  approximations  to  agreement 
between  the  two  functionally  different  equations. 

When  the  values  of  P,  Q,  72,  are  substituted  in  the  hypothetical  equation 
G=Q,  it  is  satisfied  identically  for  all  values  of  t.  When  the  same  substitutions 
are  effected  in  0—0,  the  foregoing  conditions  in  their  sequence  indicate  grades  of 
geometrical  relation  between  the  parametric  surface  and  the  geodesic  surface. 

The  vanishing  of  the  term  independent  of  t  expresses  the  fact  that  both  the 
surfaces  pass  through  0. 

The  vanishing  of  the  term,  which  involves  the  first  power  of  t  in  the  parametric 
equation,  expresses  the  property  that  the  two  surfaces  have  a  common  tangent 
plane  if  the  condition  holds  for  all  values  of  j/,  q',  r'.  This  geometrical  property 
may  be  called  contact  of  the  first  order  between  the  two  surfaces.  But  if  the 
condition  does  not  hold  for  all  values  of  p',  q',  r',  the  relations 


determine  two  sets  of  values  of  p',  q',  r',  the  two  sets  differing  only  in  sign  :  that 
is,  they  determine  the  direction  of  the  line  through  O  which  is  the  tangent  to  the 
curve  of  intersection  of  the  surfaces.  We  shall  assume  that  the  first-order 
condition  is  satisfied  for  all  values  of  j/,  </',  /  :  then  the  two  surfaces  have  the 
same  orientation  at  0,  \\ith  the  variables  £,  77,  £. 

The  vanishing  of  the  term,  which  involves  the  second  power  of  t  in  the  para- 
metric equation,  expresses  the  property  that  every  geodesic  on  G  through  0 
osculates  the  parametric  surface  if  the  new  condition  holds  for  all  values  of 
p',  q',  /.  This  geometrical  property  may  be  called  contact  of  the  second  order 
between  the  two  surfaces.  But  if  the  condition  does  not  hold  for  all  directions 
P',  <]',  I1',  m  the  orientation,  the  three  equations 


determine  four  sets  of  values  of  j/,  </',  /,  in  a  couple  of  pairs,  the  pair  in  a  set 
differing  only  in  sign  :  that  is,  they  give  the  inflexional  tangents  to  the  curve  of 
intersection  of  the  two  surfaces  at  O,  and  the  curve  has  a  double  point  at  0 
(or  a  cusp  if  the  tangents  coincide). 

Similarly,  the  vanishing  of  the  term,  which  involves  the  third  power  of  t  in  the 
parametric  equation,  expresses  the  property  that  every  geodesic  on  G  through 
0,  already  presumed  to  osculate  the  parametric  surface,  has  contact  with  that 
surface  of  the  order  next  higher  than  osculation,  if  the  condition  is  satisfied  for 
all  values  of  p'9  q'  ,  r',  in  the  orientation.  This  geometrical  property  may  be  called 
contact  of  the  third  order  between  the  two  surfaces. 

Corresponding  inferences  are  associated  with  the  vanishing  of  the  terms  which 
involve  any  further  power  of  t.  In  effect,  such  a  mode  of  procedure  establishes 
the  geodesic  surface  of  a  region  in  an  assigned  orientation  at  0  as  the  uniquely 
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determinate  surface  of  reference  for  all  the  regional  parametric  surfaces  through 
0  in  that  orientation  ;  and  it  is  the  natural  extension  of  the  practice  which  has 
established  the  regional  geodesic  in  any  direction  through  0  as  the  unique  curve 
of  reference  for  all  regional  parametric  curves  through  0  in  that  direction. 

211.  The  analytical  effect  of  the  three  conditions  will  now  he  considered   in 
succession. 

(i)  The  first-order  condition  is 


to  be  satisfied  for  all  directions  in  the  surface.    Let  p^,  <//,  r/,  and  pz'9  qz',  r2', 
denote  two  sets  of  direction-  variables,  so  that 


they  are  sufficient  to  define  the  orientation  at  0.     Any  other  direction  in  that 
orientation  can  be  represented  by 


where  a  and  jS  are  arbitrary  parameters  ;    and  manifestly  these  variables  satisfy 
the  condition.    Now,  for  this  orientation,  we  have 


q\  » 2  ~~  i  (7 2       i  ?^2  —  ?^i   2      TP\.  ^/2  ~"*  ^/i  ^**      sin  € 
where  e  denotes  the  angle  between  the  two  directions  in  the  orientation. 

(ii)  The  condition,  which  secures  contact  of  the  second  order  between  the 
parametric  surface  and  the  geodesic  surface  in  the  same  orientation  at  O,  is 

and  it  is  to  be  satisfied  for  all  directions  p',  #',  /,  such  that 


Let  the  value  of  /' ',  as  given  in  terms  of  p'  and  q'  by  this  last  relation,  be 
substituted  in  the  second-order  condition.  The  condition,  thus  modified, 
must  now  be  an  identity  because  p'  and  qf  are  independent  of  one  another. 
The  coefficients  of  p'2,  p'q',  q'2,  therefore  vanish  ;  and  the  three  resulting  relations 
can  be  expressed  in  the  form 

«  &23  $22    ,   $33 

A  —  zrr  -  -      -4-     

/•)   /)  /•)  2         H  2 

$31__$11  $33 

0,2 


-9- 


22 
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These  are  relations  which  must  be  satisfied  if  there  is  to  be  contact  of  the  second 
order  at  0.  (If  they  are  satisfied  over  the  whole  of  the  parametric  surface,  they 
are  three  simultaneous  partial  differential  equations  of  the  second  order,  serving 
to  define  all  geodesic  surfaces  in  the  region.) 

On  the  assumption  that  these  relations  at  0  are  satisfied,  two  remarks  may  be 
made.  In  the  first  place,  when  the  values  of  Q^ ,  ft31 ,  &12 ,  in  terms  of  &n ,  <J>22  ->  &M  > 
are  used,  we  find 


1 '   0. 

identically ;  and  we  thus  verify  that,  under  the  relations,  the  condition  for 
contact  of  the  second  order  between  the  surfaces  is  satisfied.  In  the  second 
place,  also  by  using  these  values  of  <9-23>  $31,  f)^?  the  determinant  V,  where 

V-    S-n,    &„,    J>13 

(V  Q,  Q, 

I/  21  >      ^22  >      1^23 

(\  (\  Q, 

is  found  to  vanish.  But  V  is  tho  discriminant  of  the  ternary  quadratic  form 
^  &np'2  ;  and  its  evanescence  is  the  analytic  condition  that  the  quadratic  form 
should  be  the  product  of  two  factors  linear  in  p' ',  <?',  /.  The  three  conditions 
(which  involve  V  =  0)  are  necessary  in  order  that  one  of  these  linear  factors  should 


Ex.  1.     Shew  that,  on  a  geodesic  surface  0(pt  q,  r)  =  0  in  the  region, 


for  t'  =  l,  2,  3. 

E-JC.  2.     A  parametric  surface  0  —  0  or  0  —  constant  might,  without  any  change  of 
its  geometric  character,  be  represented  analytically  by  an  equation 

0  —f(6)  =  eonstant, 
where  /(#)  denotes  any  function  of  its  single  argument  0.    The  condition 


manifestly  is  satisfied,  when  the  corresponding  condition  is  satisfied  for  0. 

The  relations,  characteristic  of  contact  of  the  second  order,  should  remain  un- 
altered in  essence.  Let  fa  denote  the  magnitude1.,  whieh  bears  to  0  the  same  relation 
as  that  borne  to  6  by  &„  ;  then  we  find 


so  that 

I»j" 
r 
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for  all  values  of  i,  j.     Consequently 


thus  verifying  the  invariantive  nature  of  the  relations  characteristic  of  second-order 
contact,  so  far  as  concerns  the  specified  kind  of  change  in  the  parametric  equation. 

Ex.  3.    Construct  the  equations,  characteristic  of  contact  of  the  second  order, 
between  the  regional  surface 


and  the  geodesic  surface  in  the  same  orientation  at  any  point. 

Ex.  4.     A  special  class  of  parametric  surfaces,  having  contact  of  the  second  order 
with  the  geodesic  surface  in  the  same  orientation,  is  represented  by  the  equations 

l!ll__  Jh*  _  $13  ^$22^:^23  _&:» 
V     M2"   Ma     #22     Ms     V' 

Establish  the  following  results  for  a  surface  of  this  class  : 
(i)  The  common  value  of  the  six  fractions 


(ii)  Tho  normal  dilatation  is  stationary  in  all  directions  on  the  surface  at  0. 

(iii)  The  second  variations  of  the  regional  parameters  at  0  along  the  regional 
normal  to  the  surface  are  given  by 

d*p  -     ^-  -     ^  -o 

~ 


(iv)  The  quantity  2V  of  §  209  vanishes,  so  that,  at  O, 


(iii)  The  further  condition,  which  ensures  contact  of  the  third  order  between 
the  parametric  surface  and  the  geodesic  surface  in  the  same  orientation  at  0,  is 


and  it  is  to  be  satisfied  for  all  directions  p',  </',  /,  such  that 


Let  the  value  of  r',  as  given  in  terms  of  p'  and  if  by  this  last  relation,  be  sub- 
stituted in  the  third-order  condition.  The  condition,  thus  modified,  must  now  be 
an  identity  because  p'  and  q'  are  independent  of  one  another.  The  coefficients 
of  j/3,  p'V,  p'q'2,  ?/3,  therefore  vanish  ;  and  the  four  resulting  relations  can  be 
stated  in  the  form 
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3i 


$021        $030  _o  $012        $1 


o  0*102       $003       o  &201       ^300 

W  "03*"     W    0is 

<*  $210  _  $300  __  o  $120  _  $030 

O  "" 


where  the  symbols  a,  b,  c,  are  to  be  regarded  as  defined  in  connection  with  the 
first  three  equalities. 

These  are  relations  which  must  be  satisfied  if  there  is  to  be  contact  of  the  third 
order  between  the  parametric  surface  and  the  geodesic  surface.  On  the  assump- 
tion that  they  are  satisfied,  let  the  values  of  9<210,  &201,  $120,  $102,  S-oai,  $012,  £1U, 
in  terms  of  &300,  -8-030,  $0o3>  a,  b,  c,  be  substituted  in  the  ternary  cubic  ]>}  $3oo?'3  5 
then 


2a?V  +2br'p' 

identically.  Hence  the  four  relations  among  the  coefficients  $7V/C  arc  sufficient,  as 
well  as  necessary,  to  ensure  that  there  is  contact  of  the  third  order  at  0  between 
the  two  surfaces. 

Ex.  5.  As  in  the  preceding  Ex.  2,  where  the  second-order  condition  was  shewn  to 
be  invariantive  under  any  functional  transformation,  ^=/(^)~  constant  of  the  para- 
metric equation,  we  may  expect  that  the  third-order  condition  will  also  be  invariantive 
under  such  a  transformation.  The  inference  can  be  verified  analytically,  thus  : 

(a)  If  <t>l)k  denotes  the  same  magnitude,  in  connection  with  </>  MH  $tjk  denotes  in 
connection  with  0,  then 

ftfo- 

where,  for  all  the  values, 

(b)  When  the  critical  equalities  among  the  magnitudes  <f>ijk  alone  are  formed,  they 
are  found  to  be  satisfied  in  virtue  of  the  critical  equalities  among  the  magnitudes  $tjk 
alone. 

Ex.  6.  Prove  that,  when  the  relations  for  third-order  contact  between  the  two 
surfaces  at  0  are  satisfied,  the  equation 

$300?'  +  $210?'  +  $201^      $210/  +  $1207'  +  $lJl'/>      $20l/  +  $111?'    ^  $102^      =  0 
$210/  +  $120^?'  +  $111  '*'  i      $120^'  +  $030'/'  +  $021^>      $111^'  +  $021?'  +  $012^' 
$20l/^$1ll?'+$J02^>      $Jll/+$02l7'+$012^?      $102/+$012'/+$00:/ 

holds  for  all  directions  in  the  common  orientation  of  the  two  surfaces. 
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NOTE  1  .  The  analytical  results,  connected  with  the  second-order  condition  and  the 
third-order  condition,  can  be  illustrated  from  the  theory  of  plane  curves,  by  regarding 
p'9  qr,  r  ',  as  the  homogeneous  coordinates  of  a  point  in  a  plane. 

The  second-order  condition  V)  •9'ii7>'2  =  0  then  represents  a  conic  in  the  plane. 
Under  the  three  relations,  the  conic  degenerates  into  two  straight  lines  one  of  which 
is0j7/+02?'  +  03r'  =  0. 

The  third-order  condition  2^3ooP'3==0  then  rePrescnts  a  cubic  curve  in  the 
plane.  Under  the  four  relations,  the  cubic  degenerates  into  a  conic  and  the  same 
straight  line.  It  is  a  known  property  *  that  the  Hessian  of  the  cubic  then  vanishes  as 
it  contains  the  linear  factor  of  the  degenerate  cubic. 

NOTE  2.  The  foregoing  relations,  for  contact  of  the  second  order  and  for  contact  of 
the  third  order,  can  be  obtained  simply  by  means  of  the  umbral  notation  f  for  homo- 
geneous quantities.  The  process  will  be  used  later  (§  344)  in  the  similar  investigation  of 
the  contact  between  a  parametric  surface  and  the  tangent  geodesic  surface  in  a  domain. 

We  take  sets  of  umbral  symbols  a,  6,  c,  ...  ,  associated  with  V*  &nP'29  and  sets  of 
umbral  symbols  a,  j8,  y,  associated  with  "V  $>mp'3>  so 


7/4-a3r/)3-tt^3 
and  we  write  L  =  O^p'  +  62qf  +  03r', 

the  symbols  019  02»  &*>  being  non-umbral.    Then 

L  ~    ,     -,    .    L 


where 


and  therefore 


in  general. 

For  directions  in  the  superficial  orientation  common  to  the  parametric  surface  and 
the  geodesic  surface,  we  have  L  =0.  Thus  the  condition  for  contact  of  the  second  order 
becomes 


which  must  be  evanescent  for  all  values  of  p'  and  q'  '.    The  necessary  relations  are 


*  Salmon,  Higher  Plane  Curves  (3rd  edn.,  1879),  §§  240-242. 
f  J.  H.  Grace  and  A.  Young,  Algebra  of  Invariants. 
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and  these  can  be  changed  to  the  form  in  the  text.    Further,  when  these  relations  are 
satisfied,  we  have 


shewing  that  they  are  sufficient  to  secure  contact  of  the  second  order  between  the 
surfaces  for  all  directions  given  by  L-^0. 

Similarly  the  condition  for  contact  of  the  third  order  becomes 


and  the  necessary  relations,  in  umbral  form,  are 

0=77,  o=/vrlf  o=r1r22,  o~ra». 

The  first  of  these  becomes 

0  9  2  9  ^ 

$300  ~  3$201  ^  +  3$102  -0  2  ~  $<KM  Q  3  =  ®> 

and  similarly  for  the  other  three  ;  and  the  set  can  be  changed  into  the  form  in  the  text. 
These  relations  are  also  seen  to  be  sufficient  ;   for,  when  they  are  satisfied,  we  have 


,  9-003. 


L2 

)    fa  +  $003 


Range  of  a  region  in  the  vicinity  of  any  point. 

212.  For  a  more  precise  estimate  of  a  surface,  in  its  quality  of  being  geodesic 
to  the  region,  we  shall  consider  the  properties  of  the  region  in  a  range  near  a  point 
and  not  solely  the  properties  at  the  point.  Accordingly,  the  geometrical  parts  of 
a  regional  triangle  will  be  investigated. 

In  the  course  of  the  analysis,  certain  subsidiary  combinations  of  magnitudes 
enter  :  and  they  are  stated  at  once. 

I.  The  parametric  derivatives  of  F,  J,  ®,  have  been  obtained  (§  16:5)  ;  and  so, 
when  we  take  derivatives  along  a  regional  geodesic  in  the  direction  p',  q1  ',  r',  we 
have,  with  the  notation  of  §  173, 

+  a  (/ 


2    r    >,   i  7     x  „        i 

-  on  fa  (a*33  ~ #M  +  r  ( ~  akls - 


'(~  aklz  +  hku) 
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u)  +  q'  (at,,  -  gku 


z  -  hkn)], 


Sets  of  quantities  occur,  admitting  of  abbreviated  analytical  expression.     In 
connection  with  the  quantities  of  the  type  a,  )3,  y,  defined  in  §  173,  we  write 


(These  magnitudes  ylh  Si;,  6^  are  of  persistent  recurrence  in  the  theory  of  geodesic 
parallels*.  Also,  we  note  that  ya—  -pt",  Sit—  -y/',  9a=  -/*/').  And,  in  con- 
nection with  the  magnitudes  ?/1}  w2,  t/3,  we  write 


Conformably  with  the  notation  (§  159)  for  surface-variables,  let 


and,  further,  take  symbols  /v^/,  MM),   K2(l,mn),  K9(l,mn)9   with  the  defined 
significance 

/!,(/,: 

"  >      7 1  »      "1 2  ?»'i  /*  ^  ^22 ^tw  n  ~^~  '''23  4 mn 


while  K2(Jtmn)  is  obtained  from  K^(l,rmn)  by  substituting  A,  6,  /,  for  the  con- 
stituents of  the  first  column,  and  /v3(/,  mn)  is  similarly  obtained  from  A\(Z,  mn) 
by  substituting  jf,/,  c,  for  the  constituents  of  the  first  column.  Also,  for  brevity, 
we  write 


*  They  an1  the  magnitudes  r/M^y)  of  §  60  when  the  general  amplitude  is  a  region. 
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Then,  taking  three  different  directions  pt',  g,',  r{  ;  Pm',  qm',  rm'  ;  pn',  gn',  rn'  ; 
which  can  be  made  to  coincide  in  any  manner  that  is  convenient,  we  find 


'''  -    /^(n,  1m). 


Similarly 

n    dA22   dA33    dA^    dA31 


and 


30^   d0?l   d0 

~dst  '  ds~  '  d»,  X  Pnl 


The  three  left-hand  sides  will,  as  usual,  be  denoted  by  the  respective  symbols 

v  ^ru  .,  '„  '    N-  (Mn  „  '„  '    v  rf@y  v  >v  ' 

-»  dsl  Pm  Pn  '     ->  d»,  Pm  Pn  '     ^  tht  Pm  Pn  ' 

II.  The  values  of  the  first  arc-derivatives  of  A,  B,  C,  F,  0,  H,  have  been 
stated  in  §  172.      Combinations  of  those  derivatives,  in  a  set  of  forms  similar  to 
those  affecting  the  derivatives  of  F,  A,  0,  occur.    In  particular,  we  infer 

Pm  j-  +  ?«'  -JT  f  rm'  ','•  -  AylM  +  H$lm  +  GSl 

(LSi  Q/SI  (181 

f?  ff  ^77?  tl  AT 

Pm>  ~fal+'1™  ds,+rm'  'tbl=U<ytM'{ 

Pm'  l&i  +  qm'  'd7  +  Tm'  d'Sl  =  G*lm  + 

and 

X  ^-  y«  W  -  ^i(n)y^  +  tta(n)5lm 

III.  Corresponding  combinations  of  the  second  arc-derivatives  of  A,  B,  C, 
F,  G,  H,  arise   in  the  discussion  of  geodesic  triangles.     For  their  complete 
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expression,  we  require  one  additional  set  of  abbreviated  symbols  :  and  we  take 


for!F=r,  J,  0,  in  turn. 

We  proceed,  by  first  forming  the  second  parametric  derivatives  of  these 
primary  magnitudes  :  they  can  be  deduced  from  the  first  parametric  derivatives 
as  given  in  §  160.  Then  we  take 


the  summation  being  over  the  direction-variables  ;   and  the  values  of  p",  <?",  r"9 
Aiy  are  inserted.    Similarly  for  the  others.    The  final  values  are  as  follows  : 


_ 
=  -  f  (AW2  -  2*wV  +  *2/2)  +  2  (ATi  +  HA  i  t-  WSJ 


= 


2/3(«7a 


2(4,  7?,  C',  F,  G,  7/jjy,  £,  ^^a,  f  <f,) 


B  (*«  J»  V  -  *is?  V  - 


+  '2(A,  B,  C,  F,  G,  Hlo.,  £,  ^})8,  r,, 
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(The  values  can  be  checked  by  interchange  of  parameters,  simultaneously  with  all 
necessarily  associated  interchanges  of  magnitudes  dependent  on  the  parameters.) 
In  the  ensuing  investigations,  we  shall  require  quantities  of  the  type 


the  second  being  derivable  from  the  first,  by  making  the  two  directions  pmf,  <y,n', 
r,,/,  and  pn'9  qn',  rn',  coincide.  It  will  therefore  suffice  to  state  the  value  of  the 
first  :  we  find 


2  Pmpn  =  -f  (#1H  &22>  &:«>  *23*  ^31>  *12? 


V 


,  B,  C,  F,  0,  H\ylm,  S|BM  ^Jy^,  glMf  ^|M) 

/»)(o7ylm  +  j8Igl^ 


In  particular,  if  m  or  w  should  be  the  same  as  I,  one  set  of  the  surface-  variables 
|,  77,  £,  vanishes  ;  and  then  the  term  containing  the  symbols  ki}  disappears. 

213.  Occasions  arise  when  it  is  necessary  to  consider  derivatives  of  the  primary 
magnitudes  taken  concurrently  in  different  regional  directions  :    thus  we  shall 


need  (§  233)  the  magnitudes  of  the  type  -         .    The  actual  directions  daL  and  ds2 

u't?j(W?2 

at  0  are  independent  of  one  another.  The  successive  arc-derivatives  of  the 
parameters  p,  g,  r,  taken  along  OA  alone,  arc  expressible  by  means  of  the 
intrinsic  equations  of  the  geodesic  OA,  in  terms  of  the  initial  values  p1/,  q^,  r/,  at 
O  ;  and  likewise  for  the  corresponding  derivatives,  taken  along  OB  alone,  in 
terms  of  initial  values  p2',  </2',  r2',  at  0.  When  we  take 


where  (§  173) 

**-- 

with  similar  values  for  £2  an(l  ^2*  thc  developed  expression  involves  magnitudes 

7     >   ~T^J    j~5    consequently  it  is  incumbent   to  have,  either   explicitly  or 
ds1      as  i     dsl 

implicitly,  a  law  establishing  a  relation  between  the  length  of  the  variable  arc 
OU  and  a  direction  through  the  variable  point  U  along  OA  corresponding  to 
the  direction  OB  through  0.  The  simplest  relation,  for  immediate  needs,  is 
that  of  geodesic  parallelism  (§§221,  222,  233,  post).  Even  within  this  relation, 
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there  are  various  types  of  parallelism,  each  leading  to  its  own  set  of  complete  values 
of  direction-  variables  for  a  parallel.  But,  in  all  the  assigned  types,  the  two  leading 
terms  in  the  direction-  variables  are  the  same,  being  given  (up  to  the  first  order)  by 


always  subject  to  the  permanent  condition 


at  the  originating  point  U  of  the  new  geodesic  ;    the  further  terms,  involving 
squares  and  higher  powers  of  t,  have  coefficients  which  differ  according  to  the 

type  of  parallelism  formulated.    In  such  circumstances,  the  quantity  -~ 

' 


t-n 

»n       f 

whatever  type  of  parallelism  be  adopted,  while       -|  and  higher  derivatives  will 
bo  affected  by  the  selected  type  of  parallelism.        '  l 

Tn  the  same  way,  and  under  the  same  assumptions,  we  have,  for  the  first 
variation  of  pi  along  OB,  the  value 


Accordingly  we  infer  that,  when  a  law  of  parallelism  is  assigned  for  regional 
geodesies  drawn  at  points  U  along  OA  and  for  regional  geodesies  drawn  at  points 
V  along  OJ5, 


It  follows  that,  if  W  denote  any  function  solely  of  the  position  in  the  region, 


When  application  is  made  to  the  primary  magnitudes,  analysis  similar  to 
that  in  §  212  leads  to  the  expressions 

d*A 
—  ^  =  -  |{*33gft  V  -  k.23  (q&  +  ft  V/)  -f  Jc^i'r^} 


B,  C,  F,  G,  Hlal9  &,  ^Jo,,  |2,  <^2) 

1  + 
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with  like  expressions  for  the  same  derivatives  of  B  and  of  C,  to  be  obtained  also 
by  circular  permutations  of  the  symbols  p,q,r;  and 


ds  fa  »>-*  ~  *« 


+  (A,  B,  C,  F,  0, 

+  (A,  B,  C,  F,  G,  //£&,  ,?2,  fcjfy,,  £„  0,) 

+  j3,  (Go,  +*'&+  C&)  +  ^(Gpt  +  Fi,,  +  C'X±)  +  Xi(fiV,  +  F  £2  -H  q 


y,  (//o, 


with  like  expressions  for  the  same  derivatives  of  G  and  of  //. 

Moreover,  if  we  take  four  directions  represented  by  small  arcs  r/,vfr,  rf.v7,  rf,vm, 
and  use  these  results,  we  find  the  comprehensive  relation 

72  J 


>l>m')^^ 


4-  jSZSAm  -1  y  Am)  +  ( 


In  particular,  there  are  four  sets  of  surface-variables,  occurring  in  the  terms 
connected  with  the  four-index  symbols  £„  ;  some  of  these  vanish  if  k  or  /  should 
be  the  same  as  one  of  the  two  numbers  m  and  n,  and  then  the  corresponding 
terms  in  these  symbols  disappear. 

Small  geodesic  triangle  in  a  region. 

214.  Now  consider  the  region  in  the  vicinity  of  a  point  0.  Through  0  draw 
two  regional  geodesies  :  OC7,  in  a  direction  p^,  #/,  r/,  and  OF,  iu  a  direction 
P*>  <h'>  r*  ;  and  take  sma11  arcs  OU=x  and  OV=y  along  those  geodesies.  Let 
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the  points  U  and  F  be  joined  by  a  regional  geodesic  :  so  that  a  regional  triangle 
is  constituted.  The  orientation,  defined  by  the  two  regional  geodesies  OU  and 
0V  at  0,  determines  a  geodesic  surface  of  the  region  at  0  :  in  addition  to  finding 
the  parts  of  the  regional  triangle  UOV,  we  shall  have  to  settle  whether  the  regional 
geodesic  UV  lies  wholly  in  that  geodesic  surface  at  0  :  or,  alternatively,  whether 
that  regional  geodesic  UV  is  also  the  superficial  geodesic  joining  the  two  points 
U  and  F  on  the  surface. 

Let  the  accurate  length  of  the  geodesic  arc  UV  be  denoted  by  t  :  it  will  be 
necessary  to  make  approximations  to  the  value  of  £, 
the  quantities  x  and  y  being  regarded  us  comparable 
small  quantities  of  the  same  order  of  magnitude.  Also 
let  the  accurate  direction-  variables  of  the  regional 
geodesic  UV  at  U  in  the  direction  UV  be  denoted  by 
p',  q',  r'  :  it  will  likewise  be  necessary  to  make  approxi- 
mations to  the  values  of  p',  </',  r'.  ~~  FIG  22 

The  point  F  can  be  reached  from  0  either  by  a 

geodesic  regional  path  OF  or  by  a  broken  path,  composed  of  the  regional  geodesic 
OU  and  the  regional  geodesic  UV  ;  and  the  values  of  the  regional  parameters 
specifying  F  must  be  the  same  by  these  two  paths.  As  regards  the  parameter 
corresponding  to  p  at  0,  the  value  at  U  is 


for  the  length  of  the  geodesic  arc  OU  is  x  ;  and  the  value  at  F,  distant  t  from  U 
along  a  regional  geodesic  in  a  direction  p',  q',  /,  at  U,  is 


where  the  subscripts  indicate  the  points  at  which  the  values  of  the  quantities  are 
to  be  taken  :  thus  the  value  of  the  parameter  at  V,  as  attained  by  the  path  OUV, 

=P+  xps  -i  f.iv  +  J*  V"  +  - 


By  the  geodesic  path  0V,  the  value  of  the  same,  parameter  at  V 
Hence  we  have 


There  are  two  other  equations,  arising  similarly  in  association  with  the  two 
other  regional  parameters  :   they  are 


=  (!/?•'  -<O+i 
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Also  there  is  the  permanent  arc-relation  at  U  which,  for  the  regional  geodesic  UV, 
there  takes  the  form 


For  immediate  purposes,  it  is  found  sufficient  to  retain  small  quantities  of  the 
third  order. 

In  the  first  place,  whatever  their  approximate  values  in  terms  of  other  quan- 
tities may  prove  to  be,  the  values  of  the  direction-  variables  at  U  along  UV  are 
accurate  when  actually  denoted  by  ]/,  </',  r'  :  thus 

(P')u=p'>     (y')u  =  qf,     (r')u^r'9 
accurately.     Similarly 

(p")w=-£(JV)i7p". 

where  the  values  of  (-Tn)c7  and  other  coefficients  on  the  right-hand  side  are  the 
values  of  Fi}  at  U  :  and  such  value  is  accurate.    Also 


",     (q'")u=  ~  ^(A™)up'a,     (f"')«7=  -  £(© 

all  of  them  accurate.    We  have  to  make,  from  these  equations,  approximations  in 
successive  orders  of  the  small  quantities. 

As  regards  approximations  involving  only  the  first  order,  we  neglect  terms 
involving  x2,  arj,  j/2,  y3,  /2,  £3  ;  and  there  are  three  equations  of  the  type 


which,  in  this  form,  has  significance  only  for  the  first  order.    For  a  first  approxi- 
mation, we  can  take 


where  T  is  of  an  order  higher  than  the  first,  and  where  Pl9  Q19  R^  vanish  with 
the  small  quantities  x  and  y.    Thus,  up  to  the  first  order*,  we  have 

tp'  =  sp*> 
and  so  for  the  other  two  equations  ;  and  therefore 

zpo'  =  yp*  -  xPi>  -?(/  =  m*  -  Wit  zr<>'  =  IP*  -  xri- 

Also,  the  finite  terms,  in  the  permanent  arc-relation  at  U  for  the  geodesic  UV, 
provide  the  equation 

We  denote  the  (accurate)  value  of  the  angle  UOV  by  e,  so  that 
cos  6-  V^KK,     sin"  e=  V>(?1>2'  -  r^}\ 

*  This  form  of  phrase  will  frequently  be  used,  to  imply  inclusion  of  the  specified 
order. 
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We  also  denote  by  U  and  V  the  (accurate)  values  of  the  internal  angles  of  the 
regional  triangle  at  U  and  V  respectively,  so  that 


cos  TT-      =          uppiu,    cos  VPVV, 

where  (PI)U  is  a  direction-variable  of  the  geodesic  QUA  at  U  in  the  direction  UA 
and  (p2')v  is  a  direction-  variable  of  the  geodesic  OVB  at  F  in  the  direction  VB, 
while  PV  is  used  to  denote  the  same  direction-  variable  of  the  geodesic  UVW  at 
F  in  the  direction  VW.  Let  C/0  and  F0  represent  the  main  values  of  the  angles 
U  and  V  ;  that  is,  the  values  of  these  angles  in  the  limit  when  x  and  y  vanish  (so 
that  they  become  inclinations  at  ())  :  then 

-  cos  UQ=  ^  Apipt,     cos  ro=  ^  Api'po. 

Then  from  the  foregoing  relations  constituting  the  first  approximation,  we  have 
the  set  of  results 

z2  —  x2  -f  y2  -  2,r?y  cos  e, 

sin  t/p     sin  FO     sin  e  _ 

—  —  ,    6    r    {-'o   i     r  o~^"j 

//  #  ~ 

2  cos  C/o  =  x  -  y  cos  e,     z  cos  F0  =y-x  cos  c,     c  —  a;  cos  f/0  -h  «/  cos  F0. 

These  relations  are  the  characteristic  relations  satisfied  by  the  sides  x,  y,  z,  and 
the  angles  F0,  Z/0»  e>  °f  a  pl^ne  rectilinear  triangle. 

As  x,  y,  e,  are  given  initially,  as  well  as  the  direction-variables  of  OU  and  OF, 
we  can  regard  z,  t/0,  K0,  and  the  direction-  variables  y0',  70',  r0',  as  known  quantities. 

Second  approximation. 

215.  For  approximations  of  the  second  order  of  small  quantities,  we  neglect 
terms  in  x3,  y*,  t?<  and  higher  powers  ;  and,  in  its  first  form,  the  ^-equation  now 
becomes 


the  terms,  which  ultimately  are  of  the  first  order,  will  disappear  on  account  of  the 
first-order  approximation  already  made.    Now 


accurately,  where  on  the  right-hand  side  the  values  of  the  coefficients  T^  are  to 
be  taken  at  t/.  But,  in  the  approximating  equation,  this  magnitude  is  multiplied 
by  t2,  a  quantity  of  the  second  order  (and  higher  orders) ;  and  therefore,  in  the 
expression  for  t2(])")u>  the  adequate  approximation  will  be  obtained  by  taking 
the  values  of  the  coefficients  F13  at  0,  and 
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Hence,  in  the  second  order,  we  have 


with  the  significance  for  y  assigned  in  §  212. 
Again, 


up  to  the  second  order,  for  TI\  is  certainly  of  the  third  order. 
Thus  the  approximating  ^-equation,  in  this  order,  is 


Here,  the  terms  of  the  first  order  cancel,  as  is  to  be  expected  :  and 


consequently,  the  approximate  /^-equation  is 

Kr+s^i+jjy 

Similarly,  the  approximate  (second-order)  equations  for  q  and  r  are 


Next,  account  of  the  approximation  has  to  be  taken  in  the  permanent  arc- 
relation 


In  approximation,  there  is  a  set  of  terms  represented  by 

^Ap^l, 

free  from  small  quantities  ;  it  provides  a  condition  already  satisfied.  Therefore, 
in  the  next  stage  for  this  relation,  we  keep  small  quantities  of  the  first  order. 
Now,  up  to  this  order, 

4  dA 

AfJ-r-A+X,       , 

asl 
and  similarly  for  the  other  primary  magnitudes  at  U  ;  also 
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and  similarly  for  the  other  combinations ;   therefore  the  arc-relation,  up  to  this 
order,  becomes 

dA 

'"      1°i  +  W,(0>Cl  +  M3<0>iZ1}=l, 


with  the  significance  for  the  symbols  w(0)  assigned  on  p.  66.    Also,  by  taking  /—I, 
m  -  0,  n  =  (),  in  the  result  given  in  §  212,  IT, 


thus  the  approximating  form  of  the  arc-relation,  to  this  order,  becomes 

]  -  0. 


Let  the  approximate  equations  for  p,  q,  r,  be  multiplied  by  wl(0),  w2(0),  ?/3(0),  respec- 
tively and  the  results  be  added  ;  then,  as 

V°  W  +  'W  +  <V0)  <  =  ^  4P»'2  =  1  , 
we  have 

r^o, 

that  is,  up  to  the  (retained)  second  order  of  small  quantities.    Hence  T  is  of  at 
least  the  third  order  of  small  quantities. 

Moreover,  using  this  result  in  the  approximate  equations  for  p,  q,  r,  wo  have 


and  therefore 


that  is,  up  to  the  first  order  of  small  quantities,  because  the  precedent  approxima- 
tion is  up  to  the  second  order.  Accordingly,  for  further  approximation,  we  can 
take 


and  similarly  for  Ql9  ^  ;  that  is, 


q'^qj  -jr80i  +  Q    h  , 
r'=:r0'-x9Ql  +  R  ) 

where  P,  Q,  R,  are  of  the  second  order  (and  higher  orders)  of  small  quantities  ; 
and  we  have  seen,  above,  that  T  is  of  the  third  order  (and  higher  orders)  in  the 
small  quantities. 

These  equations  (as  follows  from  §  213)  shew  that,  at  U,  the  regional 
geodesic  UV  satisfies  the  first-order  test  for  parallelism  to  the  regional  direction 
Po',  ?o'>  ro>  through  0. 
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Third-order  approximation. 

216.  For  approximations  of  the  third  order,  we  neglect  all  powers  and  com- 
binations of  x,  y,  t,  of  higher  than  the  third  degree  in  all  ;  thus,  in  the  initial  form, 
the  approximate  ^-equation  is 


The  terms,  ultimately  of  the  first  order,  must  balance  because  of  the  first  approxi- 
mation ;  and  the  terms,  ultimately  of  the  second  order,  must  balance  because 
of  the  second  approximation.  The  residue  provides  the  contribution  of  the 
^-equation  towards  the  complete  approximation  for  the  third  order. 

The  terms  on  the  left-hand  side  must  be  taken  in  succession.    The  first  term 
gives 

tp'=(z+T)p'; 

as  T  is  of  the  third  order  at  least,  we  have 


zi*  +  ''  V. 

accurately  up  to  the  third  order. 

The  second  term  %t*(p")u9  contains  the  factor  t2,  that  is,  (z  \  T)2  :  or,  as  T  is 
of  the  third  order,  we  can  take  t*=z*  for  a  third-order  approximation.  As  the 
factor  now  contains  explicitly  only  the  second  power  of  the  small  quantity  2, 
quantities  up  to  the  first  order  must  be  retained  in  (p")u  for  the  present  approxi- 
mation. Now,  always 

-(p'^XFrdvP*' 
accurately  ;  and  therefore,  as 

/r      —  -    ; 

~       ' 


up  to  the  first  order,  the  required  approximation  for  —  (p")u  i** 


Consequently,  up  to  the  third  order, 
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But 


also,  as  before  (p.  75), 
so  that 


It  follows  that,  when  the  results  are  combined  for  the  third-order  approximation, 
we  have 


where 


In  §  212,  an  expression  has  been  obtained  for  V)  —p'-pmPn  *>  hence,  taking  1=1, 

M/SI 

m—(\  n  =  Q,  in  that  expression,  we  have  the  value  of  the  first  term  in  W  in  the 
form 

2  Kyoi  +  ]80S01  +  y0001)  +  (rmp<f*Pl')  +  ~  A\  (0,  10). 
Accordingly 

w=(rmp0'»Pl')+~K1(o,io)i 

and  therefore 

)r/-  2  (y  V  -  ^Pi")  +  «yoi  -  ^((AooK  V)  +     A\(o,  10)}, 


which  gives  the  value  to  be  substituted  in  the  ^-equation  for  the  third-order 
approximation. 

The  third  term  on  the  left-hand  side  of  the  approximate  p-equation,  being 
\&(p"')u9  contains  a  factor  Z3  which,  to  the  order  under  consideration,  can  be 
taken  as  z3,  already  of  the  third  order.  Hence,  for  the  present  approximation, 
only  that  part  of  (p'")u  which  is  independent  of  small  quantities  need  be  retained  ; 
or,  as 


accurately,  our  approximation  is  made  by  taking 
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Thus,  for  the  third  term  in  the  left-hand  side,  we  have 


But 

dtp*  -  ^Pi')3  =-  yV8  -  ^  V3  -  «*  (yp2  -  xpi)yp2fvpi 


and  therefore 


as  the  value  to  be  substituted  in  the  ^-equation. 

(i)  Now  let  the  values  of  the  three  Z-terms  be  substituted  in  the  p-equation  ; 
it  becomes 


2  1 

)KW)+oO^i(°>  1())f 

oVP'/) 


Consequently, 

2p  »-2K=  J* 

Again,  in  the  aggregate  of  terms  involving  the  magnitudes  Flik, 

-yV-wV^  -^M 

so  that 


and  therefore  the  third  -order  approximating  form  of  the  /^-equation  is 

i(0,  10). 


Similar  treatment  of  the  (/-equation  arid  of  the  /"-equation,  for  the  third-order 
approximation,  leads  to  the  results 


vPi*)}  =       **2A'2  (0,  10), 

TV; 


(ii)  Also,  the  permanent  arc-relation  at  U  for  the  regional  geodesic  UV 
provides  its  own  contribution  towards  the  general  third-order  approximation. 
In  the  relation 
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it  is  necessary  to  retain  terms  up  to  the  second  order  of  small  quantities  ;   con- 
sequently, for  this  purpose,  there  are  values  of  the  type 

dA 


for  each  of  the  primary  magnitudes,  and  there  are  the  three  values 


When  substitution  is  effected,  and  terms  up  to  the  second  order  of  small  quantities 
are  retained,  there  are  three  sets  to  be  taken  into  account. 

The  terms  in  the  arc-relation,  which  are  free  from  small  quantities,  lead  to  the 
condition 


it  is  satisfied. 

The  terms  in  the  arc-relation,  which  involve  the  first  powers  of  small  quantities, 
lead  to  the  condition 


U'Oj 

By  the  result  in  §  212,  II,  on  inserting  values  /—  I  ,  m~  0,  n—  0,  we  have 


so  that  the  required  condition  is  satisfied,  as  is  to  be  expected  after  the  earlier 
use  of  the  arc-relation  in  framing  the  general  second-order  approximation. 

The  terms  in  the  arc-relation,  which  involve  the  second  powers  of  small 
quantities,  lead  to  the  condition 


^'V         *,  'v    -4  !r2  ^          <n  '2  -0 
-jj?  _j  -j-  PQ  Yoi-i  ^  ^"/"^''o    —  "• 


- 
^jo      T-ol 

(  JnS  ] 

The  first  summation-term  on  the  left-hand  side 

=2  K< 

For  the  second  summation-term,  the  sum  in  which  can  be  written 
,dA       ,d 


,dH       ,dB       ,d 

,dF       ,dC 

*-+f«2 

we  use  the  relations  in  §  2  12,  II,  inserting  the  values  Z=  1,  m=()  ;  thus 
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with  like  expressions  for  the  other  two,  so  that  the  sum  can  be  taken  in  the  form 
+  Kyoi  +  jSAi  +  7  Ai)  V0)  +  (f  iyoi  +  ^  Ai  +  £  A 


i 

+  </<  Ai)  '"3(0)  ; 

and  therefore  the  second  summation-term  on  the  left-hand  side  (with  its  sign) 
becomes 


i  +  ft  S<u  +  r  Ai)  V0)  +  (firm  +  ^Ai  +  £ 


i 


The  expression  of  the  third  summation-term  on  the  left-hand  side  can  be  evaluated 

•\d2A 
by  taking  1=  1,  w=0,  w=0,  in  the  result  of  §  212  for  >]  ^—  pm'pn'  ;  and  thus  the 

(Wj. 

third  summation-term  in  the  condition  becomes 


When  these  respective  values  arc  inserted,  the  surviving  form  of  the  condition 
arising  out  of  the  permanent  arc-relation  at  U  for  the  geodesic  U  V  becomes 

w^Ha/'+^raoo^^ 

_l,r2VZ-     t     2 
—  ^    Zj  ^llb  10  ' 

(iii)  Thus  there  are  four  linear  non-homogeneous  equations  involving  the 
magnitudes  T,  P,  Q,  R.  When  the  values  of  the  three  quantities  of  the 
type  2P  -\  a52(-Tl3ooyo/Pi/2)>  as  given  by  the  former  conditions,  are  multiplied  by 
^'i(0)>  W2(0)>  w»^°^  respectively,  when  the  results  are  added,  and  this  last  equation, 
as  well  as  the  relation 


is  used,  we  find 

0,  10)  +  V0)^3(0,  10)}. 


The  values  of  the  quantities  K^  Kz,  A'3,  on  the  right-hand  side  are  given  from 
p.  66,  by  the  substitution  /=0,  m=l,  w=  0.    The  total  coefficient  of  a  quantity 

^llf  10  +  "!12/)?10  +  ^13  blO 


which,  on  the  substitution  of  the  values  of  u^Q\  w2(0),  u3(0\  is  easily  seen  to  be 

F.I.G.  II.  F 
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zero  ;  and  similarly  for  the  total  coefficients  of  the  quantities  &12£10  4-  ^22^10  +  ^23  £io> 
Jio-    Thus  the  right-hand  side  is  zero  ;  and  therefore 


Also,  we  have 

zf  10  =  *  (9i  V  -  'i  V  )  =  y  (jiW  -  Pi  V)  =  y&2> 
and,  similarly, 

^io=y^w»   *£io=y£ia; 

consequently,  we  have 

Aay  Vjfe     *    2 
/  —  —  6  ~~    ^  *ll£l2  • 

The  Riemann  measure  of  curvature  of  a  region,  called  (§§  65,  117)  the  sphericity 
and  denoted  by  K,  when  estimated  in  the  orientation  determined  by  the  directions 
OU  and  OF,  is  given  by 

A"—  -S^.*"^"2.-.     L_  Vz-    £    2. 

V)*UT~™''-'  "^' 
and  therefore  we  have 


Thus,  up  to  the  third  order  of  small  quantities,  the  length  of  the  third  side  of  the 
regional  triangle  is 


z 
where  z2 — x2  +  y2  -  2xy  cos  e. 

The  identification,  for  the  region,  of  the  general  significance  (§  05)  of  the 
magnitude  K  for  an  amplitude  and  its  specific  significance  (§112)  for  a  surface 
will  be  made  later  (§  219).  Meanwhile,  it  is  to  be  noted  the  values  of  JP,  Q,  R, 
now  can  be  inferred,  in  the  forms 

/»»2^*2  ,j>i~ 

#22/2  XZ 

z2  3iQ 

I?  ~  1  rf*2  ( (nl       /n    /y»     2\    \   i  /*•  ? /If  QiT^2  >.    i    Zj     (f\     "1  A\ 

jii/  —         »>  i*/    I  vx 300 j^O  j^l     /        00          o  BAH    fc    i~  4^  ^- j  -**-3  \"y          ) 

the  direction-variables  p',  y',  r',  at  C7  of  the  regional  geodesic  UV  in  the  direction 
UV  being  given  by 


where 
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These  results  give  the  direction-  variables  of  the  regional  geodesic  UV  at  U  in 
the  direction  UV.  Interchange  of  the  directions  ofOU  and  OF  at  0,  with  simul- 
taneous interchange  of  x  and  y,  leads  to  the  direction-variables  \p'],  [gr'J,  [/],  of 
the  same  geodesic  at  F  in  the  direction  VU,  in  the  form 


where 

-  *fl/  5*  *  sin2  €  +  g  A^O,  20) 

)  -  fro'  ^r  A-  sin*  e  +  jg  A'2(0,  20) 
)  -  K  -J  A'  sin*  e  +  ^  *,  (0,  20) 
with  the  same  significance  for  z,  pQr,  <70',  /*</,  as  before. 


Angles  of  the  small  geodesic  triangle  :  angular  excess. 

217.  To  find  the  corresponding  approximations  for  the  angles  U  and  F  of  the 
regional  triangle  OUV,  the  values  E70  and  F0  being  the  approximations  without 
regard  to  small  quantities,  we  note  that  the  direction-variables  of  OU  at  U  in 
the  direction  UA  are 


to  the  order  of  approximation  that  has  been  considered,  while  those  of  U  V  at  U 
in  the  direction  UV  are  //,  y',  /  ;  hence,  as  U  is  the  internal  angle  of  the  triangle, 
we  have 

-cos  17=  VAufa'  +  xpS'+lifpnp' 
~+iV^ 


S     -  ft  W  +  -4ft  "K  -  ^I' 


dA     ,    „      .  .    ,,_        ,dA     ,  _  1 
-JT  PoPi  ~  ^APl  y01  -  'J?  -T-  ft>01  I  , 

CC'O^  Cl/«3j  —  » 


accurately  up  to  the  second  order  of  small  quantities. 
The  terms  in  the  first  line  are  the  value  of  -  cos  (70. 
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For  the  terms  of  the  first  order  of  small  quantities,  being  the  aggregate  in  the 
second  line,  we  have  (by  §  212,  II) 


with  similar  expressions  ;  and  therefore 


Consequently  the  aggregate  of  terms  of  the  first  order  vanishes. 

For  the  terms  of  the  second  order  of  small  quantities,  wo  have,  on  putting 
1=  1  ,  m—  1  ,  n—  0,  in  the  result  obtained  in  §  212,  III, 


the  aggregate  of  terms  involving  the  symbols  kfj  disappearing  because  of  the 
vanishing  of  one  of  the  sets  of  surface-  variables.    Also 


Next,  by  the  results  in  §  212,  II,  we  have 
(LA 

"'{^yo1+^01+^01+alMl«»H^lM2 

+  FS01  +  ^u^+^ 
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Also,  by  the  same  results, 


When  these  values  of  the  various  summations  are  substituted  in  the  equation  for 
the  second  approximation,  it  becomes 

-cos  C7+COS  f/=      A'r 


When  the  values  of  P,  Q,  J?,  arc  inserted,  then 
-  cos  U  +  cos  f/0  =  -5  (  V  ApM  X*£  K  sin2  6 

0,  10)}. 


Thus,  in  small  quantities,  cos  £/  -  cos  U0  (and  therefore  U  -  UQ)  is  of  the  second 
order  :   for  the  present  approximation,  we  take 

-cos  If  f  cos  UQ—  (U  -  Vn)  sin  f/0. 
Further,  we  have 

V}  Apipn  —  -  cos  C70,    y  sin  €  —  z  sin  r/0,     ;/;  sin  €  —  z  sin  K0, 
so  that  the  first  term  on  the  right-hand  side 

-    -  \xyl\  cos  U0  sin  f/0  sin  F0. 

'/*Z 

Again,  when  the  values  of  7\'u  A'2,  K3,  in  the  coeilicient  of  '-^  ,  are  taken  as 
on  p.  60,  the  coefficient  of  £u£iffl  +  &i21?uH  ^is^io 

'-.Wo')  f  «,0(6r0'  -/?„')  +  ua^(fr0'  -cq0') 


and  so  for  the  other  like  combinations.    TIcncc  the  aggregate  of  terms  in  the 
second  line  of  the  right-hand  side  of  the  expression  for  -cos  C/-f-cos  UQ 

—  A.  r?\^  k   £  2 

—  *<L7'  Z~i  /cn»io 

V2 

—  ST^2  ~2  «^  'Cllbl2 

/vf/2 

=  a  —  K  sin2  c  •=.  IxyK  sin  €  sin  (70. 

z 


86  ANGULAR  EXCESS  [CH.  XVII. 

Accordingly,  our  equation  (after  division  by  sin  C70)  becomes 
U  -  U0=lKxy  sin  €  -  ^Kxy  cos  U0  sin  F0, 

thus  determining  the  angle  U  up  to  the  second  order. 

We  immediately  infer  the  angle  F,  likewise  to  the  second  order,  in  the  form 

V  -  F0~  IKxy  sin  €  -  \Kxy  cos  F0  sin  ?70. 

In  these  expressions,  the  symbol  K  denotes  the  Riemann  measure  of  curvature 
of  the  region  at  0,  estimated  in  the  superficial  orientation  which  is  determined  by 
the  two  directions  OU  and  OF  at  0  ;  and  in  the  small  curvilinear  triangle  OUV, 
the  three  sides  are  regional  geodesies  between  the  angular  points.  Now 


and  therefore 


—  f  Kxy  sin  e  -  \Kxy  sin  (UQ  4-  F0) 
sine. 


The  magnitude  on  the  left-hand  side  is  the  excess  of  the  sum  of  the  three  angles 
of  the  curvilinear  triangle  over  the  sum  of  the  three  angles  of  a  rectilinear  triangle  ; 
we  shall  call  it  the  angular  excess  of  the  regional  geodesic  triangle,  as  in  §  1  1  2  for 
a  superficial  geodesic  triangle.  The  magnitude  ^xy  sin  e  is  the  value,  to  the  present 
approximation,  of  the  area  of  the  small  regional  geodesic  triangle  ;  and  therefore 
the  equation  can  br  stated  in  the  form 

area  of  regional  geodesic  triangle—  -  (angular  excess), 

the  geodesic  sides  of  the  triangle  being  small.  Consequently,  as  in  §  112,  the 
geometrical  magnitude  denoted  by  K  is  called  the  sphericity  of  the  region  in  the 
regional  orientation  defined  by  the  directions  OU  and  OF  of  the  regional  geodesies. 

Principal  values  of  the  sphericity  for  a  region. 

218.  From  the  preceding  investigations  it  follows  that,  at  any  orientation 
within  a  region  specified  by  orientation-variables  £,  77,  £,  the  sphericity  of  the 
region,  estimated  in  that  orientation  and  denoted  by  K,  is  given  by  the  relation 


with  the  significance  of  the  regional  symbols  ktj  as  defined  (§  162) 

'      — 


218] 


PRINCIPAL  VALUES  OF  SPHERICITY 


87 


It  is  convenient  (but  not  necessary)  to  have  the  variables  £,  77,  £,  so  chosen  that 
the  relation  ]>^a£2=l  is  satisfied  —  a  relation  corresponding  to  the  permanent 
equation  ^£Ap'*~  I  affecting  line-variables.  If  it  should  have  happened  that 
f  ,  77,  £,  are  determined  by  two  regional  directions  pt',  <//,  r/,  and  p2\  <y2',  r2',  in 
the  orientation  inclined  at  an  angle  e,  and  are 


the  corresponding  relation  is  ^a£a=sin2  e. 

The  quantity  K,  being  a  function  of  the  orientation-  variables,  will  have 
maximum  and  minimum  values  among  all  those  which  arise  from  all  the  sets  of 
values  ;  and  these  maximum  and  minimum  values  will  be  obtained  by  making 
the  algebraical  quantity  7v,  where 

Jf—Vl.     £2 

A  —  2^  "m  » 

a  maximum  or  a  minimum  for  all  possible  values  of  the  variables  £,  17,  £,  subject 
to  the  relation 


The  customary  kind  of  analysis  leads  to  the  critical  equations 


fj  0 

for  the  determination  of  maximum  or  minimum  values  of  K  (called  the  principal 
values)  and  for  the  determination  of  the  corresponding  orientations  (called  the 
principal  orientations)  for  the  region. 

(i)  The  principal  values  of  the  sphericity  of  a  region  are  the  roots  of  the  cubic 
equation 


hK  -  &2i»    bK  —  /'22»   fK-  —  ^23 


Let  $  be  used  to  denote  the  determinant 

k       k       k.. 

13  >      '^23'        33 

also,  let  htj  denote  the  minor  of  ktj  in  8,  so  that  (e.g.) 

and  write 

S^Akn  +  2 
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Then  the  cubic  equation  assumes  the  form 


There  are  therefore  three  measures  of  sphericity  for  a  region,  being  the  magni- 
tudes composed  of  the  simplest  symmetric  functions  of  the  principal  values  of 
A'  :  they  are 

Si       $2       S 

"a  '   Q2  '   &  ' 

The  measures  of  sphericity  are  superficial  measures  for  the  region  :  and,  in  their 
source,  they  are  not  related  to  any  principal  measure  or  measures  of  circular 
curvature  of  regional  geodesies  which  are  of  the  nature  of  curvilinear  measures. 

(ii)  Corresponding  to  each  of  the  three  principal  values  of  the  sphericity  K, 
there  is  a  set  of  orientation-  variables  ;  so  that  there  are  three  principal  orientations 
in  a  region.  We  denote  by  7\  x,  7i2,  A',,  the  roots  of  the  sphericity  cubic  ;  and  the 
variables  for  the  respective  orientations,  providing  these  values,  by  £,,  77^,  £,,  for 
?'—  1,  2,  3.  The  three  orientations  are  at  right  angles  to  one  another  in  pairs,  a 
result  established  as  follows. 

Let  the  three  critical  equations,  for  A'1}  £19  rjl7  £19  be  multiplied  by  £2,  7/2,  £2> 
respectively,  and  the  results  be  added  :  then 


Similarly  let  the  three  critical  equations,  for  7\2,  £2,  ^   £2*  ^)e  multiplied  by 
£j,  7?,,  £,,  respectively,  and  the  results  be  added  :  then 


On  the  underlying  assumption  that  the  roots  of  the  sphericity  cubic  are  unequal, 
so  that  the  principal  orientations  are  determinate,  7v2  is  not  equal  to  Kl  ;  hence 


The  lust-  relation  shews  that  the  two  orientations  with  the  sets  of  variables 
fi*  ^i»  £i»  and  £2*  ^2)  £2?  aro  perpendicular  to  one  another  (not  orthogonal,  in  the 
sense  of  §  7).  Similarly  for  the  other  two  pairs  of  principal  orientations. 

Moreover,  these  superficial  orientations  in  pairs  intersect  in  three  linear  direc- 
tions. Let  7V,  Qi,  ^/>  bc  the  intersection  of  the  orientations  £2,  TJ&  £2,  and 
£35  ^3>  £3  ;  an(l  similarly  for  7V,  Q*>  #2',  and  PB',  Q3',  723'.  Then  we  have 


b  1 'Jt St ^ 

k'  -  Rj'QjJ    R/Pjc'  ~  Pj'Rk    Py'Qk  ~  Q/Pk 
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for  i,  j,  k,  =1,  2,  3,  taken  in  cyclical  rotation.  But  these  directions  P/,  $/,  JB/, 
do  not  provide  curves  of  curvature  in  the  region,  unless  the  plenary  homaloidal 
space  of  the  region  is  quadruple  *. 

Ex.  Certain  umbral  forms  can  be  associated  with  the  preceding  results  and  are 
placed  on  record. 

We  have  seen  that,  in  the  tangent  flat  of  the  region,  any  direction  touching  the 
region  can  be  made  a  leading  line  ;  and  two  other  convenient  leading  lines  can  be 
associated  with  it,  being  the  directions  of  the  binomial  and  the  trinormal  of  a 
geodesic  drawn  in  the  direction  of  the  first. 

Consider  the  three  preceding  directions  and  the  principal  orientations.  Denoting 
any  such  direction  by  P',  Qf,  R't  and  the  orthogonal  principal  orientation  by  f  ,  77,  £, 
we  have 


UP'  +  BQ'  \  FR'  =  rjti*  ,  h£  +  1»i  +/£  =  Q'Q1  , 

GP'  +FQ'-\  O 


Thus  the  critical  equations  for  the  principal  sphericities  and  the  principal  orienta- 
tions of  the  region  become 


(knA  +  knH  i  *13(7)/"  +  (knH  +  kl2B  +  *13  F)Q'  +  (knG  +  *la  F  +  k 


For  the  umbral  notation,  let 


so  that 

/•^  =  /c^^  for  all  values  i,  j  =  1  ,  2,  3  ; 


*  Whatever  be  the  dimensionality  of  the  plenary  space,  the  quantity  A*  is  a  measure 
of  superficial  curvature  of  the  region.  In  the  special  instance  when  the  plenary  space 
is  quadruple,  K  is  only  one  of  the  two  measures  of  superficial  curvature  of  the  region, 
which  then  are  analogous  to  the  two  measures  of  curvature  of  a  Gaussian  surface  in 
triple  homaloidal  space.  Also  in  this  special  instance  of  a  quadruple  plenary  space,  the 
principal  values  of  the  sphericity  K  of  a  region  are  analytically  connected  with  the 
principal  circular  curvatures  of  regional  geodesies  :  and  the  principal  orientations  of 
the  region  are,  in  fact,  the  pair-combinations  of  the  directions  of  the  three  curves  of 
curvature  of  a  region  at  any  point.  (See  G.F.D.,  vol.  ii,  §§  320,  321.) 

The  associations  of  K  with  the  product  of  the  principal  curvatures  of  a  surface 
in  triple  space  (a  primary  surface),  and  with  one  of  the  measures  of  superficial  curvature 
of  a  primary  region,  are  made  possible  by  the  limitations  in  the  dimensionality  of  the 
respective  plenary  spaces. 
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Let  a,  /?,  y,  ...  ,  he  any  umbral  symbols  cogredient  with  K  ;  and  let  6,  c,  .  .  .  ,  be  any 
umbral  symbols  cogredient  with  a.     Then 


knA 


and  similarly  for  the  other  combinations  of  the  coefficients  ktj  with  the  primary 
magnitudes  of  the  region.     The  critical  equations  now  become 

a^R'  —  &KP', 


and  then»forc5  the  sphericity-  cubic  is 


which  can  be  expressed  in  the  form 

o  (a£y)2  -  1  Ar  (oaj8)2  +  JK2  (a&a)2  -  ^2^3  =  0. 

The  result  may  also  be  obtained  by  noting  that  the  sphericity-cubic  is  the  condition 
that  the  discriminant  of  the  ternary  quadratic 

i>,,**  -*!>** 

in  surface-variables  shall  vanish.    If,  in  umbral  notation,  we  write 

^kn?-Ky,  a?  =  (0^  t-  ^  +  03  O2  =  flf«, 
and  if  6,  <f>,  0,  be  cogredient  symbols,  the  vanishing  discriminant  of  Of  is  the  equation 


which  can  be  changed  into  the  foregoing  form. 

It  should  be  noted  that  the  introduction  of  the  analytical  measure  of  the  Riemann 
sphericity  requires  the  association  of  the  quadratic  form  ^j  An^2  with  the  rest  of  the 
system  of  invariantive  concomitants  of  the  region. 

Sphericity  of  a  parametric  surface  in  a  region. 

219.  Now  consider  any  parametric  surface  0(p,  q,  r)=  0  in  a  region,  not 
restricted  to  be  a  geodesic  surface.  If  p/,  y/,  r/,  and  p2',  q2'9  r2',  be  any  two 
directions  touching  that  surface,  giving  rise  to  orientation-  variables  £,  77,  £,  iu 
the  region,  then  (§  193) 


Let  K  denote  the  sphericity  of  the  region  in  the  orientation  £,  77,  £,  being  the 
sphericity  of  a  geodesic  surface  in  that  orientation  ;  then 
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The  sphericity  of  the  parametric  surface  9=0,  which  is  not  a  geodesic  surface 
except  under  a  group  of  limitations  as  investigated  in  §§210,  211,  is  distinct 
from  K.  Let  its  sphericity  be  denoted  by  KB  :  we  proceed  to  find  a  relation 
between  K  and  K0. 

It  has  been  proved  (§  195)  that  the  circular  curvature  and  the  direction  of  the 
prime  normal  of  a  superficial  geodesic,  the  circular  curvature  and  the  direction  of 
the  prime  normal  of  a  regional  geodesic  touching  the  superficial  geodesic,  together 
with  the  regional  flexure  and  the  prime  radius  of  that  regional  flexure  of  the 
superficial  geodesic,  arc  connected  by  relations,  typified  by  the  equation 


Po      P     y  <n 

Let  pr,  q',  /,  be  the  direction-variables  in  the  region  of  the  two  geodesies  ;   as  it 
touches  the  surface,  there  is  the  relation 


Any  surface  can  be  represented  by  two  parameters  ;  accordingly,  wo  shall  take 
p  and  q  to  bo  the  two  parameters  for  the  surface  0  —  0;  and  the  inclusion  of 
that  surface  within  the  region  is  securod  by  taking  the  value  of  r,  and  derivatives 
of  the  value  of  r,  given  by  the  parametric  equation.  The  element  of  arc  along 
the  surface  is 


where  0,  dp  +  6zd(j  \  03rfr—  0, 

so  that  <Z*2  =-  EQ  dp*  +  "2F0  dp  dq  +  ti0  A/2, 

wlierc  -          -2 


By  direct  substitution,  we  havo 


Again,  we  have 


92 
where 
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r/l  1  —  * 


1  -  o  2 

+  ^33  0  2  >        ^22  —  ^22  ~  ^23  g    +  ^33  g  2 


3  U3 


!03   '™e3 


and,  similarly, 


with  the  like  formations  for  $n,  $12,  $22,  given  by 

tV        £ 


13   >j     f 


—  $22  ~ 


$12  — $12  -  $13  n    -  $23  n    +  $1 


33    n  o    ' 
"3 

The  surface  has  been  referred  to  the  parameters  p,  q.  The  circular  curvature 
of  a  superficial  geodesic  in  the  direction  p',  q',  is  l/p0,  and  the  typical  direction- 
cosine  of  the  prime  normal  of  that  geodesic  is  Y0  ;  we  therefore  have  a  relation 
(§93)  of  the  form 


Po 

Thus  the  initial  relation  connecting  the  two  circular  curvatures  and  the  regional 
flexure  becomes 


a  homogeneous  quadratic  relation  between  the  direction-variables  p',  q\  of  the 
surface ;  and  it  holds  for  all  directions  on  the  surface.  Hence  there  are  the 
relations  * 

fn.     _       {>„  dy 

~     (0)._^:      _       LL       J 


6n  dn 


(«)_-    _$aa  rf2/ 
^?w   dn 

*  These  relations  can  be  obtained  directly  from  the  equations  of  the,  type 

of  the  surface  by  means  of  the  necessary  differential  transformations,  as  these  are 
affected  by  the  existence  of  the  surface-equation  0(p,  q,  r)=0. 
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The  sphericity  of  the  surface,  K0,  is  given  by  (§  112) 

To  evaluate  the  numerator,  we  note  that,  as 
for  all  values  i,  j,  k,  =1,  2,  3,  we  have 

for  all  values  of  i,  j  ;  and  therefore 

Also,  we  have 
Hence 

After  direct  substitution  of  the  values  of  ^u,  ^12,  -^22,  and  reduction,  we  find 


where  1C  is  the  sphericity  of  the  region  in  the  orientation  of  the  surface. 

Similarly,  after  direct  substitution  of  the  values  of  &u,  $12,  &22»  all(i  reduction, 
we  find 


by  §  196,  where  yx  and  y2  are  the  two  principal  radii  of  regional  flexure  of  the 
surface. 

Consequently,  the  numerator  in  the  expression  for  K0 
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The  denominator  in  the  expression  for  Ke 

—  V  2—  Q  — 

-'•-"*,•• 

We  therefore  have 

KO=K+  —  , 

7172 

as  the  relation  between  the  sphericity  of  a  surface  in  the  region  and  the  sphericity 
of  the  region  in  the  orientation  of  the  surface.  The  difference  between  the  two 
sphericities  is  equal  to  the  bilinear  measure  of  regional  flexure  of  the  surface. 

This  result,  valid  for  a  region  in  a  plenary  homaloidal  space  of  any  dimension- 
ality, is  known  *  in  the  particular  instance  when  the  plenary  homaloidal  space  is 
quadruple. 

Further,  if  it  should  happen  that  the  surface  6=0  is  geodesic  to  the  region  at 
the  central  point  0  considered,  the  regional  flexure  of  all  geodesies  on  the  surface 
(being  also  geodesies  of  the  region)  is  zero,  so  that  both  l/^  and  l/y2  vanish  : 
thus 

KQ  —  K  , 

as  is  to  be  expected  when  the  surface  is  geodesic. 

Curvatures  of  a  geodesic  on  a  parametric  surface. 
220.  In  passing,  it  may  be  noted  that  the  preceding  results  of  the  form 


can  be  used  to  obtain  the  spatial  torsion  of  the  superficial  geodesic  and,  inci- 
dentally, to  verify  the  geometrical  relation  (§  197) 


characteristic  of  the  curves  of  spatial  circular  curvature  on  the  surface. 

The  typical  direction-cosine  Y0  of  the  prime  normal  of  a  superficial  geodesic  in 
the  region  is  given  by  the  equation 


Po      P     yn 

Let  the  secondary  magnitudes  of  the  surface  be  denoted  by  L0,  Me,  Ne,  being 
defined  by  the  values 


G.F.D.  vol.  ii,§368. 
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Then  we  have 


Now  for  all  values  of  i,  j,  k,  we  have,  in  the  region, 

and  therefore 

for  ij=ll,  12,  22.     Consequently 

^dn 
Also  we  have 


and  therefore 

L0    1  x,v_ 

~P<TP^^ 


Similarly 


Accordingly 
where 


=  Ap'  +  Hq'  +  Gr'  -  ^  (Op'  +  Fq'  4-  Cr' 
»i 

^i     __  ±  a  \      • 

1          /)         3  > 
03 


and,  in  the  same  way, 

<; 

Similarly,  we  have 


!=»!!?'  +  #12?'  +  W  ~       ftuP'  +  #23?' 


96 
where 
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Likewise  we  find 


and  we  had  (p.  91) 


9 


0* 


Now  (§  106)  the  torsion  1  /o-0  of  a  geodesic  on  a  surface  with  Ee,  Fe,  G0,  as  its 
primary  magnitudes,  and  Le,  M0,  Ne,  as  its  secondary  magnitudes,  is  given  by 
the  equation 

..      1 


Po 


Po 


1/pQ  denoting  the  circular  curvature  of  the  geodesic.     Hence,  for  the  regional 
surface  in  question,  we  have 


where 


T= 


el 

~ 


1 

"e, 


V2, 


02, 


where  l/re  is  the  regional  tilt  of  the  superficial  geodesic  (§  20]  )  ;  and 


•'H-e-ttO,  ^i- 


o, 


o* 
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=  _> 

00     #3    ' 

where  l/cre  is  the  regional  torsion  of  the  superficial  geodesic  (§  200).    We  therefore 
have 

!        l        1 


the  geometrical  relation  (§204)  connecting  the  spatial  circular  curvature  and 
the  spatial  torsion  of  the  superficial  geodesic,  with  the  regional  torsion  and 
regional  tilt  of  that  geodesic,  with  the  regional  flexure  of  that  geodesic,  and  with 
the  circular  curvature  of  the  tangent  regional  geodesic  *. 

The  curves  of  spatial  circular  curvature  on  the  surface  are  characterised  by 
the  property  l/or0=0  ;  and  thus,  for  the  regional  surface,  they  are  given  (as  in 
§  197)  by  the  relation 


*  When  the  region  is  a  Hat,  we1  have  a  surface  in  triple  homaloidal  space  ;    then 
=  1/Po.  wnile  !//>  =  <>,  l/0&  =  l/0b»  and  l/^^O. 
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CHAPTER  XVIII 

GEODESIC  PARALLELS  IN  A  REGION 
Parallel  geodesies,  after  Levi-Cimta. 

221.  The  determination  of  parallelism  for  geodesies  has  been  effected  for 
surfaces  (§  ]19).  There,  along  any  curve  QUA,  when  any  geodesic  OVB  on  the 
surface  is  drawn  through  0,  a  superficial  geodesic  UW  through  U  is  said  to  be 
parallel  when  the  angle  W  VA  is  equal  to  the  angle  VOU  ;  and  it  appeared 
sufficient  to  take  a  superficial  geodesic  for  the  basic  curve  OUA. 

This  characteristic  property  emerges  as  a  result  from  the  original  definition. 
The  matter  is  less  simple  when  the  containing  amplitude  is  more  extensive  than  a 
surface  :  thus,  even  for  a  region,  at  a  point  U  on  the  basic  curve  OUA,  there  is  a 
quadric  cone  with  its  vertex  at  U  every  generator  of  which  makes  the  same  angle 
with  UA  equal  to  VOU  ;  and  more  selective  precision  is  necessary.  As  already 
stated,  the  notion  of  parallel  geodesies  was  first  propounded  by  Levi-Civita  ;  and 
it  was  related  to  considerations  connected  with  the  plenary  homaloidal  space  of 
the  curved  amplitude  *.  For  simplicity,  we  shall  take  the  curved  amplitude  to  be 
a  region  in  multiple  space. 

Through  0,  let  a  curve  C  be  drawn  in  the  region  ;  and  let  X  specify  a  point 
moving  along  the  curve.  With  this  moving  point,  let  a  moving  direction  XZ  be 
associated  under  some  assigned  law  of  continuous  change.  When  X  coincides 
with  0,  let  the  regional  direction-  variables  of  the  initial  position  OD  be  P',  Q'  ,  R'  ; 
the  typical  spatial  direction-cosine,  c,  of  OD  is  given  by 


We  select  an  aggregate  of  lines  through  0  in  the  plenary  space,  as  a  fixed  set  for 
reference  ;  they  are  not  related  to  the  curve  C,  nor  are  they  affected  by  it.  We 
postulate  the  law  that,  as  X  moves,  the  associated  direction  XZ  shall  be  required 
to  make,  with  the  several  lines  of  the  fixed  aggregate  through  0,  the  same  several 
angles  as  are  made  with  those  lines  by  the  initial  position  OD  of  the  direction. 
Let  /  denote  the  typical  spatial  direction-cosine  of  any  line  in  the  aggregate  through 
0  :  the  postulated  law  requires  the  conditions 

^£cl~  constant, 
where  this  constant  differs  from  one  fixed  line  to  another  but  is  unaffected  by  the 

*  The  following  investigation  is  based  upon  Levi-Oivita's  original  memoir  in  the 
Rendiconti  del  Circolo  Matematico  di  Palermo,  t.  xlii  (1917),  §§  1-4. 
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movement  of  X.    Hence,  denoting  differentiation  along  the  curve  by  dsl9  we  have 
the  equations 


which  must  be  satisfied  along  the  curve. 

Were  the  requirement  exacted  for  all  possible  directions  I  through  0  in  plenary 
space,  the  equations  could  be  satisfied  only  if 


for  every  direction-cosine  :  that  is,  a  merely  constant  direction  in  the  region.  Such 
a  result  is  not  possible  in  general.  Accordingly,  we  take  the  selected  lines  to  be 
the  aggregate  of  directions  which,  passing  through  0,  lie  in  the  tangent  flat  of  the 
region  a.t  0  ;  and  we  therefore  make  /  proportional  to 

yiX  +  y2p>  +  yzi>, 

with  no  limitations  on  the  quantities  A,  /x,  v.  For  our  purpose,  the  conditions 
must  be  satisfied  for  all  possible  variations  A,  /x,  v.  Thus  the  complete  set  of 
equations,  to  be  satisfied  along  the  curve,  becomes 


for  all  possible  variations  A,  jit,  v  ;  and  therefore,  for  the  complete  fulfilment  of 
the  imposed  law,  the  conditions  are 


Now 

dc  ^     dP'    ?   d_Q'        dji' 

+  -P'  (ynPi  +  2/i2!//  +  2/i3rir)  +  (?'  ( 

When  this  value  is  substituted  in  the  first  of  the  three  conditions,  the  coefficient 
of/" 

the  coefficient  of  Qf 
and  the  coefficient  of  R' 

with  the  notation  of  §  172  ;  and  thus  the  first  condition  is 
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where 


^=(AtPl',  qt',  rW,  Q',  R'), 
mp1',  qi,  rW,  Q',  R'). 
Similarly,  the  second  condition  and  the  third  condition  become 


When  these  three  equations  are  resolved,  the  expression  of  the  law  is 


It  is  easy  to  verify  that  the  equation 


is  satisfied  :  the  position  XY  (consecutive  to  the  position  OD)  of  the  carried  direc- 
tion lies  in  the  tangent  flat  of  the  region  at  the  point  X  consecutive  to  the  point  0. 

Now  imagine  a  deformation  of  the  region,  within  its  plenary  homuloidal  space, 
to  be  effected  without  stretching  and  without  rupture  of  continuity,  such  that  the 
tangent  flats  of  the  region  at  successive  points  along  the  basic  curve  C  are  brought 
into  coincidence  with  one  another  or,  what  is  the  same  thing,  into  coincidence 
with  the  tangent  flat  at  0.  The  character  of  the  specified  deformation  leaves 
the  lengths  of  all  arcs  arid  all  their  inclinations  unaltered.  Hence  the  deformed 
positions  of  the  carried  direction,  in  this  one  comprehensive  flat,  all  make  the  same 
several  angles  with  the  aggregate  of  lines  as  docs  the  initial  line.  Within  this 
comprehensive  flat,  all  these  deformed  positions  are  therefore  actually  parallel  to 
the  initial  line.  Accordingly,  in  these  circumstances,  the  position  of  the  carried 
direction  in  the  undeformed  region  is  defined  to  be  parallel  to  the  initial  line. 

Thus  the  Levi-Civita  parallelism  ultimately  is  derived  from  a  parallelism  in  a 
homoloidal  space  which  is  (or  is  contained  in)  the  plenary  homaloidal  space  for 
the  amplitude.  The  primary  conditions  for  any  n-fold  amplitude  are 


j 

(for  4=1,  ...  ,  ri),  where  as/,  ...  ,  xn',  are  direction-  variables  of  the  basic   curve 
C,    and   Xi,...,Xn',   are   direction-  variables   of  the  carried   direction.     The 
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simplest  instance  of  all  arises  when  the  amplitude  is  a  surface,  the  curve 
C  is  a  geodesic  on  the  surface,  and  the  initial  line  is  another  superficial  geodesic 
through  0  distinct  from  C.  When  p2',  q2',  denote  the  direction-variables  of  the 
carried  line,  the  conditions  of  parallelism  (as  in  §  121)  are 


Parallel  geodesies,  after  Severi. 

222.  An  essential  modification,  of  the  Levi-Civita  definition  and  of  Levi- 
Civita's  determination  of  geodesic  parallelism,  is  due  to  Severi  *  ;  in  effect,  it  is  a 
distinct  alternative.  Severi  associates  the  property  with  the  geodesies  of  an 
amplitude  by  means  of  the  geodesic  surfaces  of  the  amplitude.  Adopting  the 
Severi  definition,  we  take  two  amplitudinal  geodesies  at  0,  thus  determining  a 
geodesic  surface  S  of  the  amplitude  at  0.  One  of  these  two  geodesies  ORE  is  the 
basic  curve  C  ;  the  other  of  these  geodesies  OTF  is  the  initial  line  to  which  the 
drawn  geodesies  arc  to  be  parallel.  Through  any  point  R  on  the  basic  curve,  we 
take  the  direction  RU  which  on  the  surface  S  is  geodesically  parallel  to  OTF  ;  the 
amplitudinal  geodesic  in  this  direction  is  defined  to  be  the  amplitudinal  geodesic 
which  is  parallel  to  OTF. 

Let  the  geodesic  surface  of  the  n-fold  amplitude  be  determined  parametrically 
by  n  -  2  equations  of  the  type 

0(*l,...,Xn)  =  0, 

with  n  -  2  independent  functions  6.  As  the  surface  thus  defined  is  geodesic,  every 
geodesic  of  the  amplitude,  originating  at  0  in  the  superficial  orientation  established 

by  the  two  directions 

,r  r          ~  '  .     -  '          „  ' 

u/j_  ,  ...  ,  Jjn    ,       <*i  >  •••  >  "n  » 

(the  direction-  variables  of  ORE  and  OTF),  must  lie  in  the  surface  ;  and  therefore 
the  intrinsic  equations  of  every  such  geodesic  must  be  satisfied  in  association  with 
these  parametric  equations  of  the  surface.  For  each  equation  0=0  ,  we  have 


and  therefore  when  the  regional  geodesic,  with  the  intrinsic  equations 
**"=  -  £  3£  $.  *K*/,    (*=1,  ».  n), 


*         J 

lies  in  the  surface,  we  must  have 


*  Rendiconti  del  Circ.  Mat.  di  Palermo,  t.  xlii  (1917),  p.  254. 
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where 


This  relation  in  sr/,  ...  ,  xn',  must  hold  not  merely  for  £/,  ...  ,  zn',  but  also  for  all 
sets  of  variables 


where  a  and  jg  are  parameters  :  that  is,  as  in  §  210,  we  must  have  three  relations 


satisfied  in  connection  with  each  parametric  equation  6=0  when  the  surface  is 
geodesic. 

Now  consider  geodesies  on  this  surface  that  are  parallel.  Because  they  are  on 
the  surface,  the  inferred  property—  that  two  parallel  geodesies  make  the  same 
angle  in  the  same  sense  with  the  basic  curve  —  can  be  used.  Take  any  point  A', 
on  the  basic  regional  geodesic  ORE  in  the  direction  #/,  ...  ,  xn'9  at  any  small  arc- 
distance  t  from  0  ;  and  through  It  let  a  geodesic  lying  in  the  surface  be  drawn 
parallel  to  the  initial  regional  geodesic  OTF,  the  direction-  variables  of  which  are 
denoted  by  z/,  ...  ,  zn'.  If  the  direction-  variables  of  this  parallel  geodesic  at  R  be 
denoted  by  £/,  ...  ,  £n',  we  can  take 

*  ,       /      dz/ 
' 


for  all  values  of  i  ;  and  it  is  necessary  to  determine  the  analytical  significance  of 
*   t 

the  quantities    **  .    As  the  direction  £/,  ...  ,  £/,  through  the  point  R  lies  on  the 
surface,  specified  by  the  n-2  parametric  equations  typified  by  0=0,  the  relation 


must  be  satisfied  for  each  parametric  equation  0—0,  the  values  of  the  derivatives 

dfl 

—  being  taken  at  R.    But  as  the  length  of  the  geodesic  arc  OR  is  t,  we  have  (for 


R 


where  the  unstated  terms  involve  powers  of  t  higher  than  the  first ;  and  therefore 
the  relation  at  R  becomes 
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with  the  same  significance  as  regards  unstated  terms.    The  direction  z^,  .  .  .  ,  zn'9 
at  0  lies  in  the  surface,  so  that 


and  therefore  the  ^-equation,  taken  so  as  to  inchide  only  first  powers  of  the  small 
quantity  /,  yields  the  condition 

~  A  W  dz'     „  .  ^  , 

V^5;+Vr       ' 

We  have  seen  that  the  relation 
is  satisfied,  that  is, 


and  therefore  the  condition  becomes 

V1 -L . 


There  are,  in  all,  n  -  2  such  conditions,  one  arising  from  each  of  the  parametric 
equations  specifying  the  geodesic  surface. 

Next,  there  is  the  permanent  arc-relation  at  every  place  and  for  every  direction 
in  the  amplitude.    At  /?,  for  the  direction  £/,  ...  ,  £w',  this  relation  is 


Now,  for  every  value  of  k, 


and  as  the  length  t,  =  O/^,  is  measured  along  the  geodesic  ORE, 

(Ai))R=AiJ  +  t~-i3-  +  ...; 
and  therefore,  when  we  write 

Xm=S^«M*/ 

in  connection  with  the  direction  OTF,  the  permanent  relation  is 


where  0(^2)  denotes  the  aggregate  of  terms  in  powers  of  t  above  the  first.    Also  we 
have 


104  SEVERI  [CH.  XVUT. 

and  the  condition  must  be  satisfied  for  all  values  of  t  ;    hence,  as  a  necessary 
condition,  we  have 


§  12. 


so  that 

A 

rz'z'=^  S  S  S 

'sl  /      j      k      p 

Again 


and  similarly 

s  i:  ^  2^,(*M=,  w=  Xx.-i  x  £{&».  »}«.'««']. 

i       j       t       p  i  I       n> 

Accordingly,  the  foregoing  necessary  condition,  which  arises  out  of  the  first  power 
of  t  in  the  permanent  arc-relation  at  R,  is 


Finally,  there  is  the  condition  for  parallelism  of  the  directions  on  the  surface, 
represented  analytically  by  the  unchanging  value  of  cos  e  along  the  geodesic  ORE, 
so  that 


that  is, 


With  the  notation  and  the  results  of  §  37,  we  have 

«*=  ^  Akmx^,    gvr=:  ^  {rt,  p}xt', 

m  t 

duif-     _  /   ^.  \ 

da  1!  i  »     Z  ' 

thus  the  first  term  in  the  condition 

i        a^i 
and  the  second  term  in  the  condition 
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and  the  condition  therefore  becomes 
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Thus  the  magnitudes  Zl9  ...  ,  Zw,  where 


satisfy  n  homogeneous  linear  equations  in  all,  viz.  the  two  equations 


together  with  the  n  -  2  equations 


one  arising  from  each  of  the  n-2  parametric  equations  6=0  which  define  the 
geodesic  surface  in  the  amplitude.  Let  D  denote  the  determinant  of  the  coefficients 
ofZls  ...  ,Zn,sothat 

T)—\u        v.       Q  (D       0(2)  g  (n-2)  I 

u  —  I   e*i>     X«'     va      '     v*      >      *•'  '        *  l» 

the  equations  of  the  geodesic  surfaces  being  0<*)—  0,  for  A~l,  ...  ,  n-2.  The 
determinant  D  does  not  vanish,  a  statement  justified  as  follows. 

The  direction  X'/,  ...  ,  xn',  touching  the  surface,  is  such  that  the  equations 


hold  for  A-=  1 ,  . . .  ,  w  -  2.    Consider  the  array 


<V2),       0,w, 


Q  (n-2)       f)  (n-  2)  f)    (n-2) 

"l  j     ^2  »      »     un 

and  let  MtJ  denote  the  determinant  obtained  by  omitting  the  columns  of  rank 
i  and  j  in  a  row.  Owing  to  the  independence  of  the  functions  0,  the  quantities 
Mtj  arc  not  a  vanishing  set,  though  individual  members  may  happen  to  vanish. 
Let  M12  be  different  from  zero  ;  then  the  foregoing  relations  give 


for  all  values  of  i.    Similarly,  as  the  direction  z/,  ...  ,  zn',  also  touches  the  surface, 
we  have 
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for  all  values  of  j.     Consequently 


[CH.  xviii. 


a-/,    x; 

f»  '  I 

*t  ?     ZJ 


=-M12Mi} 


or 


a,/,    x 


** 

L  >      #2        > 


for  all  values  of  i  and  j.    Now 


«1,      *. 


2 


t        ^ 


NA  N^  V  NA 

^  V  Y  Y 


zk  ,    zl 


sn  e 


a  quantity  which  does  not  vanish. 

Accordingly,  since  the  determinant  of  the  coefficients  of  the  n  magnitudes  Zt  in 
the  n  linear  homogeneous  equations  does  not  vanish,  each  of  those  magnitudes 
must  vanish  ;  and  so  we  have  the  n  relations 


as  the  primary  conditions  to  be  satisfied  for  the  arc-variations  of  the  direction- 
variables  Zi,  ...  ,  zn',  of  a  succession  of  geodesies  in  the  amplitude,  drawn  (geo- 
desically)  parallel  to  one  another  along  a  basic  geodesic  ORE,  the  arc-variation 
(foi.  being  taken  along  the  geodesic  *. 

The  formal  result  agrees  with  the  result  first  established  by  Levi-Civita  *,  from 
the  considerations  set  out  in  §  221  by  reference  to  an  aggregate  of  lines  in  the 
plenary  space.  The  preceding  process  is  based  upon  the  Severi  definition  ;  in  the 

*  In  the  establishment  of  the  result,  the  geodesic  property  of  ORE  has  not  entered  : 
up  to  this  stage,  any  curve  0,  in  the  same  direction  at  0,  could  have  been  used  without 
affecting  the  argument.  But  when  approximations  for  points  R  along  the  curve  C  are 
desired,  proceeding  in  powers  of  t  (the  length  of  the  small  arc  OR),  the  limitation  of  the 
basic  curve  to  geodesic  quality  in  the  amplitude  secures  much  simplification  in  the 
necessary  formulae. 
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approximations  including  the  first  power  of  t,  the  two  results  agree.  But  this 
stage  is  the  limit  of  this  accordance  :  when  we  take  account  of  powers  of  t  beyond 
the  first,  it  will  be  found  that  the  values  of  £t',  ...  ,  £n',  the  direction-  variables  of 
an  amplitudinal  geodesic,  parallel  to  the  initially  postulated  geodesic,  are  not  the 
same  under  the  Severi  definition  of  parallelism  as  under  the  Levi-Civita  definition. 

Geodesies  drawn  from  a  basic  curve  according  to  any  assigned  law 

of  changing  inclination. 

223.  The  preceding  investigation  relates  to  parallel  geodesies.  We  may,  how- 
ever, conceive  a  succession  of  geodesies  drawn  through  successive  points  along 
the  geodesic  ORE,  according  to  an  assigned  law  of  continuous  variation  (instead 
of  constant  value)  of  the  angle  of  inclination  €.  made  with  ORE  at  the  successive 
points.  For  the  purpose,  the  geodesic  surface  determined  by  the  amplitudinal 
geodesies  ORE  and  OTF  is  used,  exactly  as  it  was  used  initially  by  Severi.  We 
still  denote  the  direction-  variables  of  the  new  geodesic  drawn  through  R  by 


and  we  still  consider  the  conditions  which  emerge  by  taking  account  of  the  first 
power  of  the  small  arc  t.  As  this  geodesic  at  R  lies  in  the  geodesic  surface,  the 
n  -  2  equations 


still  hold,  as  also  does  the  equation 


deduced  from  the  permanent  arc-relation  at  R 

or  from  its  equivalent 

d 

But  the  relation  deduced  from  the  equation 


is  changed  from  the  earlier  form,  because  of  the  law  of  variation  of  the  angle  €  ; 
and  it  yields  the  relation 


always  with  the  same  notation  as  before. 
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When  these  n  equations,  linear  (but  no  longer  homogeneous)  in  the  n  quantities 


asl         I      m 

are  resolved  for  these  quantities,  we  have 


with  the  same  significance  for  D  as  before,  while  Dl  is  the  minor  of  u^  in  D.    But 

#1  =  X*  X^  '••  >  Xn 


Jf 


lt 


' 


X2  + 


Xn} 


— . //»»       _  /v        P/1<J  tf  I   * 

—          7  /      \    1        ^1   *^E»  t^  , 


# 


and  the  value  of  D  is  (§  222) 


7)= 


""  0i  cos  € 


Hence 


Similarly  for  the  other  magnitudes  ;  the  aggregate  result  can  be  expressed  in 
the  form 


for  all  the  values  t=l,  ...  ,  n. 


224] 


GEODESIC  MARCH  OF  AN  ORIENTATION 


109 


224.  Now  at  the  point  0  draw  an  amplitudinal  geodesic  OQD  in  any  direction 
not  lying  in  the  orientation  EOT,  with  variables  t±y  ... ,  tn' ; 
and  let  ds^  denote  arc-variation  along  OD.  Through  Q, 
where  OQ  is  a  small  arc  denoted  by  y,  let  an  amplitudinal 
geodesic  QE'  be  drawn  parallel  to  OE  and  another  ampli- 
tudinal geodesic  QFf  be  drawn  parallel  to  OF ;  and,  denoting 
the  angle  EOF  by  e,  let  the  angle  E'QF'  be  denoted  by  rj, 
so  that  we  can  take 


We  proceed  to  find  7— 

d'% 

We  have 


so  that 


.       de 
-  Sin  e  ,—  = 


Now  we  have  (§  12) 
dA, 


't   ->     V"^        A  ft 

=  Y^A^Zit 

-j     xtz3  +  AijZ}   -j—-\-AljXl  -j 


,3Aln 


Fin.  23. 


also,  because  of  parallelism, 


Let  these  values  be  substituted  in  the  expression  for  —  sin  €  j~ ,  and  let  the  complete 
coefficient  of  the  magnitude  (erf,  «}  be  selected.    It  is  3 


which  vanishes  ;  and  therefore 


Consequently,  we  have  (up  to  the  first  order  of  small  quantities) 


Hence  at  the  solid  angle  at  Q,  determined  by  the  directions  QD,  QE',  QFf,  we  have 
E'QF'=EOF,    E'QD=EOD,    F'QD= 
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and  therefore  the  solid  angle  at  0  is  equal  to  the  solid  angle  at  Q,  up  to  the  first 
order  of  small  quantities. 

It  follows  that  a  solid  angle,  determined  by  three  directions  at  any  point,  can 
be  geodesically  moved  along  any  one  of  its  determining  directions  without  a  first- 
order  alteration  of  magnitude,  by  means  of  sets  of  geodesic  parallels  ;  and  the 
faces  of  the  solid  angle  can  be  regarded  as  remaining  geodesically  parallel  through- 
out any  such  displacement,  also  up  to  the  first  order  of  small  quantities. 

Let  the  orientation- variables  of  the  orientation  EOF,  being 


be  represented  by  |w,  where  f,j  =  sp/s/-a?,V  ;  then  it  is  easy  to  verify  that  the 
orientation-variables  of  the  geodesically  parallel  orientation  at  Q  are  given  by 


where 


Similarly  for  angles  of  higher  multiplicity  and  for  the  variation  of  correspond- 
ing variables  for  geodesically  parallel  orientations  of  higher  multiplicity. 

Second  approximation  for  Levi-Civita  parallels*  in  a  region. 
225.  Returning  now  to  the  consideration  of  parallel  geodesies  in  a  region,  we 
have  to  provide  the  developments  in  the  alternative  definitions  of  Levi-Civita  and 
Severi.  We  still  take  a  geodesic  ORE,  in  the  regional  direction  p/,  (//,  r/,  through 
0,  as  the  basic  curve  C  ;  and  we  still  denote  the  geodesic  arc  OR  by  t,  though  now 
it  will  be  necessary  to  include  powers  of  t  higher  than  the  first  in  the  approxima- 
tions. The  direction-  variables  at  0  of  the  initial  geodesic  OTF  will  be  denoted  by 
Pi*  *h>  rz  '•>  an(i  *hus  the  characteristic  equations  of  the  geodesic  parallelism,  on 
both  the  definitions,  are 


with  the  significance  of  y,  8,  6,  as  defined  on  p.  66. 

It  is  clear  on  purely  geometrical  grounds  that,  in  the  developments  from  the 
alternative  definitions,  there  must  be  a  divergence  of  results.  In  the  Levi-Civita 
process,  the  parallelism  is  defined  by  properties  connected  with  a  developable 
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region,  tangential  to  the  given  region,  and  ultimately  associated  with  the  Euclidean 
parallelism  in  the  developed  flat  as  a  homaloid  in  the  plenary  space.  In  the 
Severi  process,  the  parallelism  is  defined  by  properties  associated  with  parallelism 
on  a  geodesic  surface  of  the  region  defined  by  means  of  the  two  geodesies  ORE 
and  OTF  through  0  ;  and  when  once  the  characteristic  of  parallelism  on  this 
surface  is  imported,  there  is  no  reference  to  the  plenary  homaloidal  space  of  the 
whole  configuration.  We  may  expect  (and  we  have  found)  an  initial  agreement 
between  the  parallel  directions  under  the  two  definitions  ;  subsequent  divergence, 
arising  from  the  deviation  of  the  region  from  the  tangent  flat,  is  also  to  be  expected. 
We  begin  with  developments  of  the  Levi-Civita  process.  The  direction- 
variables  of  the  regional  geodesies  at  successive  points  R  along  ORE,  which  are 
geodesically  parallel  to  OTF  and  so  ultimately  have  relations  with  a  fixed  direc- 
tion in  the  developed  flat,  depend  upon  the  length  /,  of  the  geodesic  arc  OR  and 
differ  from  one  another  in  expression  solely  through  this  quantity  t.  Let  the 
direction-variables  at  R  of  the  regional  geodesic,  which  is  parallel  there  to  OTF, 
be  denoted  by  P2',  (?,/,  R2  ;  so  that 


where  the  second  and  higher  derivatives  of  p2)  q2,  r2i  along  ORE  are  analytical 
consequences  of  the  first  derivatives  given  by  the  preceding  characteristic 
equations.  For  the  present  purpose,  it  will  suffice  to  determine  the  second 
arc-derivatives  of  pz',  q2,  r2. 

With  the  notation  of  §  172,  the  characteristic  first-order  equations  can  be 
written 


Hence 

= 


+  Ad 


In  the  result  obtained  (§212)  for  S^JProX',  take  1=19  m=!9  n=2;   then 
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noting  that  yn=  -pi',  Sn=  -<7i",  #u=  ~ri">  fr°m  the  definitions  of  y,-;,  Sty,  ##, 
we  have 


1    K  f  1  19\ 
^~&l(9l  i^j, 


where  (§212)  the  symbol  Kl  is  defined  as  being 

'>,       Pi   9        *ll4%, 


Thus  ^(2, 11)=0.    Also 


and  therefore 


Pi 


1      r, 


Obviously     ^-|  is  a  linear  homogeneous  function  of  p2,  q2,  r2,  as  also  is  each  of 

the  arc-derivatives  of  p2)  q2)  r2)  of  all  orders.  It  may  also  be  noted,  as  an 
incidental  verification,  that  by  taking  the  directions  OTF  and  ORE  to  coincide, 
we  obtain  the  customary  value  (§  163)  for  p/"  in  a  region. 

Similarly  for  the  second  arc-derivatives  of  q2  and  r2'  :  they  are 

r\   ,      1          '*9     Pi  J      &11S  12  +  "'1217l2  +  ^13^12 


b!2 


1  T, 


12); 
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Ex.     Verify  the  relation 


up  to  the  second  order  of  small  quantities  inclusive  ;   and,  to  the  same  order  of  small 
quantities,  the  relation 


where  (P/Jn,  (Qi)R,  (Ri')it,  are  the  direction-variables  at  R  of  the  basic  geodesic  ORE 
in  the  direction  RE,  the  angle  c  being  constant  as  R  moves  along  ORE. 

Lem-Civita  parallels  do  not  provide  regional  parallelograms. 

226.  At  the  point  R  let  a  regional  geodesic  be  drawn  parallel  to  OTF  in  the 
Levi-Civita  sense  ;  and  at  the  point  T  let  a  regional  geodesic  be  drawn  parallel  to 
ORE  also  in  the  Levi-Civita  sense.  If  the  construction  were 
effected  on  a  free  surface,  the  two  new  geodesies  would  meet 
and  thus  complete  a  geodesic  parallelogram  (§  120).  But  the 
Levi-Civita  definition  does  not  take  specific  account  even 
of  the  geodesic  surface  determined  by  OR  and  OT  :  and 
therefore  it  is  to  be  expected  that  the  new  regional  geodesies 
through  72  and  T  do  not  meet. 

To  establish  this  negative  result,  it  will  be  sufficient  to 
shew  that  the  equations  connected  with  the  hypothesis  of  an  actual  intersection 
are  inconsistent.  Let  this  hypothetical  intersection  be  <70  in  the  diagram.  For 
arc-lengths  along  the  different  geodesies,  let 

0/2=*,     TG^X=x+L, 
OT'-y,    JBGV=r=y  +  Jtf  ; 

where  x  and  y  are  small  quantities  of  the  first  order,  L  and  M  are  small  quantities 
of  the  second  order  at  least.  Let  the  direction-  variables  of  TC0  at  T,  parallel  to 
0/2,  be  PJ,  &',  /?/  ;  and  those  of  RCQ  at  R,  parallel  to  OT,  be  P2',  Q2',  R2'.  Then 
for  these  Levi-Civita  parallels, 


with  like  values  for  #/,  /2/,  <?,/,  R2f. 

The  values  of  the  regional  parameters  at  the  hypothetical  intersection  (70 
must  be  the  same,  whether  the  intersection  be  approached  by  the  broken  geodesic 
path  0/2,  RCQ)  or  by  the  broken  geodesic  path  OT,  TCQ.  By  the  former  path, 
the  value  at  CQ  of  the  ^-parameter  is 


F.T.O.  II. 
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neglecting  powers  of  small  quantities  higher  than  the  third  ;   and  by  the  latter 
path,  the  value  of  the  same  parameter  is 


up  to  the  same  order.    The  equality  of  these  values  requires  a  relation 
-  xpj  +  j  :(JPPX" 


neglecting  higher  powers  of  small  quantities  ;  and  there  are  similar  relations 
arising  out  of  the  y-parameter  and  the  r-parameter  at  C0. 

In  these  relations,  we  substitute  the  values  of  P/,  ()/,  B/  ;  P2',  $2',  R2'  ; 
and  proceed  by  approximations. 

The  terms  of  the  first  order  of  small  quantities  balance  without  leaving  any 
residuary  condition. 

When  L  and  M  (both  of  order  higher  than  the  first)  are  retained  in  the 
approximation  of  the  second  order,  we  have 


and  therefore 

neglecting  a  term  in  yL  as  being  of  higher  order.    Similarly,  up  to  the  second  order, 
Also,  up  to  the  second  order, 


so  that,  to  this  order, 

and  similarly,  to  the  same  order, 


The  remaining  terms  of  the  relation  are  of  order  higher  than  the  second  :   hence, 
in  this  second-order  approximation,  there  is  a  residuary  condition 


from  the  ^-parameter  general  relation.    Similarly,  from  the  other  two  relations, 

Lqi'=Mg2',    Lr^Mr^. 

It  follows  that  i—  0,  M=0  :  that  is,  within  the  second  order  of  small  quantities. 
Accordingly,  if  the  equations  can  coexist,  the  magnitudes  L  and  M  must  be  of 
the  third  order  at  least. 
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Proceeding  now  to  the  third-order  approximation,  we  can  (for  this  purpose) 
take 

X*=x*,    X*=tf,     F2=y2,     Y3=y3. 
We  now  have 


to  this  order  ;  and  therefore 

XPi'-a?pi'=-» 
Similarly,  to  the  third  order, 


Hence 


Again,  we  have 


and  1\"  has  a  factor  X2,  =xz  ;    so  that,  in  the  developed  value  of  £\"9  terms  of 
the  first  order  must  he  retained.    Now 


up  to  the  first  order  ;  and  therefore 


T  fence 


But,  by  the  result  in  §  212  when  we  take  Z=2,w=l,w= 


and,  as  in  §§  221,  225, 

therefore 

L\(l,21). 


116  LEVI-CIVITA  PARALLELS  [CH.  XVUI. 

In  the  same  way,  we  find 

V1)-        *1(2,  12). 


Further,  in  the  remaining  terms  up  to  the  third  order  (inclusive,  but  not  to 
higher  orders),  we  have 


Consequently,  the  third-order  residuary  condition  arising  through  the  p- 
parameter  becomes 


)-3^^A-1(2,  12). 
But  (§  225) 


when  those  values  are  substituted,  and  terms  are  collected,  the  condition  is  found 
to  be 

LpS-Mp^.-^yK^l,  21)-a*/*A'1(2,  12)}. 

When  treated  in  the  same  way,  the  (/-parameter  equality  and  the  /-parameter 
equality  provide  the  respective  residuary  conditions 


LqL'  -  Mgt'=      W,(l,  21)  -  ^7v2(2,  12)}, 

Lr/  -  A£r2f  =2^  {&yK9(l,  21)  -  xyW.(2,  12)}. 

Thus,  in  the  third-order  approximation,  there  are  apparently  three  conditions 
which  must  be  satisfied  by  the  two  magnitudes.  For  a  general  region,  the  magni- 
tudes Kt(l,  win),  for  i=1,  2,  3,  do  not  vanish  in  general  ;  while  x  and  y,  small 
arc-lengths,  are  independent  of  one  another.  Thus  we  cannot  have  L  and  M  both 
vanishing  :  that  is,  the  alternative  of  fourth-order  magnitude  for  L  and  M  is 
excluded. 

If  the  three  equations  could  coexist  for  these  non-  vanishing  magnitudes  L 
and  M,  then  the  relation 


1K2(2,  12)+  £12#3(2,  12)] 
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would  have  to  be  satisfied  for  all  values  of  x  and  y,  and  for  arbitrarily  assumed 
directions  ORE,  OTF,  at  0  —  a  requirement  manifestly  not  satisfied. 

Thus  the  three  equalities,  arising  necessarily  from  the  values  of  the  parameters 
at  the  hypothetical  intersection  C0,  do  not  hold.  Consequently  the  Levi-Civita 
regional  geodesic,  through  R  parallel  to  OT,  does  not  meet  the  Levi-Civita  regional 
geodesic,  through  T  parallel  to  OR. 

Second  approximation  for  Seven  parallels. 

227.  We  now  pass  to  the  consideration  of  the  same  approximations  for  the 
direction  of  a  Severi  regional  geodesic  through  R,  parallel  to  OTF,  as  have  been 
effected  for  the  direction  of  a  Levi-Civita  regional  geodesic  parallel  to  the  same 
initial  geodesic.  After  the  investigation  of  §  222  which  applies  to  any  n-fold 
configuration,  we  shall  assume  that,  for  the  Severi  geodesic  through  R,  parallel  to 
OTF,  we  may  take  its  direction-variables  at  R  as  given  by 


up  to  the  first  power  of  the  small  arc-length  ;   and  we  denote  those  direction- 
variables,  to  the  next  order  of  approximation,  by 


Thus,  for  the  required  approximation,  the  three  quantities  P,  Q,  R,  must  be 
obtained  ;  and,  serving  to  determine  them,  there  are  three  data.  We  have  (i),  the 
permanent  arc-relation 


at  R  ;   (ii),  the  requirement  of  geodesic  parallelism  between  the  geodesic  through 
R  and  the  geodesic  OTF,  lying  on  the  same  geodesic  surface,  in  the  form 


where  (PI)R,  (([I)R,  (^)R^  are  the  direction-variables  of  ORE  at  R  in  the  direction 
RE  ;  and  (iii),  the  requirement  of  lying  in  that  geodesic  surface  at  R,  expressed 
by  the  condition 


The  only  small  quantity,  which  occurs  in  this  stage  of  the  enquiry,  is  the  magni- 
tude x  of  the  small  arc  of  the  geodesic  ORE. 

We  shall  begin  with  the  third  of  these  three  conditions,  the  surface-requirement. 
Here,  up  to  the  second  order  of  small  quantities, 


Now 
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Because  the  surface  at  0  is  geodesic  to  the  region,  certain  second-order  conditions 
(p.  61)  are  satisfied  ;  when  these  are  used,  we  find 


where 

(\  Q.  Q, 

T  —  —  -0  '+-  -0  '4  — r  '• 
and  therefore 

Similarly 


Also,  denoting  by  T2  the  result  of  substituting  j}2',  q2',  r2',  in  Tls  we  have  the  three 
corresponding  relations  of  the  type 


(i)  When  substitution  of  the  values  of  (OJn,  (O^jt,  (^3)72,  and  of  the  postulated 
values  of  P2',  Q2'>  RZ*  &  effected  in  the  surface-condition,  the  terms  free  from  the 
small  quantity  x  are 


which  vanishes  :    no  residuary  condition  is  left.     In  the  aggregate  of  terms, 
involving  the  first  power  of  x,  the  coefficient  of  that  first  power 


which  also  vanishes  identically  :  again,  no  residuary  condition  is  left  *.  Finally, 
for  the  present  approximation,  the  aggregate  of  terms  involving  x2  must  disappear, 
so  that  the  coefficient  of  %x2  must  vanish  ;  and  this  demand  leaves  the  residuary 
condition  C—  0,  where 


*  This  result  is,  in  effect,  merely  a  verification  of  the  general  result  of  §  222,  when 
the  n-fold  amplitude  is  specialised  into  a  region. 
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As  regards  the  terms  in  the  first  line  in  C,  we  have 


i*  +  20210;p1'?1' 

To  modify  the  right-hand  side,  we  substitute  for  the  quantities  Btjk  their  values 
from  the  general  relation  (p.  58) 


and  we  also  substitute  the  values  of  p/',  j/',  r^',  in  terms  of  j)/,  j/,  r/. 

Further,  we  use  (merely  as  a  temporary  abbreviation)  a  symbol  </>i}k  defined  by 

<f>i}k—$uk  H  01-Ttf 
and  after  some  re-arrangement,  we  find 


Similarly, 


When  these  values  are  substituted  in  the  first  line  of  the  expression  for  C,  that 
first  line 


and  therefore,  as  the  whole  expression  for  C,  we  have 


We  now  separate  the  quantities  ^Wfc  into  the  two  parts,  one  involving  the  quantities 
&iik  and  the  other  involving  the  quantities  of  tho  type  Ftjk  ;  and  we  write 


Thus  the  residuary  condition  C=0  becomes 
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In  this  reduction,  the  completely  geodesic  quality  of  the  surface  at  0  relative 
to  the  domain  has  not  yet  been  used.  There  are  certain  third-order  conditions 
consisting  of  relations  between  the  quantities  $i)k,  as  obtained  in  §  211  ;  and  they 
can  be  used,  either  in  the  form  as  given  on  p.  63,  or  in  the  umbral  form  as  given 
on  p.  65. 

In  the  full  literal  form,  they  lead  to  the  equation 

3£  ^Wx'V  =  (0iK  +0&'  +B*rt')Wu  +2  (0lPl'  +0tqi'  4  etr^Wn, 
where,  for  i/=ll,  12, 

W         ^30°  ^  '™  '    i  '"ttW  „  '„  '    \  ^°°3  „  '„  ' 

w^-fi-ptpj  +-0-   qtq}'  4-  a—^rj 


Because  the  two  directions  lie  in  the  geodesic  surface,  we  have 
and  therefore 


In  the  umbral  form  of  the  third-order  conditions,  with  the  umbral  notation  of 
p.  64,  we  have 


where,  because  the  two  directions  lie  in  the  surface, 

<v 

and  therefore 


=  A  VV  +A'A(2pi'?iW  +PI''?.') 

+rir*(2Pl'ql'qt'  +  ft'V)  H-A 
The  third-order  relations  of  geodesic  quality  are 

P3_o     r  %r  —  o     rr2—  o     r3—  n- 

1  1    —  U,       ^  i  -^  2~^5       •*  1*  2    •*'^>       -1  2   —  ^  J 

and  therefore,  as  before, 


The  final  form  of  the  surface-relation  at  -R  thus  becomes 


(ii)  Next,  we  use  the  permanent  arc-relation  at  R  which,  for  the  parallel 
geodesic,  is 


and  we  require  approximations  of  like  order.    We  have 

dA     • 

- 
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up  to  the  order  at  present  necessary,  with  corresponding  values  for  the  other 
primary  magnitudes  at  JB,  and  for  the  other  quadratic  combinations  of  the 
direction-  variables  ;  and  the  successive  approximations  must  be  framed. 
The  terms  independent  of  the  small  arc  x  require  the  relation 


it  is  satisfied,  without  imposing  any  residuary  condition. 

The  terms  involving  the  first  power  of  x  require  the  relation 


When  the  derivatives  of  the  primary  magnitudes  are  inserted  by  taking  the 
relation  in  §  212  for  Z—  1,  m—  2,  n=2,  the  first  term 


that  is,  the  required  relation  is  satisfied  without  imposing  any  residuary  condition. 
The  terms  involving  the  second  power  of  x,  if  they  are  to  disappear,  impose 
the  relation 


The  value  of  the  first  term  on  the  left-hand  side  is  derivable  from  the  result  in 
§  212,  by  taking  2=1,  m=2,  n=2  ;  thus 


—   »  '2--  l  V*  f-  2 

jfatPt     ~        8jJ«U?12 

i'  V)  +  u*w(**»Pi  V)  +  w3(2)(03ooK  V) 


For  the  second  term  on  the  left-hand  side,  we  have 
\-dA     >-   --    (    >dA_       'W       •*& 


,dH       ,dB       ,dF\ 
-5,  +  ?«&•+»•«  57  J 

ttoj  tto^  ^"l' 

,d&       ,dF      ,dC 
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from  the  result  in  §  212.    Also 


When  the  terms  are  gathered  together,  the  relation  becomes 

-  1  S  *u£iii+  V2)(JW  V)  W2)(4oo?>i' 

+  ti1»>P+fit» 
Now 


where  7i  denotes  the  sphericity  of  the  region  in  the  orientation  determined  by  the 
two  geodesies  ORE,  OTF.  Hence,  with  the  former  significance  for  P0,  Q0,  R0, 
the  residuary  condition  from  the  second-order  approximation  in  the  permanent 
arc-relation  at  R  is 


(iii)  The  remaining  condition,  being  the  condition  of  parallelism  of  geodesies 
as  expressed  by  the  constancy  in  the  value  of  e  as  R  moves  along  the  basic  geodesic 
ORE,  is 


Here,  (PI)R,  (ft')*,  (ri')R,  are  the  direction-variables  of  the  geodesic  ORE  at  R  in 
the  direction  RE,  so  that  there  are  expressions  of  the  type 


As  before, 

dA 
- 

I  W>  i 


with  similar  expressions  for  the  other  primary  magnitudes  at  R,  and  for  Q2\  R2f. 
We  take  the  ordered  approximations  in  turn,  after  these  values  have  been  sub- 
stituted. 

The  relation,  arising  out  of  the  terms  free  from  the  small  arc  x,  is  satisfied 
identically. 

The  relation,  arising  out  of  the  terms  which  involve  the  first  power  of  x,  is 


By  the  result  in  §  212,  we  have 


also 


the  relation  is  satisfied  without  leaving  any  residuary  condition. 
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The  relation,  arising  out  of  the  terms  which  involve  the  second  power  of  x  in 
the  condition  of  parallelism,  is 


<i.-\ci        f    n     ^-^        n-  \     \^^\ 

+  L  d;  PZ  PI  -  L  ^PI  y»)  -  L 

CwSj 

The  first  term  in  the  first  line 

=  iK 
and  the  second  term  in  that  line 


The  third  term  in  the  first  line,  by  the  result  in  §  212, 

V)  +  w 


,  7Z,  0,  ^  0,  //jyu,  SU)  ^y,,,  jfu,  gu) 


in  which 

yn--ft", 

The  first  term  in  the  second  line 
,<W        ,dH       , 


„(    ,dH       ,dB       ,dF\       ,,l    ,dG       ,dF       , 


tf,«)Xl) 


one-half  of  which  is  the  same  (save  for  sign)  as  the  second  term  in  the  second  line. 
Finally,  the  third  term  in  the  second  line 

,dA       ,dH       ,dG\ 


,dH       ,dB       ,dF\     ,    f    ,dG       ,  dF       , 
-   ~ 
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When  these  respective  values  are  substituted,  and  reduction  is  effected,  the 
condition  is  found  to  take  the  form 


that  is,  in  effect, 


with  the  former  significance  for  P0,  Q0,  R0. 

(iv)  Hence,  for  the  determination  of  these  quantities  P0,  QQ,  J?0,  we  have  the 
three  equations 


and  therefore 


Accordingly,  the  direction-variables  of  the  Severi  geodesic,  through  R  parallel  to 
the  geodesic  OTF,  are 


-  qi  cos  e)  -  (^9oopi2pz)}    f  • 
2#2{a  Ar(r2'  -  r/  cos  e)  -  ( 


Divergence  between  the  directions  of  a  Levi-Civita  parallel  and  a  Severi  parallel. 
228.  It  was  proved  (§  225)  that  the  direction-  variables  for  the  Levi-Civita 
geodesic  through  R,  parallel  to  the  initial  geodesic  OTF,  are 


',  12)}, 


)  +  33(l>  12)}, 
up  to  the  second  power  of  x  inclusive. 

As  the  quantity  -  ^K^l,  12)  is  not  equal  to  K(pi'-p1'  cos  e)  injgeneral,  nor 

1  1 

-     £,(!,  12)  to  K(qJ-qJ  cose),  nor  -#s(l,  12)  to  K(rJ-rJ  cose),  it  Mows 
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that  the  direction-  variables  of  the  Levi-Civita  parallel  differ  from  the  direction- 
variables  of  the  Severi  parallel.    The  two  parallels  are  distinct,  in  general. 

But  if  the  region  be  of  constant  sphericity,  the  two  parallels  coincide  up  to 
the  second  order  of  small  quantities  —  a  remark  due  to  Severi  himself*.  Let  K0 
denote  the  constant  sphericity  of  the  region  ;  then  the  relation 


is  satisfied  for  all  orientations  in  the  region,  and  therefore 


With  these  values, 


Pi 


K0. 


When  K!  is  expanded,  so  as  to  exhibit  its  linearity  in  £12,  rjl2,  £12,  the  coefficient 
of  £12  is  zero  ;  the  coefficient  of  rj12 

a,    pi,    h 


and  the  coefficient  of  £12 


Hence 


h,    ?/,    b 
9,    fi',    / 


<*>,   Pi ,    9 

*,  y/,  / 


-  ('i'K  -2»i  V)«8ft)} 


Similarly 

K,(l,  12)=i?A'0(?l'  OOBC-J,'),    A'a(l,  12)-^fiA'0(r1'  cos€-r2'). 
When  these  valnes  arc  inserted,  we  have  (up  to  the  second  power  of  x) 


that  is,  up  to  the  second  order  of  small  quantities,  the  direction-variables  of  the 
two  parallels  are  the  same  for  a  region  of  constant  sphericity  ;  and  Seven's 
remark  is  verified. 

*  Rend.  d.  Girc.  Mat.  di  Palermo,  t.  xlii  (1917),  p.  256. 
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It  is  obvious  that,  for  regions  of  variable  sphericity,  the  angular  divergence 
between  the  Levi-Civita  regional  parallel  to  OTF  and  the  Severi  regional  parallel 
to  OTF  is  a  quantity  of  the  second  order  in  x,  the  length  of  the  geodesic  arc  OR  ; 
and  an  expression  for  this  angular  divergence,  to  be  denoted  by  V,  can  be  obtained  * 
as  follows.  We  have 

P2'-p'  =  -lx*K(Pt'  -  Pl'  cos  e)  +  |^  #!(!,  12), 
with  similar  values  for  Q2r  -  q'  and  R2'  -  /.    We  write 


12+  (*12~  #%«  +  (*J3-  A»)£l2 


(A'23  -  A7)7712  +  (A  33  -  A>)  ^12     J 


or,  if 


12 

with 
then 

and  similarly,  with  corresponding  definitions  of  K2(\,  12),  E$(l,  12), 


Now,  with  these  magnitudes, 


+  ^1 


12  12 


-pi  cos  e), 


by  the  preceding  analysis.    Hence 


and  similarly 


*  Such  an  expression,  for  the  general  amplitude  and  not  solely  for  a  region,  was 
first  obtained  by  Bompiani  (I.e.  §119). 
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Accordingly,  we  have 


that  is, 

z4 
2  -2  cos  0=3^2 

Consequently,  as  ^  is  a  small  magnitude, 

i  n  S^  V^\        v  « 


the  expression  in  question. 

Manifestly,  <f>  is  of  the  order  x2  ;   also,  as  Dly  D2,  D3,  vanish  for  a  region  of 
constant  sphericity,  <f>  then  also  vanishes. 

Peres  parallelogram  on  a  geodesic  surface  of  the  region. 

229.  Now  consider  a  Peres  parallelogram  on  the  surface  at  0  geodesic  to  the 
region,  with  OA  and  OB  as  adjacent  geodesic  sides  ;  and 
let  AC',  BC',  meeting  in  0',  be  the  geodesies  parallel 
to  05,  OA.    As  arc-lengths,  let 

OA^x,    BC'-^x  +  X,    OB=y,    BC'=--y+Y, 

where  x  and  y  are  accurate,  while  X  and  Y  will  be     /B 

found  to  the  desired  degree  of  approximation.  I^IG   25 

Withy?/,  (]i,  r/,  and  p%,  q2',  r2',  as  direction-  variables 

of  OA  and  OB  respectively,  the  direction-variables  of  BC'  at  B  in  the  direction 
BC'  are  P/,  <)/,  #/,  where 

*Y  -K  ~  2/7i2  *-  MK  (Pi  -  K  cos  c)  -  (Aoo^  W2)}, 

up  to  the  second  order  of  small  quantities,  with  like  expressions  for  Q/  and  Rt'  ; 
and  the  direction-  variables  of  AC'  at  u4  in  the  direction  AC'  are  P2',  Q2',  /22',  where 

-K  cos  c)  - 

also  up  to  the  second  order,  and  with  like  expressions  for  Q2'  and  R2'. 

At  the  intersection  C',  the  values  of  the  regional  parameters  must  be  the  same, 
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attained  by  the  path  OAC'  and  by  the  path  OBC'.    By  the  equality  in  value  for 
the  p-parameter,  there  is  the  relation 


up  to  the  third  order,  the  quantities  P2",  P2'",  being  taken  at  A  and  the  quantities 
PI"  9  PI  ">  being  taken  at  E\  and  the  terms  of  the  successive  orders  of  small 
quantities  in  the  relation  must  balance.  There  are  similar  relations  arising  out  of 
the  ^-parameter  and  the  r-parameter. 

In  previous  investigations  of  the  kind,  it  has  appeared  that  magnitudes  such 
as  X  and  Y  are  of  the  third  degree  at  least  in  small  quantities  ;  this  characteristic 
will  be  assumed  here  initially,  being  verified  incidentally  in  the  course  of  the 
analysis.  Thus,  up  to  the  order  retained  in  the  relations, 


Now  /Y",  at  B  along  BCf,  differs  from  y/",  at  0  along  OA,  by  small  quantities 
of  the  first  order  at  least  ;  and  p^"  is  the  same  for  the  geodesic  surface  at  0  as 
for  the  region  :  hence,  to  the  retained  order, 


Similarly,  to  the  retained  order, 


But  the  terms  involving  P/'  and  P2"  have  quantities  of  the  second  order  as 
coefficients  of  those  magnitudes  ;  hence  P/'  and  P2"  must  be  evaluated  up  to  the 
first  order  inclusive.  Now,  as  the  geodesic  AC'  at  A  lies  in  the  geodesic  surface  * 
under  consideration,  we  have 


where,  on  the  right-hand  side,  we  must  take  the  values  at  A  ;  and,  for  the 
immediate  purpose,  quantities  of  the  first  order  in  the  value  of  P2"  must  be 
retained  .  Accordingly, 


«-  2  (ru 


up  to  this  order.    But,  by  the  result  of  §  212,  1, 

*  The  surface  is  geodesic  to  the  region  at  0,  and  tho  regional  geodesic  OA  (with  its 
continuation)  lies  entirely  in  the  surface  ;  but  unless  the  surface  is  geodesic  to  tho 
region  everywhere  and  riot  at  O  solely,  a  regional  geodesic  at  -4,  in  the  initial  direction 
of  the  superficial  geodesic  AC'  at  A,  does  not  necessarily  coincide  with  that  superficial 
geodesic.  In  the  general  event  of  non-coincidence,  the  quantity  P2"  will  not  be  the 
ame  for  the  surface  and  the  region  ;  and  similarly  for  the  quantity  P/'  at  B. 
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with  the  significance  of  /ix  there  given  ;  consequently 

)  +  ?  K,  (2,  12)  . 


Again,  the  general  value  of  the  geodesic  flexure  of  any  surface  in  the  region  is 
given  by 

*          ' 


a  magnitude  which  vanishes  at  0  for  the  geodesic  surface.    At  A,  where  OA  =  x9 
we  have  to  evaluate  the  right-hand  side  up  to  the  first  order,  that  is,  we  require 

Now,  to  this  order, 

11  A        l    11  ^     J  2  2  ->*'!  2      12> 

and  therefore 

S  ($11X4  P*'2  =  ^  ^nK2  -  2^  ^  y  „  (&n  pa'  +  i>,2^  +  %3^)  +  «  i]  2~  P*2 
^    vr/,% 


with  the  notation  of  §  172  for  the  quantities  of  the  type  a,  £,  ^. 

For  the  evaluation  of  the  initial  term  on  the  right-hand  side,  we  have 

" 


/rf 

-   I  — 
\  & 


-f        --  t 


As  in  §  227,  we  substitute,  for  the  quantities  0ijje9  their  values  (p.  58)  in  terms  of 
the  quantities  &ljk  ;   that  is,  again  using  the  symbols  <f>ijk  under  the  definition 


t>ijk:=z1Jk  1  jk 

we  take 
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d& 
When  the  first  two  lines  of  the  expression  for    ~  are  combined  after  these  sub- 

stitutions, reduction  leads  to  the  result  '  1 

A,  +     A,  + 


and  we  thus  have  a  value  of  -]  —  . 

ClSi 

Similar  analysis  leads  to  the  result 


4  (u 

and  there  are  corresponding  results  for  the  arc-derivatives  of  ft22,  <9-13,  ^23,  ^33. 

d& 
When  all  these  values  are  inserted  in  the  magnitude  ^~r^~  Pz2,  the  resulting 

equation  can  be  arranged  in  the  form  '  l 


Now  using  the  formulae  in  §212,  I,  with  the  assumptions  /—I,  m=2,  n  =  2,  we 
have  successively 


as  values  to  be  inserted  in  the  foregoing  equation  ;  and  their  terms  involving  the 
magnitudes  of  the  type  rijfc  can  be  combined  with  the  terms  involving  the  magni- 
tudes <f>ljL. 

After  complete  reduction,  we  find 


where 

2-.^!,  i2)+M:,(i,  i2)40,A',(i,  12)}. 


Thus  far,  the  analytical  restrictions  required  by  the  geodesic  quality  of  the  surface 
have  not  been  imposed.    In  the  present  approximation,  these  restrictions  are  the 
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third-order  relations  among  the  quantities  $ijk,  set  out  in  §211.     We  use  the 
umbral  form  (p.  64)  of  these  relations  ;  and  thus,  as  on  p.  119, 


Because  the  directions,  with  the  variables  j)/,  </,',  r/,  and  ^>2',  r/2',  r2',  lie  in  the 
superficial  orientation  at  0,  we  have 

•w  =  Aft'  +  A<h',  «w  =rlPl'  +r2g2'  : 

and  therefore 

V<-  -  (r,  ft'  +  A?/)  (A?;  +  A?*')2 

-  A'ft'ft"  +A1A(2ft'ftV  +ft  V) 

4  AA1  (ft  V  +2ftV?,')  +AV?."- 

The  third-order  relations,  required  by  the  geodesic  quality  of  the  surface  at  0,  are 

ry^o,  r^r^o,   r^^-o,  r23=o. 

Hence 


so  that  the  first  term  in  Z  vanishes  ;  and  we  have 

=  -^^i(L  i2)+«./ir,(i,  i2)+«,/i:,o,  12)}. 


It  follows  that  the  regional  flexure  of  the  superficial  geodesic  through  A,  drawn 
parallel  to  the  (regional  and  superficial)  geodesic  OB  on  the  geodesic  surface,  is 
given  by 

2,  12)  +  08K3(2,  12)}. 


230.  The  various  terms  in  the  equation  for  P2"  have  now  been  evaluated  ; 
the  result  is 

Pa"  ~pt"  -  x  j^Aoo^'K")  +  ~  K,  (2,  12 

,(2,  12)}, 

an  expression  which  admits  of  simplification  in  the  terms  involving  KI,  K2,  K3. 
We  have 

8u=e*+o*+e£: 

dn        dn        dn 
and  therefore  the  coefficient  of 
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in  this  expression  for  P2" 


[CH.  XVIH. 


Now  (p.  66) 


1  S12  +  ^22 ^12  +  ^23  4l2>      " >      7 2 
1  b  12  ~f"  ^3 


when  we  substitute  A,  ft,  /,  for  the  constituents  of  the  second  column,  we  obtain 
the  value  of  7f2(2,  12) ;  and  when  we  substitute  #,/,  <?,  for  those  constituents,  we 
obtain  the  value  of  /i3(2,  12).  Hence,  in  the  foregoing  coefficient,  the  total 
coefficient  of  the  constituent  A:11|:12+^127712  +  A13^12  arising  out  of  all  the  terms  in 


But 


so  that 


-  ?,'  (G62  -  FOj} 


because  0^' 


'  +  ^2'—  ^-    Similarly,  we  find 
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Thus  the  aforesaid  total  coefficient  of  the  constituent  &n  £12  +  £12*712  +  £13^12 


Further,  we  have 

#1   __.  *?2  „      ^3__pJ  J0»_    . 

£12    ^12     £12      "  sin€' 
and 


so  that  the  total  coefficient  of  the  constituent  &nf12  ^£i2T7i2  +  £i3^i2 


Similarly  the  coefficients  of  &12£j  2  +  £22^12  +^23  ^12  an(l  ^is^  +  ^s1?^  +  £33^12  arc 


;i^i;(  -  PI'  -»•  P*  cos  ^iw*     -r5:(  ~K+K  cos  €)  Jllf 

bill    fc  Mil    € 

respectively,  while 

VftJ1fu»=Arsina€> 

K  being  the  sphericity  of  the  geodesic  surface.     Accordingly,  the  coefficient  of 
in  the  expression  for  P2" 


—  QK  (  -  pi  +  p2'  cos  e)  ; 
and  the  equation  for  P2"  thus  becomes 

"        -K  cos  6)}, 


up  to  the  first  order  of  small  quantities. 
Similarly,  up  to  the  same  order,  we  have 


JY'=pi"  -  y  {(/Wi'  V)  +  i/W  -K  cos  6)}. 

We  now  return  to  the  parameter-relations.    The  ^-relation  has  become 


all  other  third-order  terms,  which  initially  were  retained,  have  cancelled  each 
other.  In  this  form,  after  the  values  of  P/  and  P27  have  been  substituted,  the 
first-order  terms  cancel  ;  and,  after  the  values  obtained  for  P/'  and  P2"  have 
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been  substituted,  the  second-order  terms  cancel.    The  requirement,  that  the  third- 
order  terms  shall  balance,  is  met  by  the  relation 


*'  -  Pi   COS  €)  - 

l   -ft'  COS  €)  4-  (A 

'  -  p2'  cos  e)  - 

'  -ft'  cos  6)  4-  (AooK  V)}> 
that  is, 

{  Y  +  £/fcy  («  4-  y  cos  «)}  j?2'  =  {X  4-  1  Ascy  (y  +  x  cos  e)}  ft'- 

Similarly,  the  relation  arising  from  the  equality  in  value  of  the  ^-parameter  at 
C',  by  the  alternative  paths  OAC'  and  OBC',  is 

{Y4  ^K 


and  the  corresponding  relation,  from  the  similar  equality  in  value  at  C'  in  the 
r-parameter,  is 

{  7  4-  %Kxy  (x-i-y  cos  e)}  r./  =  {Ar  4-  -J  AVy  (y  4-  ^  cos  e)}  r/. 

The  three  relations  are  consistent,  partly  in  virtue  of  the  two  conditions 
^iPi'  +  ^2?i/  +  ^ari'-'()  =  ^i7V  +  ^2?2/-i  03r2'>  an(J  of  the  two  results 

X—  -  zKxy(y  +  x  cos  e)  "1 
Y  =  -  i/i^ry  (x  +  ?/  cos  6)  J 


These  contain  the  promised  verification  that  ^  and  Y  are  of  the  third  order  of 
small  quantities  ;  and  they  are  in  accord  with  tho  result  in  §  124,  K  now  being 
the  measure  of  sphericity  of  the  (geodesic)  surface. 

Further,  the  values  of  the  regional  parameters  at  the  anglo  Cf  of  the  Peres 
parallelogram  on  the  geodesic  surface  can  be  deduced  ut  once.  Thus  the  value 
of  p  is 


up  to  the  third  order  :  that  is,  on  substitution  of  the  values  of  F,  P2',  P2",  and 
P2/7/,  in  their  respective  terms, 

PC'  =p+  xpi  *-  yp*  +  i  (*  V  -  2^/712 

4  ^V^^^ooK 

/  -  p2'  cos  €)  4-  %x2yK  (p2f  -  pi  cos  e) 


Let  a  small  quantity  00  and  direction-  variables  P',  Q',  7J',  be  taken  such  that 
zf=vti*ypi,    *<>Q'=*li+m*> 
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then  the  foregoing  value  becomes 


-  xy  {x  (%pi  4-  %pi  cos  c)  +  y(  \pj  +  ipa'  cos  e)}K, 
up  to  the  third  order.     Similarly 


-  xy  {x  (fa1  +  fa'  cos  e)  +  y  (  fa'  +  fa'  cos  e)}K, 


-xy{x(lra' 

• 

results  which  agree  with  the  former  results  (§  125)  for  any  surface,  and  now  are 
obtained  for  the  surface  that  is  geodesic  to  the  region  with  K  as  the  measure  of 
sphericity. 

Regional  geodesic  diagonal  of  the,  Peres  parallelogram. 

231.  The  analysis  in  §§210-216  can  be  adapted  to  the  discussion  of  another 
cognate  question  :  when  the  regional  geodesic  UV  is  drawn  from  a  point  U  in 
a  regional  geodesic  OA  to  a  point  F  in  a  regional  geodesic  OB,  so  that  its  points 
U  and  F  are  on  the  geodesic  surface  AOB,  does  the  regional  geodesic  UV  lie 
wholly  in  the  geodesic  surface  ?  It  will  be  sufficient  to  determine  whether  the 
direction  of  the  regional  geodesic  UV  at  U  lies  in  the  geodesic  surface  ;  manifestly, 
the  geodesic  cannot  be  contained  in  the  surface,  if  its  direction  at  U  is  not  so 
contained. 

It  has  been  proved  (§216)  that,  if  OU=x,  OV—y,  the  direction-variables 
p'9  q',  r',  at  (7  of  the  regional  geodesic  UV  are  given  by 


whore 


)  +  ipo'  -%-K«m*e  +  ~Kl(0,  10), 

the  value  of  /ij  (0,  10)  being  defined  in  §  21  2.    There  are  corresponding  expressions 
for  q'  and  /. 

The  condition  that  this  direction  at  U  should  lie  in  the  geodesic  surface  0=0 
is,  by  §227  (i), 


As  approximations  of  the  second  order  in  small  quantities  have  been  made,  when 
determining  the  values  of  p',  q',  r',  by  means  of  magnitudes  at  0,  arid  when 
obtaining  the  values  of  0j,  02,  03,  at  U  also  in  terms  of  magnitudes  at  0,  this 
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equation  would  certainly  have  to  be  satisfied  up  to  that  second  order  inclusive. 
We  have 


up  to  that  order,  and  similarly  for  (02)u  and  for  (0^)ul  when  these  values  are 
substituted,  the  aggregates  of  terms  of  successive  orders  must  vanish,  each  in 
its  own  order. 

The  finite  terms  in  the  condition 


because  of  the  constitution  of  the  geodesic  surface.    This  part  of  the  condition  is 
therefore  satisfied. 

The  aggregate  of  terms  of  the  first  order  of  small  quantities 


Now 

{fo'A.  +  *oVi  =  7oi  » 


Hence  the  aggregate  of  terms  of  the  first  order  vanishes  ;   and  this  part  of  the 
necessary  condition  is  therefore  satisfied. 

The  aggregate  of  terms  of  the  second  order  of  small  quantities  has,  for  the 
coefficient  of  |#2,  a  quantity  which 


+  8*  €1  +  Mi)  -t  801  (9i  A  +  ^.ij!  +  03*i)  +  ^  («i  n  1-  ^2^i  +  ^i 


f  f  / 

When  we  insert  the  values  of  -=-  -^  ,   -=  -  ^  ,   j  —  ^  ,  obtained  in  §  227  as  connected 

(XSj         ttAfj         Ct5j 

with  the  surface  which  is  geodesic  at  0,  and  when  reductions  take  place,  this 
coefficient  can  be  expressed  in  the  form 


After  the  values  of  P,  Q,  R,  are  inserted,  two  sets  of  terms  arise.    One  set  involves 
K  in  the  form 

6  (#iK  +  02?o'  +  03r0')  ~f  A'  sin^  e, 
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which  vanishes,  as  in  the  finite  terms  of  the  central  condition.    The  other  set  of 
terms 

2/ya(0,  10)  +  03A'3(0,  10) 


p0 
g0', 

^     > 


^33  bl 


and  does  not  vanish.  Consequently  the  aggregate  of  terms  of  the  second  order 
does  not  vanish  ;  and  the  condition  (even  up  to  the  second  order  of  small 
quantities),  that  the  regional  geodesic  UV  should  lie  in  the  geodesic  surface 
UOV,  is  not  satisfied. 

It  follows  that  the  geodesic  surface,  determined  by  the  set  of  regional  geodesies 
originating  at  0  in  the  orientation  through  the  directions  of  OA  and  OB  at  0,  is 
geodesic  towards  the  region  for  all  directions  at  0  in  the  orientation.  At  a  point 
on  OA,  other  than  0,  the  surface  is  geodesic  to  the  region  only  for  the  continuation 
of  OA  ;  and  similarly  at  a  point  on  OB,  other  than  0,  the  surface  is  geodesic  to 
the  region  only  for  the  continuation  of  OB.  Thus,  in  §  229,  an  estimate  is  obtained 
for  the  regional  flexure  of  the  superficial  geodesic  at  U  drawn  in  the  direction 
which,  under  the  Severi  definition,  provides  a  parallel  to  OB  through  U  ;  this 
flexure  is  not  zero  ;  and  therefore  the  regional  geodesic,  drawn  at  U  in  the  specified 
direction,  does  not  lie  in  the  surface  which  is  geodesic  to  the  region  at  0. 


CHAPTER  XIX 

GEODESIC  PARALLELOGRAMS,  GEODESIC  CELLS,  IN  A  REGION 
Geodesic  parallelograms  in  a  region  not  practicable  on  preceding  definitions. 

232.  The  geodesies  in  the  preceding  investigation  in  §  229  are  superficial 
geodesies,  not  regional  geodesies,  the  limitation  to  the  surface  being  introduced 
on  p.  128  ;  and  we  have  seen  (§  231)  that  the  regional  geodesic  UV  does  not  lie 
in  the  surface  that  is  geodesic  to  the  region  at  0.  Accordingly,  it  is  not  to  be 
expected  (and  it  is  not  the  fact)  that  the  regional  geodesies  at  U  and  at  V,  drawn 
at  those  points  in  the  directions  of  the  Scveri  parallels  at  those  points,  lie  in  the 
surface  that  is  geodesic  to  the  region  at  0  ;  it  remains  to  prove  that  these 
regional  geodesies,  thus  drawn  at  U  and  at  F,  do  not  intersect. 

On  an  assumption  that  they  intersect  in  a  point  Z,  let  x  +  X  and  y+  Y  denote 
the  lengths  of  FZ  and  UZ  respectively  where  (after  earlier  experiences)  it  may 
be  assumed  that  X  and  Y  are  of  the  third  order  of  small  quantities  :  the  last 
assumption  will  incidentally  be  verified.  We  write  (§  227) 

7Y  =K  -  !fyu  -  MAooPi'  V)  +  iK<*(p»  -Pi  cos  «), 

with  like  expressions  for  Q2'  and  1?2',  as  the  direction-  variables  at  U  of  the  Severi 
direction  parallel  to  OF,  and 

JY  -PI  -  yv»  -  If  (Aooft  Vs)  +  W(K  -  p*  ««  *), 

with  like  expressions  for  Q±  and  T2/,  as  the  direction-variables  at  F  of  the  Severi 
direction  parallel  to  OU.  Owing  to  the  assumed  intersection  of  the,  regional 
geodesies  VZ  and  UZ,  the  regional  parameters  at  Z  have  the  same  value  by  the 
OUZ  approach  as  by  the  OVZ  approach.  Consequently,  as  arising  out  of  the 
common  value  of  p  at  Z,  there  is  a  relation  (up  to  the  third  order  of  small  quantities) 


=p+  w*  +  i»V  +  W  +  (a? 

As  small  quantities  of  order  higher  than  three  arc  not  retained, 


to  the  retained  order  of  approximation  ;  so  that 

(y+  IT/Y"- 

to  this  order  ;  and  similarly 
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It  is  necessary  to  retain  the  values  of  P2"  at  V  and  Px"  at  F,  up  to  the  first  order 
inclusive,  connected  with  regional  geodesies  ;  and,  as  on  p.  129,  we  thus  have 

2)  -     *ffi(2,  12), 


When  these  values  are  substituted,  the  terms  involving  the  quantities  Fifk  cancel  ; 
and  the  relation  becomes 


!>,'  +  5  AVy  (Pl'  -  yi'  cos  <r)  -       A",  (2,  12) 


that  is, 

(}  -  pi  [X  + 1  Kxy  (y + x  cos  < 


There  are  similar  relations  arising  from  the  //-parameter  and  the  /--parameter,  in 
the  form 


c   Vy  (x  +  y  cos  €    ~  7i  i-  +  c      /y  «/  +  ^  cos 


!  5^  +  i  Kxy  (x  i  y  cos  e)}  -  r/{.Y  -|-  i  Kxy  (y  +  x  cos  c)} 


These  three  conditions  cannot  simultaneously  be  satisfied  in  general  *  by  values 
of  X  and  Y.  Accordingly  the  regional  geodesies,  drawn  in  the  Severi  parallel 
directions,  do  not  intersect. 

It  thus  appears,  for  parallel  geodesies  in  a  region,  when  at  U  a  regional  geodesic 
is  drawn  in  a  direction  defined  to  be  parallel  at  U  to  the 
geodesic  0V  at  0,  and  when  at  F  a  regional  geodesic  is 
drawn  in  a  direction  defined  to  be  parallel  at  F  to  the 
geodesic  OU  at  (),  these  regional  geodesies  do  not  intersect, 
whether  the  Levi-Civita  definition  or  the  Severi  definition 
be  adopted.  Hence,  on  neither  definition,  can  a  regional 
geodesic  parallelogram  be  constructed  ;  the  Peres  geodesic 
parallelogram  in  §  229  is  a  figure  in  the  geodesic  surface, 
and  its  two  new  sides  arc  not  regional  geodesies. 

*  An  exception  would  arise  if  the  sphericity  of  the  region  were  constant  for  all 
orientations,  but  this  case  is  tacitly  excluded. 
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Other  definitions  can  be  propounded.  Thus  at  U,  there  are  two  regional 
geodesies  UA  and  UV  ;  and  they  determine  a  surface  geodesic  to  the  region  at 
[7,  distinct  from  the  surface  that  is  geodesic  to  the  region  at  0.  Similarly  at  F, 
the  two  regional  geodesies  VB  and  VU  determine  a  surface,  there  geodesic  to  the 
region  and  distinct  from  the  surfoce  that  is  geodesic  to  the  region  at  0.  Accord- 
ingly, it  can  be  proposed  that,  in  this  geodesic  orientation  at  U  a  direction  UY 
shall  be  taken,  and  in  this  geodesic  orientation  at  F  a  direction  VX  shall  be  taken, 
to  provide  parallels,  under  specified  definitions  two  of  which  may  be  noted. 

1.  By  one  definition,  we  make  the  parallelism  in  each  instance  revert  to  the 
initial  point  0,  by  requiring  each  of  the  angles  A  UY  and  XV  B  to  be  equal  to  UO  F. 
If  we  write 


with  quantities  q/  and  r/,  to  denote  the  direction-  variables  of  the  regional 
geodesic  UA  at  U  in  the  direction  UA9  and  retain  p',  q',  rf,  to  denote  the 
direction-  variables  of  the  regional  geodesic  UV  at  U  in  the  direction  C7F,  then 


where  (§  216) 

ffrin'e  +        A^Q,  J2), 


with  like  expressions  for  qr  and  /  ;  and  the  direction-variables  of  the  suggested 
parallel  U  Y  at  U  in  the  direction  UY  are 

sin  (e-l-  £7)          sing 
**~~^U     Pl+shT(7P' 

and  similar  expressions  for  Q2'  and  R2'.    As  (§  217) 

U  -  UQ=Kxy(l  sin  €  -  -J-  cos  £70  sin  F0), 

we  can  obtain  the  values  of  P2',  Q2',  R2',  UP  ^°  the  second  order  of  small  quantities 
inclusive.    In  particular,  up  to  the  first  order  of  small  quantities,  we  find 

P  '  —  7i  ' 
" 


so  that  the  definition,  up  to  this  order,  agrees  with  the  common  portion  of  the 
direction-  variables  of  the  Levi-Civita  parallel  and  the  Severi  parallel  ;  but,  in  the 
terms  of  the  second  order  of  small  quantities,  there  is  divergence  from  the  variables 
for  both  these  parallels.  Similarly  for  the  direction-variables  of  VX  at  F  under 
this  definition. 

But,  when  regional  geodesies  are  drawn  through  U  in  the  suggested  direction 
UY  at  U  and  through  F  in  the  suggested  direction  VX  at  F,  it  is  found  *  that 
such  regional  geodesies  do  not  intersect. 

*  The  calculations  are  similar  to  those  on  the  preceding  page. 
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The  suggested  definition  does  not  therefore  render  practicable  the  construction 
of  a  regional  geodesic  parallelogram. 

II.  By  another  definition,  the  parallelism  of  the  regional  geodesies  ultimately 
to  be  drawn  through  U  arid  through  V  (though  still  drawn  in  the  superficial 
orientations  at  those  places)  is  made  to  depend  upon  VU  as  the  basic  geodesic 
for  this  purpose,  thus  making  a  partial  reversion  to  the  initial  definition  of  parallels. 
Under  this  definition  of  parallelism,  the  parallel  UY  through  U  would  be  such 
that  the  angle  YUV  is  equal  to  the  angle  BVW,  and  the  parallel  VX  through  V 
would  be  such  that  bhe  angle  X  VU  is  equal  to  tho  angle  A  UT.  Then  the  direction- 
variables  of  this  suggested  parallel  UY  at  U  in  the  direction  UY  are 

sinF         sin(t/+F) 
^""ETf7Pl+"lS:tr"  p' 

with  similar  expressions  for  Q2',  TC2'.  The  value  of  U-  UQ  is  as  cited  before; 
and,  up  to  the  order  of  approximation  retained, 

V  -  F0— /uny  (£  sin  e  -  J  cos  F0  sin  (70). 

Thus  the  values  of  P./,  Q2',  R,/*  can  be  obtained  up  to  the  second  order  of  small 
quantities  retained  ;  and  in  particular,  up  to  the  first  order  inclusive,  it  is  found 
that 

IV  —p*  -  'X>Y\K     Qa' = fo'  ~  X$i2>    R2'  —  rz  -  ff^iai 

so  that,  up  to  this  first  order,  the  direction -variables  of  the  suggested  parallel  are 
the  same  as  the  corresponding  portions  of  the  direction-variables  under  the  Levi- 
Civita  definition  and  the  Scvori  definition. 

Similarly  for  the  suggested  direction  VX  at  V. 

But,  as  before,  when  regional  geodesies  arc  drawn  through  U  in  the  suggested 
direction  at  U  and  through  F  in  the  suggested  direction  at  F,  it  is  found  *  that 
they  do  not  intersect. 

Consequently  this  definition  also  fails  to  render  practicable  the  construction 
of  a  regional  geodesic  parallelogram. 

Alternative  selection  of  parallels  ;  regional  parallelograms. 

233.  Accordingly,  as  all  the  four  definitions  preclude  the  construction  of  a 

regional  geodesic  parallelogram,  we  seek  other  values  of  the  direction- variables 

at  a  place  such  as  U  along  OA  and  the  analytically  symmetrical  direction- variables 

at  a  place  such  as  F  along  OS,  for  respective  directions  through  those  places, 

which  shall  conform  to  the  primary  conditions  of  parallelism  in  the  four  definitions 

and  shall  admit  of  the  intersection  of  regional  geodesies  drawn  in  those  directions. 

We  therefore  postulate  direction- variables  P'u,  Q'Uy  R\h  at  U  for  the  direction  UY, 

and  direction- variables  P'v,  Q'v,  R'v,  at   V  for  the  direction  VX,  of  regional 

*  Again,  the  calculations  are  similar  to  those  on  p.  139. 
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geodesies  which  are  to  satisfy  the  imposed  conditions  ;  and,  as  initial  forms,  we 
take 

)  +  Pu, 


with  corresponding  expressions  for  Q'L7,  R'u,  and  Q'v>  R'v,  the  sets  of  magnitudes 
PV  and  Py  being  of  the  second  order  in  the  small  quantities.  Moreover,  the 
magnitudes  Py  and  Py  must  change,  each  into  the  other,  by  interchange  of  the 
direction-variables  />/,  <//,  r/,  and  the  small  arc  x,  with  the  direction-variables 
p2\  y,/,  r2',  and  the  small  arc  y.  In  PU  there  can  exist  no  term  in  y2  alone  because, 
when  x  vanishes,  P  u  must  become  p2'  ;  and  similarly  in  Py  there  can  exist  no 
term  in  x2  alone  because,  when  y  vanishes,  P'y  must  become  p/—  -results  in 
accordance  with  the  interchange  property  of  P(7  and  Pv  as  stated. 

(i)  In  the  first  place,  the  permanent  arc-relations  of  the  region 


at  U  and  at  V  respectively,  must  be  satisfied  ;  but  there  is  no  precedent  value 
set  upon  the  angle  A  U  Y  or  upon  the  angle  BVX,  as  no  one  of  the  four  definitions 
of  parallelism  in  §  232  has  been  adopted.  The  first  of  these  two  arc-relations  is 


[  ( 


A  +  x     +  i*2     2{p2'2  -  asp,'*,  -  ^(AooK  W)  +  aW  *-  ^PU}  -  1  . 


The  finite  terms  cancel,  owing  to  the  relation  ^4pa/a=l.     T^c  aggregate 
terms,  of  the  first  order  of  small  quantities, 


wlion  the  values  (§  212)  of  the  first  arc-derivatives  of  the  primary  magnitudes 
are  inserted.  The  aggregate  terms,  of  the  second  order  of  small  quantities,  must 
vanish  ;  and  therefore  we  must  have 


When  substitution  for  the  last  two  terms  involving  the  first  and  the  second  arc- 
derivatives  of  the  primary  magnitudes  is  made  arid  reduction  is  effected,  the 
relation  becomes 


sn2  €, 


where  K  is  the  sphericity  of  the  region  in  the  orientation  at  0. 

In  the  same  way,  the  permanent  arc-relation  at  F  is  satisfied,  unconditionally 
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for  finite  terms  and  for  terms  of  the  first  order  of  small  quantities  ;   as  regards 
terms  of  the  second  order  of  small  quantities,  the  relation 


sn 
must  be  satisfied. 

(ii)  The  regional  geodesies,  drawn  through  U  in  the  direction  /V,  (?(/',  /<V', 
and  through  F  in  the  direction  P/,  Qy'y  Rv',  are  to  intersect.  Let  Z  be  their 
intersection  ;  and  denote  the  lengths  of  UZ  and  VZ  by  y+  Y  and  x  +  X  respec- 
tively, where  X  and  Y  may  be  expected  to  be  of  the  third  order  —  an  expectation 
that  will  be  verified  incidentally  in  the  analysis.  The  regional  parameters  at  Z 
must  acquire  the  same  values,  when  Z  is  attained  by  the  path  OUZ  as  when  it  is 
attained  by  the  path  OVZ  ;  and,  therefore,  when  the  corresponding  values  of  y 
are  equated,  there  is  the  relation 


up  to  the  third  order  of  small  quantities. 
We  have 


up  to  this  order  inclusive  :  so  that,  to  this  order, 


while  the  values  of  /\"  at  F  and  P2"  at  U  are  required  up  to  the  first  order  of 
small  quantities  inclusive.     Proceeding  as  in  §  229,  we  find 


Pr"=P"  ~  2/(AooPi'2K)  -       yA'iO,  21), 


up  to  the  required  order.  When  the  values  are  substituted,  it  appears  that  the 
finite  terms  cancel,  the  terms  of  the  first  order  of  small  quantities  cancel,  and  the 
terms  of  the  second  order  of  small  quantities  cancel.  In  order  that  the  terms  of 
the  third  order  shall  cancel,  it  is  necessary  that  the  equation 

i  V2)  -  3^  *!fKi  (2,  12) 

21): 


that  is,  the  equation 


-  3^*1(2,  W^XpS  +  xiPr-.^xyK^l,  21)}, 
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shall  be  satisfied,  together  with  the  corresponding  equations  arising  from  the 
y-parameter  and  the  r-parameter.    Now  write 

^7-*1(2,  12)  =  /V,      *r- 


Rv-~ 
so  that  the  relations  become 


In  the  first  place,  the  quantities  PU  and  Pp  are  to  interchange  when  the  set 
of  direction-variables  p2'9  q2',  r2,  and  the  arc  ?/,  are  interchanged  with  the  set  of 
direction-  variables  p/,  gr/,  rt',  and  the  arc  x,  each  into  the  other  ;  and  this  property 
actually  holds  of  the  magnitudes  xyK,(Z,  12)  and  xyKt(l,  21),  for  t=l,  2,  *3,  in 
the  respective  pairs.  Hence  the  same  property  holds  concerning  P/  and  P2;, 
Q/  and  Q2',  R^  and  R2'. 

In  the  second  place,  we  have 

'B(2,  12) 


But  the  three  constituents  in  the  first  column  =!2p2'>  Qfa'*  &r2>  respectively,  so 
that  the  determinant  vanishes,  and 


V2>/11(2,  12)  +  V2)/i2(2,  12) 
Hence  the  second-order  condition  from  the  arc-relation  at  U  becomes 


€. 
Similarly,  it  is  proved  that 

u^A^l,  21)  +  f*ad)Ara(l>  21)  Mi3(l>/r3(l,  21)  =  0  ; 
and  therefore  the  second-order  condition  from  the  arc-relation  at  V  becomes 

u^r^  +  u^QS  +  u^R^iytK  sin2  e. 

(iii)  Having  regard  to  the  forms  of  the  direction-  variables  of  the  parallels 
under  the  Severi  definition  (and  also  under  the  third  and  the  fourth  definitions  in 
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§  232),  we  postulate  the  forms 


2')  +  Kxy(yr1'  +  8ra'), 

where  a,  /?,  y,  8,  are  quantities  independent  of  u  and  v9  and  are  symmetrical  in  the 
two  sets  of  direction-  variables  y/,  <//,  r/,  and  p2',  q2',  r2',  should  they  involve  these 
variables.  The  term  in  y2  alone  is  omitted  because,  when  #  vanishes,  P2'  becomes 
JP2'  and  therefore  jP2'  vanishes  ;  and  likewise  for  Q2'  and  R2'.  Owing  to  the 
interchangeable  property  between  JP/,  Q/,  #/,  and  P2',  <52',  #2'*  when  the 
variables  of  the  arcs  017  and  OF  are  interchanged,  the  postulation  for  P2',  $/,  K2\ 
admits  the  further  postulation 


derivable  by  the  indicated  interchanges.  Let  these  values  be  substituted  in  the 
two  second-order  conditions  surviving  from  the  arc-relations  at  U  and  at  F 
respectively  ;  then  we  find 

^  sin2  e.  —  ft  4-  a  cos  e,     0  =  S  }  y  cos  e, 

as  equations  to  be  satisfied  by  a,  j8,  y,  8. 

Again,  the  three  second-order  relations  (on  p.  144),  which  emerge  as  the  con- 
ditions for  the  required  intersection  of  the  two  regional  geodesies  drawn  through 
U  and  F,  lead  to  the  values 

X — Kxy{x  (a  —  8)  +  y  (y  —  /3) },     Y=  Kxy  (x  (y  —  /3)  +  y  (a  —  8)}. 

Thus  far  in  the  construction  of  the  geodesic  quadrilateral,  the  explicit  demands 
have  exacted,  beyond  the  necessity  of  actual  intersection  of  the  two  geodesies, 
the  requirement  of  satisfying  merely  the  primary  conditions  of  parallelism  at  U 
and  F.  Two  parametric  quantities  remain  at  our  disposal.  The  deduced  values 
of  X  and  lr  manifestly  admit  a  descriptive  demand  affecting  the  sides  of  the 
quadrilateral,  viz.  that  the  opposite  sides  shall  be  equal  in  length  :  which,  more- 
over, is  a  property  as  characteristic  of  a  plane  rectilinear  parallelogram  as  is  the 
postulated  property  relating  to  the  exact  equality  of  angles.  In  accordance  with 
this  postulate  of  equal  sides,  we  take  X— 0,  y=0.  The  lengths  jr  and  //  are 
independent  of  one  another  ;  and  therefore 

a^S,     y=/J, 
so  that 

The  values  of  /V,  Q2' ,  #2',  and  of  P/,  $/,  /?,_',  now  are  determinate. 

F.I.O.  TI.  K 
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The  geodesic  quadrilateral,  thus  framed,  has  its  opposite  sides  OU  and  FZ 
equal,  and  likewise  the  opposite  sides  OF  and  UZ.  The  primary  conditions  of 
parallelism,  at  U  and  F,  of  these  respective  pairs  of  sides  are  satisfied.  It  will  be 
proved  (§  234)  that,  up  to  an  included  second  order  of  small  quantities,  the  angles 
AUZ  and  BVZ  are  equal  to  one  another.  We  therefore  regard  the  quadrilateral 
OUZVO,  with  regional  geodesies  for  sides,  as  a  regional  parallelogram. 

The  direction-variables  of  the  sides  UZ  at  U  and  VZ  at  F  are  P2',  (?2',  ^2'* 
and  PI,  Qi,  #/,  respectively,  where 


+  %Kx{x(p2'  -  pi  cos  e)  }  y(pi-pi  cos  e)} 


a'  -  ?/  cos  e)  -I-  ?/(?!'  -  (Jz  cos  e)} 
oKV)  +  ^^,(2,  12) 
4-  eJ5Lx{x(r2'  ~  */  cos  e)  4-y(fi'  -  r2'  cos  e)}  . 


-     cos  e 


-      cos  e 


-     cos  e 


-      cos  e 


i  -  r*  cos  c)  +a?(r2'  -  rx'  cos  e) 

The  values  of  the  parameters  at  Z,  the  point  of  intersection  of  the  regional 
geodesies  UY  and  VX,  are 


-       cos  c 


4-  \Kxy{x(qJ  -  y/  cos  € 


9+  (^ 


+  %Kxy{x(r2  -  r/  cos  e 
up  to  the  third  order  of  small  quantities  inclusive. 


-  pa'  cos  e)}, 

)3} 
/  -  72'  cos  c)}, 

^ 

-  r2'  cos  e)}, 
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Length  and  direction  ofdiagovial  of  the  parallelogram. 

234.  To  find  the  length  of  the  geodesic  diagonal  OZ9  and  the  direction-  variables 
p'9  q',  r',  at  0  of  that  diagonal,  we  proceed  as  before.  Let  a  small  arc-length  t  and 
direction-  variables  p^',  q^,  r4',  at  0  be  chosen,  so  that 

tpt'  =  xpS  +  yp2',     tqj  =  xqj  +  yq2',     tr 
and  therefore 

fi~  x2  +  y2  4-  2xy  cos  €. 

We  denote  the  direction-  variables  of  the  geodesic  OZ  at  0  by 
p'=pt'  +  P,    <!'  =  ?*'  +  Q,    r'  =  rt' 


where  P,  Q,  R,  are  small  quantities,  which  will  be  found  to  be  of  the  second  order 
of  small  quantities  ;  and  we  denote  the  geodesic  length  OZ  by  t  -f  T,  where  T  will 
be  found  to  be  of  the  third  order.  Then  the  value  of  the  ^-parameter  at  Z 


=p  +  (t+T)p'  +  $(l+T)y  +  ie(t+T)3p"', 

up  to  the  third  order  of  small  quantities  ;  and  this  is  necessarily  equal  to  the  value 
just  obtained,  which  may  be  written 


-  i  £ 


oo 

+  \  Kxy{x  (p2f  -  pi  cos  c)  +  y  (p^  -  p2'  cos  €)}. 
Now,  for  this  approximation, 


and  therefore 

tP+Tpj-t*  ^rnp4rP=^Kxy{x(p^Plf  cose)  +  y(pi~p*  cose)}. 

Manifestly  the  third  term  on  the  left-hand  side,  involving  quantities  of  the  order 
t2P,  is  negligible  compared  with  the  first  term  on  the  left-hand  side  ;  and  thus 
the  equation  is 

IP  h  Tp/  =  \Kxy{*  (p2f  -  pi  cos  €)  +  y  fa'  -  ft'  cos  c)}. 

Similarly,  by  using  values  of  the  y-parameter  and  the  r-parameter  at  Z,  we  have 

relations 

tQ  +  Tj4'  -  \Kxy{x  (qt'  -  j/  cos  e)  +  y  (?/  -  y,'  cos  e)}, 
^JK+  Tr^^Kxy{x(r2'  -  r±  cos  c)  +  y  (r/  -  r8'  cos  c)}. 

The  arc-relation  at  O  for  the  geodesic  diagonal  OZ  is 

that  is, 
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and  therefore 


There  are  four  equations  to  determine  P,  Q,  R,  T.  •  When  the  first  three 
equations  are  multiplied  by  wx(4),  u^\  w3(4),  respectively,  and  the  results  are 
added,  then,  by  means  of  the  fourth  equation  and  of  the  relation  2^4'2=1,  we 
have 

T^Kxy^[u^{x(p^-p^  cos  €)  +  y(Pl'  -p.f  cos  e)}], 

shewing  that  T  is  of  the  third  order  of  small  quantities.    The  first  three  equations 
then  shew  that  P9  Q,  R,  are  of  the  second  order  of  small  quantities.    Also 

-Pi  cos  €)  =    V  {(o^+yu^Hft'  -K  cos  e)} 


v^  & 

2j  UI(*'(PI  -  Pz  cos  e)  =  -  sin2  e  ; 
t 

and  therefore 

T^3t* 

Thus  the  length  of  the  geodesic  diagonal  OZ 


with  the  value  of  t  equal  to  (o;2  +  «/2+2ry  cos  e)*. 

The  values  of  P,  Q,  R,  are  obtained  by  substituting  the  value  of  T  ;   and, 
after  reduction,  we  find 

p=*  (x*  ~  y2)  K{x(p*  ~  p1'  cos  e)  ~y(p*  '  p*  cos  e)}> 
9*-ti  oos  e)  -yM  -  «*'  cos  e»> 

^-      (x?-y*)K{x(rtf-  fl'  cos  «)  -y(r/  -  r,'  cose)). 
The  direction-  variables  of  the  geodesic  diagonal  OZ  at  0  are  given  by 


The  approximations  for  these  direction-  variables  are  (as  usual)  taken  up  to  the 
second  order  of  small  quantities  inclusive,  while  the  approximation  to  the  length 
of  the  geodesic  diagonal  is  taken  up  to  the  third  order  of  small  quantities. 
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Angles  of  the  regional  parallelogram. 

235.  The  direction-  variables  of  the  regional  geodesic  UZ  at  Z  in  the  continua- 
tion of  the  direction  UZ  are 


(2,  12) 


4-  i/v  x  {x  (pi  -  p/  cos  e)  +  y  (pj  -  p2'  cos  e)}, 

with  like  expressions  for  the  (/-direction-  variable  and  the  r-direction-  variable  ; 
and  the  direction-  variables  of  the  regional  geodesic  VZ  at  Z  in  the  continuation 
of  the  direction  VZ  are 

+i^ 

-  Pz  cos  e)  +  x(pz  -pi  cos  €)}, 


witli  like  expressions  for  the  ^-direction-  variable  and  the  r-direction-  variable. 

In  the  construction  of  the  parallelogram,  the  direction-  variables  at  f/,  for  the 
direction  UZ  of  the  regional  geodesic,  were  made  to  agree  with  the  first-order 
portion  of  the  corresponding  direction-variables  of  the  Levi-Civita  parallel  and 
the  Scveri  parallel.  A  more  precise  relation  between  the  angle  A  UZ  and  the  angle 
AOB  is  found  by  merely  calculating  the  angle  AUZ.  At  U,  the  value  of  A  is 


dA     ± 
ds+*X  'As*' 

the  direction-  variables  of  UA  at  U  in  the  direction  UA  are 


with  two  similar  expressions ;    and  the  direction- variables  of  UZ  at  U  in  the 
direction  UZ  are  the  foregoing  magnitudes  P2',  Q2',  #./,  on  p.  146.    Hence 

cosAUZ^^ 

When  substitution  is  made  for  P2',  $2',  R2',  and  the  terms  of  various  orders  in 
the  small  quantities  are  collected,  the  terms  of  finite  order 


and  the  aggregate  of  terms  of  the  first  order  of  small  quantities 
dA 


=0, 
when  the  value  of  the  first  term  is  inserted  from  §  212. 
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The  aggregate  of  terms  of  the  second  order  of  small  quantities 


,  12) 
+  £  Kx  {x  (pz  -  pi  cosej+yfa'-  p2'  cos  e)}  J 


When  substitution  for  the  magnitudes  involving  the  first  and  the  second  of  the 
arc-derivatives  of  the  primary  magnitudes  is  made  from  §  212,  and  when  reduction 
is  effected,  the  aggregate  becomes 


V1}  [3£  xyK,  (2,  12)  +  lKx{x  (pj  -Pl'  cos  e)  +  y  (p/  -  p2'  cos  e)}]  . 


But 


ttl  (1)^(2,  12)= 


»       "'IS  b  12  ~f~  ":23  ^12  ~^"  "33  b! 


while 


Consequently,  the  aggregate  of  terms  of  the  second  order  in  question 

--  \Kxy  siri2  e  +  J  /ixy  sin2  e  ^  J  ^^2/  sin2  €- 
We  therefore  have,  up  to  the  second  order  inclusive, 

cos  A  UZ=cos  €  +  \Kxy  sin2  e, 
and  therefore  also,  up  to  that  order, 

A  UZ  —  €  -  %Kxy  sin  e  . 
Similarly  we  have 

B  VZ  —€  —  -$Kx  sin  €. 


236.  Next,  the  angles  of  the  geodesic  triangle  UZV  must  be  found.    For  the 
angle  ZUV,  the  direction-  variables  of  UZ  at  U  in  the  direction  UZ  are  the 
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quantities  P2i  Q2,  R2,  of  §  233  ;   and  those  of  UV  at  U  in  the  direction  UV 
are  the  quantities  p',  q',  r',  of  p.  82.    Hence 


where 

2)  +  3^^^i(2,  12) 
&»  {#  (p2'  -  p/  cos  e)  +  y  (pi  -  p2'  cos  €)}, 

with  like  values  for  Q2,  R2,  and  </0',  /-Q'. 

In  this  expression  for  cos  ZC/F,  the  finite  terms 


The  aggregate  of  terms  of  the  first  order 

^-^  (//I        /       ,        \-"^   A       /  - 

I/     "  ?}2  Po  -  Jjdp2  y0i  - 


when  the  values  of  the  arc-derivatives  of  the  primary  magnitudes  are  substituted. 
Denoting  the  aggregate  of  terms  of  the  second  order  by  T2,  we  have 


+  1  Kx  ^  [Ap0'  {x  (  pt'  -  pi  cos  e)  +  y(pi-  p*  cos  e)}] 

pt>Kl(n,  12)} 


'  +  ^'2 


In  this  expression,  the  total  coefficient  of  Jj-2  in  the  term  in  the  first  line,  on 
substitution  for  second  arc-derivatives  of  the  primary  magnitudes  (§  212),  becomes 


+  2  2  |W2){aino  +  ftSto  +  y  A.}  J  +  2  V  [Ml(o){aiy  ,  2  +  ft 
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the  first  term  of  which 


and,  in  the  last  lino  of  the  expression  for  7^, 


When  these  values  are  substituted,  we  find,  after  some,  reduction, 


^r~>          /o\  I     1          t          i       i"r      '      n  Tr     //\     i  c\ \    I 

-I-  2^«1(2)    lpQ      g  A  sm  e  +  ^r>'ryAi(()j  12)    ' 

L  C  OiS&  -' 

Now 
also 


and  similarly 


Hence 

/•..2yy 

T2—  -  J  --"  A;  sin2  e  +  |/vx{^(cos  F0+  cos  U0  cos  e)  -  iy  (cos  ?70  +  cos  F0  cos  e) 

+  i-^  A' sin2  e  cos  F0. 

/^> 

But,  as  P0+  K0-he=7r,  we  have 

cos  F0~f  cos  C/o  cos  e=sin  f/0  sin  e,     cos  £/0  +  cos  F0  cos  6=rsin  F0  sin  c ; 

also 

xsin  Z7= 
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and  therefore 

T2  —  -  \xy  K  sin  e  sin  F0  +  fayK  sin  [70  sin  F0cos  F0. 
» 
Consequently 

cosZ£7F-cos  F0^:772, 

and  therefore,  up  to  the  second  order  of  small  quantities  inclusive, 
ZU  V  =  F0  +  oyA'  (|  sin  €  -  £  sin  £70  cos  F0)  =  V  ; 

and,  similarly,  we  have 

ZFZ7=  t/o  1  xyK  (i  sin  c  -  £  sin  F0  cos  170)  =  U, 

with  the  former  (§§  217,  232)  significance  of  U  and  F. 

As  ZF=r.r,  ZU=y,  ZUV^OVU,  ZVU-OUV,  as  the  side  UV  is  common  to 
the  two  geodesic  triangles  OUV,  ZUV,  and  as  the  sphericity  can  be  taken  as 
measured  at  V  or  at  F  in  connection  with  the  area  of  the  triangle  OUV,  the 
angle  UZV  would  appear  to  be  equal  to  e,  up  to  the  second  order  of  small 
quantities  at  least.  This  inference  we  establish  as  follows. 

237.  The  direction-  variables  P/,  $/,  J?/,  of  the  regional  geodesic  VZ  at  Z,  in 
the  direction  which  is  the  continuation  of  VZ,  are 

P  '  —  P  '  \-  vP  "-i-irap  '" 
*-  \  —J-  i    r  U'JTj     -\-  %Z  J  i     , 

as  the  arc  FZ  is  of  length  x  :  that  is,  as  (p.  129) 


for  the  regional  geodesic,  we  have 


where 

T9-=x(pt  -  p/  cos  €)  +  y(plf  -  ;V  cos  e)  ; 

and  there  are  corresponding  values  for  Q/,  /?/,  involving  quantities  Ta,  Tr,  with 
variables  7',  r',  instead  of//  in  Tv.  Similarly,  the  direction-  variables  of  UZ  at  Z, 
in  the  direction  which  is  the  continuation  of  UZ,  are 


with  corresponding  values  for  $./,  7?2'. 

The  values,  at  Z,  of  the  primary  magnitudes  arc  required.    We  have 


""2 
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up  to  the  second  order,  y  being  the  accurate  length  of  UZ  ;  and 

A  A  dA        1 

Av=  ^+3—  + 


oj 


to  the  same  order.  For  approximation  to  Az,  we  retain  the  first-order  terms  in 
the  first  derivative  of  AU}  and  only  the  term  free  from  small  quantities  in  the 
second  derivative.  Thus  we  take 

dAjj    dA        d  fdA\    dA         d2A 


under  the  convention  of  §§213,  309,  as  regards  this  second-order  differentiation 
of  a  function  solely  of  position,  effected  along  directions  df>\  and  ds2  independent 
of  one  another.  We  therefore  have 


.        .       dA       dA     .(  -d*A    „       d*A 
Az-A+x  ,-  +  y-7~  +  l  \x  ^-.  i  +  2j^j—  y  +V 
rf.«!    ^  <is'2     J  \     ds,2        J  (ist  (7s2    '7 

up  to  the  second  order  inclusive. 

Now  cost/ZF^y^^/JV; 

and  the  value  of  cos  UZ  V  can  be  derived,  up  to  the  second  order  inclusive. 
In  this  expression  for  cos  UZV,  the  finite  terms 


The  aggregate  of  terms  of  the  first  order  of  small  quantities 
dA       dA\ 


=  0, 

on  substitution  from  §  212  of  the  values  of  the  first  arc-derivatives  of  the  primary 
magnitudes. 

Let  E2  denote  the  aggregate  of  terms  of  the  second  order,  so  that 


,1 
}  I 
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When  we  substitute,  from  §§  212,  213,  the  values  of  the  first  arc-derivatives  and 
of  the  second  arc-derivatives  of  the  primary  magnitudes,  and  collect  terms,  we 
find,  after  some  reductions, 

(2,  21)}] 


Now,  as  in  §  236, 

YX^l,  12)=  -fl  Vt^t,     VMlU>/fl(2,  21).-=  -Q  £*„ 

and  also 

2  u^T^x  sin2  e,     V  UlVT,=y  sin2  €  ; 
consequently 


It  follows  that,  certainly  up  to  the  second  order  of  small  quantities  inclusive, 

cos  UZV=cos€  : 

or  the  inference,  that  the  angle  UZV  is  equal  to  e,  is  verified  up  to  the  second 
order  of  small  quantities  inclusive. 

It  follows  that  the  two  regional  geodesic  triangles  OUV  and  ZVU,  when 
ZVU  is  constructed  by  drawing  the  geodesies  VZ  and  VZ  in  the  respectively 
assigned  directions,  are  such  that  the  sides  and  the  angles  of  the  geodesic  triangle 
ZVU  are  respectively  equal  to  the  sides  and  the  angles  of  the  geodesic  triangle 
OUV,  to  the  retained  order  of  approximation. 

Hence  a  small  geodesic  parallelogram  can  be  constructed  in  the  region.  To 
this  end,  we  take  two  regional  geodesies  OU  and  0V  in  any  regional  directions  at  (), 
the  lengths  of  the  arcs  OU(  —  x)  and  OV(  —  y)  being  small.  Then  we  draw  regional 
geodesies  through  U  and  V  in  specific  directions  ;  and  we  measure  lengths  x  and 
y  along  the  geodesies  through  F  and  U  respectively.  We  assign  (as  is  possible)  the 
specific  directions  so  that,  not  merely  are  the  primary  conditions  of  parallelism  at 
U  and  at  F  obeyed,  but  also  the  two  new  geodesies  intersect,  in  some  point  /. 
In  the  geodesic  parallelogram  OUZVO  thus  formed,  opposite  sides  are  actually 
equal  ;  and  as  regards  angles,  it  has  been  proved  that 

zuv=ovu,  zvu=ouv,   uzv=vou. 

the  equalities  subsisting  up  to  the  second  order  of  small  quantities  inclusive. 

Relation  of  regional  geodesies  to  the  various  superficial  orientations. 
238.  There  remains  a  double  question  as  to  whether  the  direction  UZ  at  U 
lies  in  the  superficial  orientation  AW  of  the  region  tit  U,  and  whether  the  direc- 
tion VZ  at  F  lies  in  the  superficial  orientation  BVU  at  F.    The  direction  UZ 
will  lie  as  suggested,  if  quantities  A  and  ju,  exist  such  that 


with  like  expressions  for  Q2'  and  R2f,  where  the  coefficients  of  p,  are  the  direction- 


150  KEGIONAL  GEODESICS  AND  [CH.  XIX. 

variables  of  the  regional  geodesic  UA  at  U,  and  p',  q',  rr,  are  the  direction-variables 
of  the  regional  geodesic  UV  at  Z7,  so  that  (§216) 


/=Po'  -  "fin  -  i*2(Aoo?'o  V2)  +  JK        A"  sin*  e+       A'^0,  12), 


with  like  values  for  q'  and  /.  As  approximations  up  to  the  second  order  of  small 
quantities  have  been  made,  the  expressions  for  P2',  Q2',  R2',  must  be  satisfied  up 
to  that  order  ;  we  therefore  take 

A  ~  A0  +  A!  +  A2,     f*  =/*o  +  /*i  +  /*2, 
where  KI  (for  K—  A,  /A,  and  i=(),  1,  2)  is  of  order  i  in  the  small  quantities. 

Let  the  expressions  for  P2',  Q2,  R29  be  substituted.    In  order  that  finite  terms 
may  balance,  we  have 

K  =  *oP 
and  therefore 


with  the  former  significance  (§214)  for  z.     In  order  that  terms  of  the  first  order 
may  balance,  there  are  three  relations  of  the  type 

Now 

so  that 

and  therefore 

Similarly 

consequently  we  must  have 

A^O,    ^=0. 

In  order  that  the  terms  of  the  second  order  may  balance,  there  are  three 
relations  of  the  type 

2')  +  ~   #i(2,  12)  +  ±Kx{x(p2'  -fr'  cos  €)  +  y(plf  -pz'  cos  e)} 


if 

When  substitution  is  made  for  the  value  of  JP/",  the  terms  in  this  typical  relation 
involving  the  magnitudes  Fljk  cancel  ;  and  the  relation  can  then  be  modified  so  as 
to  become 
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and  the  other  two  relations,  similarly  modified,  become 


/gfy 

*{*(?,'  -  <7i'  cose)  +y(?1'  -  gr,"  cose)}  -  Jg0'  -     A'  sin2e, 


Now  jPi'fu  + 

and  therefore  ;?0'£i2  +  ^0^12  +  r0'  £12  =0. 

Multiply  the  three  modified  relations  by  £12,  7?12,  £12,  respectively,  and  add  the 
products  ;  then  the  result  requires  that 

12/i3(l,  12) 


shall  vanish,  contrary  to  easily  verified  fact. 

Hence  the  three  relations  do  not  coexist  ;  simultaneous  values  of  the  two 
quantities  A2  and  ^2  cannot  be  found.  In  other  words,  there  do  not  exist  quantities 
A  and  /i,  such  that  the  three  conditions  of  the  type 


can  be  satisfied.    Consequently,  the  direction  UZ  at  U  does  not  lie  in  the  super- 
ficial orientation  at  U  determined  by  the  two  regional  geodesies  UA  and  UY. 

Similarly  we  infer  that  the  direction  VZ,  at  V  does  not  lie  in  the  superficial 
orientation  at  V  determined  by  the  two  regional  geodesies  VB  arid  VU. 

239.  As  an  indication  of  the  deviation  between  the  foregoing  regional  paral- 
lelogram and  the  earlier  Peres  parallelogram  (§§  229,  230)  in  the  surface  which  is 
geodesic  to  the  region,  consider  the  inclination  of  the  two  regional  geodesic 
diagonals,  OZ  of  the  former,  OC'  of  the  latter. 

The  respective  sets  of  the  direction-variables  at  0  of  the  two  diagonals  are 
required,  up  to  the  second  order  of  small  quantities.  With  the  notation  of  §  234, 
the  direction-  variables  of  OZ  at  0  are 


with  the  values  of  P,  Q,  R,  as  given  on  p.  148. 

With  the  same  notation,  let  the  length  of  the  regional  geodesic  OC'  of  §  231  be 
denoted  by  t  +  T  ,  to  the  third  order  of  small  quantities  :  it  appears  that  T  itself 
is  of  that  third  order.  Let  the  direction-  variables  of  OC"  at  0  be  denoted  by 


to  the  required.  second  order  of  small  quantities:    it  appears  that  P4,  (?4, 
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themselves  are  of  that  second  order.     By  analysis  of  the  kind  used  in  similar 
investigations,  we  obtain  the  three  equations 


tR,+  r/f  =  -Kxy{x(fa'  +ir/  cos  €)  +  y(ir/+  Jr/  cos  €)}, 

from  the  property  that  the  values  of  the  parameters  at  C'  are  the  same,  by  the 
diagonal  path  OC'  as  by  the  lateral  path  OUC'.    There  is  also  the  equation 


as  a  residuary  condition  from  the  permanent  arc-relation  at  0  along  OC". 

Multiplying  the  three  parameter-equations  by  w/4>,  u2^\  u^\  adding  the 
]>roducts,  and  using  the  residuary  arc-condition,  we  find 

T  -  -  Kxy{x(i  cos  ]8+  £  cos  a  cos  e)  +  y(%  cos  a  -f  i  cos  j8  cos  e)}, 

where  a  denotes  the  angle  UOC'  and  /?  the  angle  VOC'.    When  this  value  of  T  is 
inserted  in  the  parameter-equations,  they  give 


with  like  values  for  Qt  and  ^4  :  that  is, 


Now  let  ^  denote  the  inclination  at  0  between  the  two  regional  diagonals 
OX  and  OC'  :  thus 

Bin»^=  V;  of(?4'  +  <?4)  (r4'  +  /?)  -  (r4'  +  Rt)  (?4'  +  Q)J* 


on  reduction.     Consequently 


shewing  that  the  inclination  is  a  small  quantity  of  the  second  order. 

AV.  1  .    Prove  that  the  length  of  the  small  geodesic  arc  C'Z  is  ^Kxyt  ;  and  find  its 
di  rection-  varia  bles  . 

Ex.  2.    Prove  that,  to  the  second  order  of  small  quantities  inclusive, 


Regional  cells. 

240.  We  now  can  construct  a  geodesic  parallelepiped  (or  geodesic  cell)  in  a  region, 
the  definition  being  the  obvious  extension  of  that  of  the  geodesic  parallelogram 
in  §  233. 
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Take  any  three  non-complanar  directions  at  a  point  0  in  the  region  ;  and 
along  the  regional  geodesies  drawn  in  these  directions,  measure  small  arc-lengths 
OX=x,  OY=y,  OZ=z,  the  direction-  variables 
at  0  of  the  respective  directions  being  denoted 

by  Pi>  ?i'i  ri  :  P*>  <h'>  rz  J  Pa,  ?3',  **  \  re" 
spectively.  Complete  the  geodesic  parallelo- 
gram (in  the  sense  of  §  237)  having  OX  and  OY 
as  adjacent  geodesic  sides  ;  in  this  parallelo- 
gram OYZ'XO,  the  small  arc  YZ'=x  and  the 
small  arc  XZ'—y.  The  geodesic  parallelogram 

OX  Y'ZO,  with  the  side  XY'  =  z  and  the  side     Y~  z' 

FIG.  27. 
ZY'  =  x9    is    completed;     and    likewise    the 

parallelogram  OZX'YO,  with  the  side  ZX'=y  and  the  side  YX'=z.  The  sides  of 
all  these  parallelograms,  in  their  respective  pairs,  have  direction-variables  which 
conform  to  the  primary  conditions  (§221)  of  parallelism,  up  to  the  first  order 
inclusive  in  each  instance  ;  and  there  are  the  established  second-order  terms,  in 
conformity  with  the  results  of  §  233. 

To  complete  the  geodesic  parallelepiped,  we  take  a  regional  geodesic  X'O' 
parallel  (in  the  foregoing  sense,  that  is,  up  to  the  first  order)  to  OX  and  of  length 
x\  a  regional  geodesic  Y'O'  similarly  parallel  to  OY  and  of  length  y\  and  a  regional 
geodesic  Z'O'  similarly  parallel  to  OZ  and  of  length  z.  It  will,  of  Course,  be  neces- 
sary to  take  account  of  the  positions  X',  Y'9  Z',  as  the  respective  initial  points  of 
X'O',  Y'O',  Z'O'  ;  and  we  take  ()'  to  be  the  point  of  intersection  of  these  three 
geodesies,  0'  being  at  geodesic  distances  x,  y,  z,  respectively  from  X',  Y'9  Z'. 
The  parallelepiped,  thus  formed  in  the  region,  with  regional  geodesies  for  its 
edges,  and  having  regional  parallelograms  for  its  faces,  will  be  termed  a  cell  or 
(where  necessary)  a  regional  cell. 

Earlier  investigations  (p.  140)  shew  that  the  direction-  variables  of  the  regional 
geodesic  YZr  at  Y  are 

Pi  ~  ?/ 

with  two  other  expressions,  the  second-order  quantities  P12,  Q12,  R129  depending 
on  the  four-index  symbols,  and  that  the  direction-  variables  of  XZ'  at  X  are 


with  two  other  expressions,  the  second-order  quantities  P2l,  Q2l9  R21,  depending 
on  the  four-index  symbols.  Similarly,  the  direction-  variables  of  XY'  at  X  are 
three  magnitudes  of  the  type 

K  -  *ri3  -  MAoop/V)  +  ^31, 

and  the  direction-  variables  of  YX'  at  Y  are  three  magnitudes  of  the  type 


Similarly  for  the  direction-  variables  of  Z  Y'  at  Z,  and  of  ZX'  at  Z. 
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We  therefore,  as  the  direction-variables  of  a  regional  geodesic  X'O'  at  X'  in 
the  direction  X'O',  take  *  quantities  Pa',  Qi,  RI,  defined  by 

JY-j»i'- 

Qi  -  ?i'  - 

«i'-=ri'  - 

where  Pa,  (^  /fl?  are  magnitudes  of  the  second  order  of  small  quantities.  Similarly 
the  direction-variables,  of  a  regional  geodesic  Y'O'  at  Y'  in  the  direction  Y'O', 
are  taken  to  be  P2',  @2',  /?2',  defined  by 


where  P2,  Q2,  R2,  arc  of  the  second  order  of  small  quantities.  Similarly  also  the 
direction-variables,  of  a  regional  geodesic  Z'O'  at  Z'  in  the  direction  Z'O',  are 
taken  to  be  P3',  Q3',  723',  defined  by 

*Y  =K  -  LA  i  Pa'  (*Pi'  +  W»')]  - 

/)  J  -  JL 


where  P3,  Q3,  J23,  arc  of  the  second  order  of  small  quantities. 

241.  To  verify  that  these  values,  which  evidently  satisfy  the  primary  conditions 
of  parallelism  under  all  the  definitions  adopted,  satisfy  also  the  intrinsic  require- 
ments of  the  region,  and  simultaneously  to  determine  the  nine  quantities  Ph  Ql}  R, 
(for  i  —  1,  2,  3),  there  are  two  kinds  of  equations. 

The  first  kind  consists  of  a  set  of  three  relations,  which  survive  from  the 
permanent  arc-relation  of  the  region,  at  X'  for  X'O',  at  Y'  for  Y'O',  at  Z'  for  Z'O'. 
It  will  appear,  in  each  of  the  three  instances,  that  the  arc-relation  is  satisfied  by 
the  foregoing  values  of  direction-  variables,  unconditionally  for  the  finite  terms 
and  for  terms  of  the  first  order  of  small  quantities,  and  by  a  residuary  second-order 
condition  involving  magnitudes  P19  Qn  Rt. 

The  second  kind  consists  of  three  sets  of  two  relations,  each  set  arising  out  of 
the  values  of  the  regional  parameters  at  (Y.  The  value  of  tho  /^-parameter  at  0'. 
in  relation  to  its  value  at  O,  is  the  same  in  the  broken  geodesic  path  from  0  to  0', 
whether  this  path  j  ends  in  X'O',  Y'O',  or  Z'O'  :  the  three  paths  provide  three 

*Here,  and  elsewhere,  [rupm'pnf]  is  used  as  the  equivalent  of  ^  X/^.y/:/, 

'      .? 
where  the  variables  x'  and  z'  represent  pm',  qm't  rm',  and  pn\  qn',  rnf,  respectively. 

f  The  equivalence  of  tho  paths  OYZ'  and  OXZ',  in  providing  the  values  of  the 
regional  parameters  at  Z;,  has  already  been  used  (§  23.3)  in  the  construction  of 
the  regional  parallelogram  OXZ'YO  ;  similarly  as  regards  the  paths  OXYf  and  OZY' 
in  the  parallelogram  OXYfZ09  and  as  regards  the  paths  OYX'  and  OZX'  in  the 
parallelogram  OYX'ZO. 
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formally  different  values  which  must  be  equal  and  therefore  provide  two  relations. 
Similarly,  there  are  two  relations  from  the  (/-parameter,  and  there  are  two  relations 
from  the  r-parameter.  In  all  these  relations,  it  will  appear  that  the  finite  terms, 
the  terms  of  the  first  order  of  small  quantities,  and  the  terms  of  the  second  order, 
are  exactly  the  same  in  each  set  of  three  values  ;  in  order  that  they  may  be  the  same 
for  terms  of  the  third  order,  there  are  two  residuary  conditions  involving  the 
magnitudes  Pt,  Qi}  Rt. 

Consequently,  there  are  nine  equations  in  all,  potentially  sufficient  for  the 
determination  of  the  nine  magnitudes  P,  Q,  R.  In  the  arc-relations,  terms  up  to 
the  second  order  of  small  quantities  inclusive  are  retained  ;  in  the  parameter- 
equalities,  terms  up  to  the  third  order  are  retained. 

We  begin  with  the  arc-relations  at  X',  Y',  Z',  respectively.  At  X',  the  relation 
is 


As  we  require  only  terms  up  to  the  second  order  of  small  quantities  in  this  equa- 
tion, we  take  (as  in  §  234) 

dA      dA 


with  the  earlier  convention  (§  213)  as  to  differentiation  along  different  geodesies. 
All  the  various  geodesies  in  question  satisfy  the  convention  up  to  the  order 
retained  ;  for,  up  to  the  second  order  of  small  quantities,  we  have 


*  +  *P*  -  i[Ai(«P«' 
with  corresponding  values  of  qx*  and  rx>>  and 


There  are  similar  values  for  the  other  primary  magnitudes  at  X'.    Also,  up  to  the 
second  order, 

PI  =  PI  -  (yy12  +  zyia)  +  {PI  -  H/Vooft'  (yK  +  zp3')*]}. 


Let  these  values  be  inserted  in  the  arc-relation  at  X'9  which  must  be  satisfied, 
the  small  quantities  x,  y,  z,  being  independent  of  one  another. 
From  the  finite  terms,  we  have 


a  relation  which  is  satisfied. 

From  the  terms  of  the  first  order,  we  are  to  have 


(JA  fJA\ 

y^+^)- 
O^2  U^3/ 
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but  (§  212) 


and  therefore  the  terms  of  the  first  order  vanish.    The  required  relation  is  thus 
far  satisfied  unconditionally. 

From  the  terms  of  the  second  order,  we  are  to  have 


When  the  combinations  of  the  first  derivatives  of  the  magnitudes  A,  and  those 
of  their  second  derivatives,  as  given  in  §  212,  are  inserted,  and  the  condition  is 
reduced,  it  becomes 


a  residuary  second-order  condition  from  the  arc-relation  at 
Similarly  we  have 

= 


as  residuary  second-order  conditions  from  the  arc-relation,  at  Y',  and  at  Z', 
respectively. 

Parametric  positions  of  the  angular  points  of  the  cell  in  the  region. 
242.  The  value  of  the  ^-parameter  at  Z'  is,  by  §  233, 
pz.  =p  +  xPl'  +  ypj  -  i[ru  (xPlf  +  ^2')2J  -  i  [r300  (ajp/  +  yp2')»]  +  SajyAr18ra> 
where 

^ru  sin2  12=  2  *iAA    T*=*(P*-pi'  c<>s  12)  -f  y  (p/  -p,'  cos  12), 

and  12  in  T3  denotes  the  angle  ZOY  at  0.    The  value  of  the  p-parameter  at  0', 
when  0'  is  attained  from  0  by  a  broken  geodesic  path  ending  with  Z'O',  is 


up  to  the  third  order  of  small  quantities,  where  P3"  and  P3'"  must  be  taken  at 
Z'.    Now,  as  in  §  229,  it  is  proved  that,  at  Z'  for  the  direction  JP3', 

2(3,  23)}, 
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up  to  the  first  order  of  small  quantities,  higher  powers  not  being  necessary  because 
P3"  has  a  factor  \z*.    Also,  because  of  the  factor  ^z3,  we  can  take 


Hence  substituting  for  pz-,  P3',  Pa",  P3'",  the  value  of  the  ^-parameter  at  0',  as 
given  by  the  path  ending  in  Z'O',  is 

p  +  xPl'  +  ypz'  -  Jtrn  (asp/  +  yp2')2]  -  J[r300(^1'  +  yp2')*]  +  \x 

-  *\rlt  p»'(vpi  •<•  Wt')\  - 


Tn  this  expression,  the  aggregate  contributed  by  the  finite  term,  the  terms  of 
the  first  order  in  small  quantities,  the  terms  of  the  second  order,  and  those  terms 
of  the  third  order  involving  the  quantities  Fuk,  for  i+j  \~k=3,  is 


P  +  XPI  +  UP2  +  *P*  -  if  Ai  (Wi  +  yp*  +  ^ 


a  total  which  is  symmetrical  as  regards  the  three  edges  OX,  07,  OZ,  of  the  cell. 
The  aggregate  of  the  remaining  terms,  all  of  the  third  order  of  small  quantities, 


^(3,13)4  yz*Kj  (3,  23)} : 
tjatf 

or,  if 


this  third-order  aggregate 
Similarly,  if  we  take 


-p2  cos  W)  +  z(pi'-p9f  cos  23)-T1? 
«  (Pi  -  K  cos  31  )  +  »  (ps'  -  p/  cos  3  1  )  =  T2, 

the  symmetrical  aggregate  in  the  expression  for  p  at  0'  by  a  broken  geodesic  path 
ending  in  X'O'  is  the  same  as  tho  former  symmetrical  aggregate,  and  the  third- 
order  aggregate 


while,  in  the  expression  for  p  at  0'  by  a  broken  geodesic  path  ending  in  Y'O',  the 
symmetrical  aggregate  is  again  the  same  as  the  former  symmetrical  aggregate,  and 
the  third-order  aggregate  is 
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Hence,  when  the  three  formally  different  values  of  p  thus  obtained  are  equated 
to  one  another,  we  have  the  two  relations 


the  three  expressions  constituting,  at  this  stage,  a  single  unknown  quantity.   Let 
the  common  value  be  represented  by 

xyzP  +  i  (yzKnTi  +  zxKaiT2  +  xyl^  ZT3), 
where  P  is  this  single  unknown  quantity  ;  then  we  have 


[\=zxP 


as  analytical  inferences  from  the  equal  values  of  the  ^-parameter  at  0'. 
Similarly,  if  we  take 


Q2-~{zyKz(2,  32)+ajy*t(2,  12)}  =  ft, 

Qt~{xeKt(Z,  13)  +  0zKt(3,  23)}=  ft, 

the  equal  values  of  the  y-parameter  at  0',  attained  by  the  three  paths,  lead  to  the 
analytical  inferences 


where  Q  is  an  unknown  quantity  at  this  stage,  and  U1}  Ut,  Us,  are  the  same  as 
Tlt  T2>  T3,  with  the  variables  q'  in  pkce  of  the  variables  p'.   And,  if  we  take 

R,  -  ~  {yxK3(l,  21)  +  zxK,(l,  31)}=  ^ 
R,-~Q{zyK3(2,  32)4-^^(2,  12)}=  B» 

R3-^  {xzKa(3,  13)  +  yzKa(3,  23)}=  B» 

the  equal  values  of  the  r-parameter  at  0',  attained  by  the  three  paths,  lead  to  the 
analytical  inferences 
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where  R  is  an  unknown  quantity  at  this  stage,  and  Vly  F2,  F3,  are  the  same  as 
Tl9  T2,  TQ,  with  the  variables  r'  instead  of  the  variables  p'. 

We  now  return  to  the  residual  conditions  from  the  arc-relation  at  X',  at  Y', 
and  at  Z',  respectively.  When  account  is  taken  of  the  values  of  the  quantities 
A't(A,  IJLV)  for  the  various  values  of  i,  and  of  A,  //,,  v,  we  have 


The  constituents  of  the  first  column  are  .Op/,  fiy/,  £??/,  and  therefore  the  deter- 
minant on  the  right-hand  side  vanishes.    In  the  same  way,  we  find 

V^l,  SlJ  +  ti^O,  SI)  +  u,VKB(\,  31)=0. 
Accordingly,  we  have 


and  therefore  the  residual  condition  from  the  arc-relation  at  X'  becomes 


In  this  form  of  the  residual  condition,  let  the  inferred  expressions  for  /*„  Qlt  Rlt 
in  terms  of  P,  Q,  R,  bo  substituted.    Because 


,=  2  sin2  31, 
!,=yBin«  12, 
the  left-hand  side  becomes 

A'12sin2  12 


and  therefore  the  residual  condition  from  the  arc-relation  at  X'  now  has  the  form 


Similarly,  the  residual  conditions  from  the  arc-relation  at  Y'  and  the  arc- 
relation  at  Z'  have  the  respective  forms 


These  are  the  only  surviving  conditions  :  and  they  suffice  to  determine  P,  Q,  R, 
and  therefore  (by  implication)  the  quantities  P/,  (?/,  !£/.  All  the  intrinsic 
requirements  of  the  region  have  been  satisfied  by  the  values  postulated  initially 
for  the  nine  quantities  P',  Q'9  Rr  ;  and  these  postulated  values  are  such  as  to 
constitute  the  opposite  edges  of  the  cell  to  be  directions  geodesically  parallel  to 
one  another  in  sets. 
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In  the  resolution  of  the  three  equations  for  P,  Q,  R,  the  determinant  of  the 
coefficients 


V2', 


«3 


<2> 


//,    B,   F 
G,    F,    C 


',    ua 
Pi 

?2 


<3> 


where 

S=-- 1  -  cos2  23  -  cos2  31  -  cos2  12  +  2  cos  23  cos  31  cos  12, 

the  usual  magnitude  connected  with  the  solid  angle  at  0  ;  also 


with  corresponding  values  for  the  other  minors  in  the  determinant.    We  write 


it) 


n 


then  we  have 


,;  1 
'£  L 
t  j 


Direction-variables  of  the  edges  of  the  regional  cell, 

243.  When  these  results  are  gathered  together,  the  direction-variables  of  X'O' 
at  X'  are  P/,  &',  fi/,  where 

PI'  =K  -  [Aipi'  (KP;  +  «?.')]  -  iLAoo^i'  (ap/  +  »p.')'J 

+  ~ 


- 
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where 

^2=*(Pi'-K  cos  31)  +  z(y3'-pi'  cos  31) 

U2=z(qlf  -  q3'  cos  31)  +  x(q,^f  -  y/  cos  31) 

^2=2(7*1'  -  rs'  cos  31)  +  x(r3'  -  r/  cos  31) 

T*=X(P2  ~  P/  cos  12)  +  y  (p/  -  pa'  cos  12)  } 

Ua=x(qz'  -qi  cos  [2)  +  y(qlf  -q2'  cos  12) 

Vz=x(rJ  -  r/  cos  12)  +  y(r/  -  r2'  cos  12) 
The  direction-variables  P2',  Q2't  R2',  of  Y'O'  at  I7',  and  the  direction-variables 
PZ,  Q-3>  KB,  ofZ'O'  at  Z',  are  of  forms  similar  to  P/,  &',  /?/,  and  can  be  derived 
by  the  cyclical  interchanges  of  x,  p/,  <//,  r/  ;  y,  p2',  y2',  r2'  ;   «,  p3',  q3',  rs'  ;  with 
one  another,  simultaneously  with  the  appropriate   changes  of  the  quantities 
Arj(A,  JJLV)  ;  Jfa/3  ;  and  of  2\,  J7,,  Ff  .  The  magnitudes  K€,  K^  K^  being  symmetrical, 
remain  unaltered  by  all  the  sets  of  interchanges. 
The  values  of  the  regional  parameters  at  0'  are 

p  +  tp0'  -  \Wuto'*]  -  MAoott,'3] 

i  +  zxK3lT*  +  xyKlzT3)  +  -^  (aK(  +hK^+  gKj, 

«3  \Lc£ti  )  8 
j  -  i<2[^iipo'2]  - 


f  +  fro'  - 

^ 


where 


p  =  x2  +  y2  +  z2  -f  2y2  cos  23  +  2zx  cos  31  +  2xy  cos  12  . 

Ex.  1  .    Prove  that  the  sphericity  of  the  region  in  an  orientation  at  0,  parallel  to 
the  orientation  of  the  small  triangle  X  YZ  as  #,  y,  z,  diminish  towards  zero,  is  equal  to 


Ifo.  2.  The  length  of  the  geodesic  diagonal  00'  of  the  cell,  and  the  direction- 
variables  at  0  of  that  diagonal,  can  be  derived  by  means  of  the  values  of  the  regional 
parameters  at  0'  which  have  just  been  obtained. 

Let  the  geodesic  length  of  00'  be  denoted  by  t  +  T,  where  T  will  prove  to  be  of  the 
third  order  of  small  quantities  ;  and  let  the  direction-variables  p',  q'9  r',  at  0  of  the 
geodesic  00'  be  such  that 


where  P,  Q,  R,  will  prove  to  be  of  the  second  order  of  small  quantities,  within  the  fore- 
going approximations. 
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In  the  first  place,  there  is  the  arc-relation  ]>}  Ap'2  =  1  at  0,  so  that  we  have 


neglecting  P2  and  quantities  of  like  order  :  that  is, 


The  ^-parameter  at  0',  estimated  at  an  arc-length  t  f  T  from  0  along  the  geodesic 
00'  with  p',  q',  r',  as  its  direction-variables  at  0  is 


Now 


and  p"  is  already  multiplied  by  the  magnitude  (t  +  T)2  ;  hence  the  parts  in  P  and  P2 
arising  out  of  p"  can  be  neglected  in  comparison  with  the  part  tP  arising  out  of  lp'. 
Similarly  for  the  term  in  p'"  ;  and  therefore  the  foregoing  value  of  the  parameter  p 
atO' 


neglecting  magnitudes  of  the;  fourth  and  higher  orders.     When  this  value  is  equated  to 
the  value  obtained  in  the  text,  we  have  an  equation 

tP  +  TpQ'  =  J 


The  corresponding  equations  arising  from  the  values  at  0'  of  the  other  two  para- 
meters are 


tH  f  Tr0'  =  1  (yzK^V,  +zxK31V,  +  zyKnVJ  +7  (ff^e  +/**  4  cKt). 


Thus  there  are  four  equations  for  the  determination  of  T  ;  P,  Q,  R  ;  they  verify 
the  statements  that  P,  (?,  72,  are  of  the  second  order  of  small  quantities  and  that  T 
is  of  the  third  order. 

We  multiply  the  last  three  equations  by  u-^\  u2^  u^°\  and  add  the  products  :  as 


the  result  becomes 


For  the  aggregate  of  terms  in  the  first  line  of  this  expression  for  T,  as 
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with  similar  values  of  w2(0)  and  w3(0),  we  have 

1  -  X  {^i(1) +2/V2)  +*MiwK0(ft/  -ft'  cos  23)  +*  (ft'  -  ft'  cos  23)} 

=  2*/z  sin2  23  +  xy  (cos  13  -  cos  12  cos  23)  +  xz  (cos  12  -  cos  13  cos  23)  =  Wl9 

2  =  2«3  sin2  31+2/2;  (cos  J2  -  cos  13  cos  23)  +  xy  (cos  23  -  cos  12  cos  13)  =  JF2, 
L3  =  2xi/  sin2 12  +2;aj(cos  23  -  cos  12  cos  13)  +yz (cos  13  -  cos  12  cos  23)  =  W3 ; 

and  therefore  the  first  line  in  the  expression  for  T 

=^t(yzK^Wl  +  zxK3lWz  +xyK12W  3). 
For  the  aggregate  of  terms  in  the  second  line,  we  have 

also 


Thus  the  second  line  in  the  expression  for  T 

=  ^  X  ^ll^ 

Accordingly, 


and  the  length  of  the  geodesic  diagonal  00' 

=  MT, 

whore 

j2  =  x2  +  y2  +z2  +  2«/2;  cos  23  +  2zx  cos  31  +  2ay  cos  12. 

The  values  of  P,  Q,  R,  arc  inferred  by  substituting  this  value  of  T  in  the  three 
equations  involving  those  magnitudes. 

Ex.  3.  In  the  cell  thus  constructed,  each  face  is  a  parallelogram  of  the  type 
considered  in  §  233.  Thus  in  the  face  OXZ'YO,  the  angles  OXZ'  and  OYZ'  are  equal, 
up  to  the  second  order  of  small  quantities,  the  common  value  being  (§  225) 

TT  -  12  +  ^Kitfcy  sin  12  ; 

and  in  the  face  OXY'ZO,  the  angles  OXY'  and  OZY1  are  equal,  to  the  same  order, 
their  common  value  being  TT-  13  -t-^K^xz  sin  13,  where  12  denotes  the  angle  YOX  and 
13  denotes  the  angle  ZOX. 

Required  the  magnitude  of  the  difference  between  the  angles  Y'XZ'  -23,  where 
23  denotes  the  angle  YOZ,  so  as  to  complete  the  determination  of  the  throe  plane 
angles  which  an*  the  constituents  of  the  solid  angle  at  X  made  by  the  throe  regional 
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diagonals,  one  being  the  continuation  of  OX  and  the  other  two  parallels  to  OF  and 
to  OZ  respectively. 

jEx.  4.  Let  the  continuations  of  the  geodesies  X'O',  TO',  Z'O',  through  0'  be 
O'X,  O'Y,  O'Z.  The  direction-variables  at  0'  of  these  three  continuations  arc  known, 
as  are  the  parameters  at  0' :  required  the  magnitudes 

FO'2-23,    ZO'T-31,    XO'Y  +  12, 
connected  with  the  plane  angles  of  the  solid  angle  at  0' . 


CHAPTER  XX 

PARAMETRIC  CURVES  IN  A  REGION 
244.  A  curve  in  a  region  can  be  most  simply  represented  by  two  relations 


among  the  parameters  of  the  region.  Each  relation,  by  itself,  represents  a 
parametric  surface  wholly  contained  within  the  region  ;  and  the  two  relations, 
combined,  represent  the  curve  of  intersection  of  the  surfaces.  At  any  point  of  the 
curve,  each  of  the  associated  surfaces  has  its  own  tangent  plane  ;  and  the  inter- 
section of  the  two  tangent  planes  is  the  tangent  line  of  the  curve.  In  the  same 
direction  as  that  tangent  line,  and  therefore  touching  the  curve,  there  are  three 
geodesies  to  which  the  curve  can  be  specially  related  :  the  superficial  geodesic  on  the 
('-surface,  the  superficial  geodesic  on  the  e-surface,  and  the  regional  geodesic.  The 
orthogonal  frames  of  the  curve,  in  relation  to  flexure  in  the  separate  surfaces,  to 
flexure  in  the  region,  and  to  its  curvatures  in  the  plenary  space,  are  interlocked 
with  the  orthogonal  frames  of  the  two  superficial  geodesies  in  the  region  and  in 
space,  and  with  the  orthogonal  frame  of  the  regional  geodesic. 

Consider  the  parts  of  the  orthogonal  frames  of  the  two  superficial  geodesies 
which  lie  within  the  tangent  flat  of  the  region.  The  special  lines  are,  (i),  the 
common  tangent  in  the  direction  p'9  q',  r1  ',  such  that 

'  +  e3r':=0  ; 


(ii),  for  each  surface,  the  line  lying  in  its  own  tangent  plane  which  is  perpendicular 
to  this  common  tangent  line,  the  two  lines  thus  selected  being  the  two 
binormals  of  the  respective  superficial  geodesies  ;  and  (iii),  the  regional  normals 
to  the  two  surfaces.  The  element  of  regional  arc  normal  to  the  e-surface  will  be 
denoted  by  dn,  and  the  element  of  regional  arc  normal  to  the  e-surface  will  be 
denoted  by  dv  ;  and  the  respective  normal  dilatations  (§  207)  of  the  surfaces  will 
be  denoted  by  en,  e,.  Then  we  have 


~ 


V  -.  -= 


172 


REGIONAL  FRAME  OF  A 


[CH.  XX. 


Let  CD  denote  the  angle  of  intersection  of  the  two  surfaces  at  the  place  p,  y,  r, 
taken  to  be  the  angle  between  the  positively-drawn  regional  normals  to  the  two 
surfaces,  and  let  it  be  measured  positively  from  the  normal  of  the  e-surface 
towards  the  normal  of  the  e-surface,  as  in  Figure  28  ;  then 


cos  o>  =^ 


,    -~- 
dn  dv 


so  that 

It  follows  that 

(G 

so  that 

The  variables  p'9 
so  that 

where 
that  is, 


cos  co. 


sn  01 


q'9  /,  of  direction  of  the  curve  are  given  by 
j/       _    j£ r'  1 


— i38ew^  sin  co. 


Let  Ac  and  Ae  denote  the  typical  direction-cosines  of  the  respective  superficial 
binomials,  being  the  lines  at  right  angles  to  the  tangent  in  the  respective  tangent- 
planes  TOBe  and  TOB€ :  then 


y*  2/3 


Ul9 


the  direction-variables  in  the  magnitudes  ul9 
Also 


as  is  easily  verified. 


2/i,    2/2,    2/3 


w3,  being  those  of  the  curve. 
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Again,  let  ONe  and  ON€  be  the  regional 
normals  to  the  two  surfaces,  OT  being  the 
tangent  to  the  curve  of  intersection ;  also  let 
OBe  and  OB€  be  the  respective  superficial  binor- 
mals.  Then  the  four  lines  ONe9  ON€9  OB69  OB€9 
in  the  tangent  flat  of  the  region,  are  at  right 
angles  to  the  line  OT  in  the  flat ;  and  they  there- 
fore lie  in  a  regional  plane  at  right  angles  to  OT. 
The  direction-cosines  of  sets  of  three  of  these  four 
lines  must  therefore  be  linearly  connected  ;  and 
the  geometry  of  the  diagram  leads  to  these  linear 
relations  in  the  form 


FIG.  28. 


where 
while 


-~ 
an 

dy   . 

-,- 

dv 


•  x 

sin  co  =  Ae  cos  co  - 


. 
=Ae-  \  cosco 


dy 


x     .          dy    dy 
Ae  smco  —  ™--^  cos  co 
dv    dn 

x     .          dy  dy 

Af  sin  co  —  -—  cos  CO--T- 

dv  dn 


dr      dy        dp        do        dr 


the  direction- variables  of  the  respective  regional  normals  ONe  and  ON€  being  as 
already  stated. 

Ex.  1.     Obtain  the  following  relations,  which  will  be  found  useful  in  a  later 
investigation  : 

~i         (dp    dp          \ 
sin  co  =  u*en      \  ~  -  -f  cos  co  I 
\dv    dn          / 


sn  co  = 


sn  co  = 


dv 


dq  \ 

-  -~  COS  CO  / 

dn          I 


dr 


7  —  ,    cosco 
dv    dn 


sn  co  = 


dq    dq 

-  —  -f  v  cos  co 
dn    dv 


( 

\  - 
\ 


dr     dr  \ 

,  -  +  -T-  cos  co  I 
dn    dv          I 


An  analytical  interchange  of  the  surfaces  e  and  e,  with  the  corresponding  inter- 
change of  the  sets  of  the  direction-variables  of  their  regional  normals,  requires  a 
reversal  of  the  direction  in  which  the  inclination  co  is  measured  and  therefore  compels  a 
change  in  the  sign  of  co  :  hence  the  skew  symmetry  between  the  two  groups  of  results. 
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In  connection  with  these  results,  it  is  convenient  to  re-state  the  results 

e3e2  =  p9  &en€v  sin  co 


-  e2€1  —  r 


sn  o> 
sin  co 


which  evince  the  same  skew  symmetry  as  regards  the  two  regional  surfaces. 
Ex.  2.     To  obtain  the  value  of  -j-  ,  we  proceed  from 


-=- 


da) 
-  ~~  en  j  cos  co  -  ,    en€v  sin  co 


so  that 

=  1 

=  1 

on  reduction,  where 


^  *       jK*  ~  el^fc  -  €24fr  -  C*Qik)xK> 

with  the  usual  convention  x1?  x2,  a?3,  =p,  q,  r.     Also,  as  in  §  207, 

den        dp        da         dr 
—  -     9  ^         -- 


dcu     _  dp     _  da     _   dr 

-^  =el  -/  +e2  /  +€3  —  ; 
as          dv         dv         dv 


and  therefore 


f.  /dp  dp\     .  /cto  ^\     -  /dr 

en  i  €i  (  -T-  cos  a)  -  -/-  )  +€2   -^  cos  a)  -    7  )  -f-e3  1  -=- 
tT\dv  dn/       *\dv  dn/         \  dv 

(     /dp  dp\         /dp  dp\         /dr 

€*  v"i   T   cos  co--/-  J  +e2(  /  cos  co~  ,-  J  -f  c3(  -7-  c 
^  (  l\dn  dv/       2\dn  dv/       3\dn 


cos  a>  -  -j- 


cos  co- 


-j- 
dn 

dr 

.- 
dv 


When  tho  values  of  the  coefficients  of  €lf  e2,  €3,  el9  e2,  ^3,  as  given  in  the 
example  are  inserted,  and  after  a  slight  reduction,  we  find 

1 


\} 

j>  . 
/  ) 

preceding 


€3 


and  therefore,  by  the  results  in  §  200, 


where  cre  and  cr€  are  the  radii  of  regional  torsion  of  the  superficial  geodesies  on  the 
e-surface  and  the  e-surface  respectively. 
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Ex.  3.     The  quantities  y',  -^,  -/,  are  typical   direction-cosines  of  three  non- 

dn    QV 

complanar  lines  in  the  tangent  flat  which  can  be  taken  as  its  leading  lines.  They  are 
equivalent,  as  leading  lines,  to  the  directions  of  the  parametric  curves  at  0  ;  and 
the  typical  direction-cosines  of  each  set  are  linearly  expressible  in  terms  of  those  of  the 
other  set.  We  therefore  have  relations  of  the  form 


To  determine  /,  P,  Q,  we  have 


and  therefore 

1     rdy/Ci     €,  \     dy/€l     e<  \\ 

Vi-^X+  •  -j~\  -r  (-          coHco)+-/f       —    cos  co  j    . 
yi     J    1    nm2a)[_dn\en     ev          /     dv\cv     en          /J 

Similarly 


It  follows  that  any  expression  which  is  linear  and  homogeneous  in  yl9  y2»  #3> 
can  bo  transformed  into  a  modified  expression  which  is  linear  and  homogeneous 

•    /  dy  fy 

in  y  '  -,   ,  7  . 
y    dn    dv 

Values  ofp",  q",  r"  ,  along  the  curve. 

245.  These  relations  are  useful  in  evaluating  the  second  arc-derivatives  of 
p,  q,  r,  (to  be  denoted  by  pc",  <//',  rc")  along  the  curve  of  intersection  of  the 
c-surface  and  the  e-surface. 

Because  the  curve  lies  on  the  e-surface,  we  have 


and  therefore 


where  l/ye  is  the  regional  flexure  of  the  superficial  geodesic  on  the  e-surface 
touching  the  curve.    Similarly, 
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where  l/yt.  is  the  regional  flexure  of  the  superficial  geodesic  on  the  e-surface 
touching  the  curve.  Also,  because  the  arc  lies  in  the  region  so  that  the  relation 
'a=  I  is  satisfied,  we  have 


with  the  customary  significance  for  uly  =  Ap'  +  Hq'  +  Gr't  and  likewise  for  u2 
and  u3. 

Thus  there  are  three  equations  for  pc"  -  p"9  q"  -  y",  rc"  -  r".    The  determinant 
of  the  coefficients  of  these  quantities 


U 


-h  w3r)    *en€v  sin  o> 


Consequently, 


—-&*en€vsma}. 


,    e,, 


and  therefore 


_en  £2*€v  (dp    dp         \     €v  Q*en(dp    dp          \ 
ye  sin  oj  \dn    dv          1     y€  sin  CD  \dv     dn     '     /  ' 

rl     coscoNl 


Similarly  we  find 

//      //  _     1      /^?  / 1 

sin2  o»  (dn  \ye        ye   /     cZv  \y€        ye   /  J  ' 

„      „        1      fdr  1 1      cos  oA     rfr  / 1     cos  o»\^ 

r    ~r  =--2— -{j-  1 J  +  TI )r- 

sm2£o^w\ye       y€    /     dv  \ye       ye   /J 

These  are  the  values  for  p",  q",  r",  along  the  curve  which  is  the  intersection  of 
the  e-surface  and  the  e-surfacc.  For  the  superficial  geodesic  on  the  e-surface 
touching  this  curve,  we  have 


1   dq 


„       ,,_!  dr 

e     ~~  '     —        ~T~ 
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and  for  the  superficial  geodesic  on  the  e-surface  touching  the  curve,  we  have 


ft"  -,"  = 

1       y€dv 

r"  -r"=-- 
y<  dv 

The  quantities  p€",  ye",  r/',  and  p",  q",  r€"9  belong  to  the  geodesies  on  the 
e-surface  and  the  ^-surface  respectively,  while  the  quantities  p",  g"  \  r",  belong 
to  the  regional  geodesic,  all  these  geodesies  touching  the  curve  and  touching  one 
another.  (The  curve  of  intersection  can  be  regarded  as  its  own  geodesic.) 

Circular  curvature  of  the  curve. 

246.  We  now  can  obtain  the  circular  curvature  and  the  direction-cosines  of 
the  prime  normal  of  the  curve  of  intersection  of  the  surfaces. 
Along  the  curve,  we  have,  for  a  typical  variation, 


Let  I/  pc  denote  the  circular  curvature  of  the  curve,  and  let  Yc  denote  the  typical 
direction-cosine  associated  with  the  typical  space-  variable  y,  so  that 


Now,  from  the  values  obtained  for  pe"9  qc"  ',  rc", 


__     1      f<fy/l_    cosoA    dy  1  1     cosoA\ 
y€  I     dv\y€       ye   Jj 


1      fl  fdy    dy          \     1  (dy    dy          \\ 
=^-r-1-    /"^cosa>  )  +  -  b--/COSw  )r 

sm2a>[ye\dn     dv          I     ye\dv     dn          )} 


^y«   ye/sina> 

by  the  expressions  (§  244)  for  Xe  and  Ae.     The  foregoing  equation  for  y"  thus 
becomes  v 


PC     P      \y<    7. 

which  accordingly  is  the  typical  equation  for  the  circular  curvature  and  the 
direction-cosines  of  the  prime  normal  of  the  curve. 

For  the  magnitude  of  the  circular  curvature,  we  have 


F.T.G.  II. 
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The  equation  for  the  typical  direction-cosine  can  also  be  written  in  the  equivalent 
forms 


Yc    Y 

~o~~~e  ' 

dy 

dn   ' 

dy 
dv 

=0, 

Y.    Y 

9 

PC       P 

i 

1 

i 

COS  CO 

) 

1     j 

COS  CO 

> 

> 

ye 

y€ 

I 

1 

COS  CO 

1 

—      > 

COS  co  , 

1 

? 

, 

•  — 

y« 

y. 

ye 

ye 

with  the  significance  for  Ye,  Y€,  pf,  p€,  indicated  below. 
Ex.    The  tangent  to  the  curve  can  be  taken  in  the  form 


where  the  parameters  K,  A,  p.,  satisfy  the  two  conditions 


Let  U  be  the  perpendicular  drawn  to  the  tangent  from  a  consecutive  point  of  the 
curve  at  a  small  arc-distance  8  from  0  ;  and  let  Y  denote  the  typical  direction  -cosine 
of  this  perpendicular.  Then,  using  the  method  of  §§  166,  194  to  determine  this  perpen- 
dicular and  its  direction,  obtain  the  equation 


P         e    y 
accurate  up  to  82  inclusive,  leading  to  the  result  stated  in  the  text. 

There  is  a  geometrical  construction  for  the  direction  of  the  prime  normal  of 
the  curve  of  intersection  of  two  parametric  surfaces  in  a  region. 

Let  the  circular  curvature  and  the  typical  direction-cosine  of  the  superficial 
geodesic  on  e=0,  touching  the  curve  of  intersection,  be  denoted  by  l/pe  and  Ye  ; 
and  let  the  corresponding  magnitudes  for  the  superficial  geodesic  on  €=0,  in  the 
same  direction,  be  denoted  by  l/p€  and  Yf  ;  then  we  have  (§  195)  the  respective 
relations 


We  take  the  regional  normals  ONe  and  ON€  at  0  as  in  §  244,  and  the  two  superficial 
binormals  OBe  and  OB€t  all  these  four  lines  lying  in  one  plane — the  plane  which, 
in  the  tangent  flat  of  the  region,  is  at  right  angles  to  the  tangent  line  of  the  curve. 
With  this  plane,  we  associate  the  prime  normal  OY  of  the  regional  geodesic  ;  and 


246] 


THE  PRIME  NORMAL 


179 


we  thus  have  another  flat.  In  this  new  flat,  let  a  sphere,  centre  0,  be  drawn ; 
and  consider  its  intersection  by  the  various  lines.  The  points  Ne,  N€,  Be,  J5€,  lie 
on  a  great  circle,  of  which  Y  is  the  pole. 

The  direction  of  the  radius  of  circular  curvature  of  the  superficial  geodesic  on 
the  e-surface  lies  in  a  plane  through  OY  and  ONej  by  §  150 ;  accordingly,  it 
intersects  the  sphere  in  a  point  on  the  quadrantal  arc  YNe,  and  we  take  OC0  to 
be  the  direction.  Similarly,  the  direction  of  the  radius  of  circular  curvature  of 
the  superficial  geodesic  on  the  e-surface  lies  in  the  plane  through  OY  and  ON( ; 
we  take  OC€  to  be  the  direction. 

Again,  the  curve  lies  on  the  e-surface  ;  OCe  is  the  prime  normal  of  the  geodesic 
on  this  surface  in  the  same  direction  as  the 
curve;  and  the  line,  perpendicular  to  this 
direction  and  in  the  tangent  plane  of  the 
surface,  is  OBe.  Consequently,  the  direction 
of  the  prime  normal  of  the  curve  lies  in 
the  plane  determined  by  00 e  and  OBe,  and 
it  therefore  meets  the  sphere  in  some  point 
on  the  great  circle  BeCe. 

Similarly,  because  it  lies  on  the  e-surface,  BJ 
the  prime  normal  of  the  curve  meets  the 
sphere  in  some  point  on  the  great  circle  BeCe. 
Let  those  two  great  circles  intersect  in  0  ;  then  0(7  is  the  direction  of  the  prime 
normal  of  the  curve,  and  the  prime  normal  itself  is  the  intersection  of  the  planes 
BeOCe  and  BjOC,. 

As  regards  the  spherical  trigonometry  of  Fig.  29,  we  have 

NeNc=u>=BeB.; 

the  point  Be  is  the  pole  of  the  great  circle  NeCeY,  and  Bf  is  the  pole  of  N(CtY. 
Let  YCe=a,  YCt=p,  so  that 


FIQ.  29. 


cos  a     1 

cos  ft    1 

Pe         P 

sin  a     1 

P*     P 

sinjS     1 

Pe      yJ 

p€     yJ 

Let  CY=<j>,  CYCe=u,  so  that  CYC€=u-a)  ;   then  as  the  angles  at  Ce  and  C( 
are  right  angles,  we  have 


tana 


=  cos  u. 


tanfl 

-  —  -.  =  cos  (u  - 


Eliminating  ?/,  we  find 

sin2  co  tan2  ^  =  tan2  a  -  2  tan  a  tan  /?  cos  <o  -f  tan2  j8, 
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and  therefore 

tan2^     /  1      2  cos  to 


•+-.)- 

But 

1  _  1      /I      2  cos  o> 

and  therefore 


_ 
y€/sin2o>' 


cos<£_  J 

PC      />' 
Again,  in  the  right-angled  triangle  YCeC,  we  have 

cos  CC^  cos  YCe  =  cos  CY  =  cos  </>, 
that  is, 


and  therefore 


PC  Pe 

Similarly,  we  find 

cosC(7f_l 

PC     ""/>,  ' 
Thus  we  have 

p  cos  CY^-=pe  cos  CCC  =  p€  cos  CC€  =pc, 

three  equations  which  assign  the  angular  distances  of  Cr,  the  intersection  of  the 
two  great  circles  BeCe  and  B€C(J  from  the  centres  of  circular  curvature  of  the 
three  several  geodesies  touching  the  curve. 

Next,  let  C0  be  the  point  on  the  sphere  where  the  sphere  is  met  by  the  prime 
normal  of  the  curve,  with  a  typical  direction-cosine  given  by  the  equation 


pc     p     \y<    y^/smco 
The  angular  distance  YC0  is  given  by 


Now,  with  the  relations  expressing  A-  and  Ae  in  terms  of  v    and  -7    in  §  244,  we 

.  an         dv 

have 

S^=°,     £i%=:0; 
and  therefore 

cos  FC0-Pr=cos  YC. 
P 

Again,  the  angular  distance  C0Ce  is  given  by 
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Also 

L<=  ?+!*¥, 

pe      p     -yedn' 

and  therefore 


but 


so  that 

1 
— 

PcPe 

hence 

Similarly,  we  find 

cosC0C€=^ 

PC 

Consequently  the  angular  distances  of  (70  from  7,  Cet  C€,  are  equal  to  the  angular 
distances,  from  the  same  points  respectively,  of  the  intersection  of  the  circles 
BeCe  and  B€C€  :  that  is,  (70  coincides  with  that  intersection  —  which  is  the 
geometrical  construction  indicated. 

Ex.  In  Fig.  21),  the  groat  circle  CeO€  and  the  great  circle  YC  meet  NpNeBfB(  in 
X  and  Z  respectively  ;  shew  that  BeX  —  NCZ.  Shew  also  that 

y€  sin  XNe  =  ye  sin  XN€  =  y  . 

Superficial  flexures,  regional  flexure,  of  the  curve. 

247.  Account  also  must  be  taken  of  the  relation  of  the  curve  to  the  two  sur- 
faces, the  intersection  of  which  constitutes  the  curve,  as  well  as  of  its  relation  to 
the  region,  which  contains  the  intersecting  surfaces.  We  therefore  require  the 
measure  of  its  respective  rates  of  deviation  from  the  geodesies  on  the  two  surfaces, 
and  the  measure  of  its  rate  of  deviation  from  the  regional  geodesic,  all  these 
geodesies  being  tangential  to  the  curve. 

We  proceed  as  before  (§  149).  At  a  point  on  the  curve,  at  a  small  arc-distance 
8  from  0,  the  value  of  the  typical  space-coordinate  is 


while  at  a  point  on  the  regional  geodesic  in  the  same  direction,  at  an  equal  arc- 
distance  S  from  0,  the  value  of  the  same  typical  space-coordinate  is 


with  the  customary  notation.    Hence,  up  to  the  second  power  of  8  inclusive,  the 
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projection  of  the  deviation  of  the  point  on  the  curve  from  the  point  on  the  regional 
geodesic 


This  deviation,  manifestly  within  the  region,  is  at  right  angles  to  the  prime  normal 
of  the  regional  geodesic,  because  the  prime  normal  is  orthogonal  to  the  region.  Let 
I  denote  the  typical  direction-cosine  corresponding  to  the  variable  y,  and  let  Dr 
denote  the  magnitude  of  the  deviation  ;  also,  let  1/y  denote  the  regional  flexure, 
as  a  measure  of  the  rate  of  deviation  ;  then  we  have 

Wr=l(ye"-y")S\ 
and  therefore 


while 

Let  <£  denote,  as  before  (§  246),  the  inclination  of  the  prime  normal  of  the 
curve  to  the  prime  normal  to  the  geodesic,  so  that 


then,  because  of  the  relations 

II  I,    Ye,    Y  ||=0, 

the  direction  of  the  regional  deviation  Dr  lies  in  the  plane  through  these  two  prime 
normals,  and 


Similarly  for  the  separate  superficial  flexures.  Let  l/Fe  denote  the  measure  of 
flexure  of  the  curve  by  the  e-surface,  and  let  le  denote  the  typical  direction-cosine 
of  the  deviation  of  a  neighbouring  point  on  the  curve  from  the  corresponding 
neighbouring  point  on  the  superficial  geodesic  ;  then,  in  the  same  way  as  for  the 
regional  deviation,  we  find 


//  // 


r=yc  -ye 

1  e 

y      y 

•*  C          J   f 

Pe        Pe 


y€     ye/  sin  o>     ye  sin  to 
1      cos  o>\    Af 
y«       7«  /  sin  co  * 


'€    ye/  sin  coj     \  p     ye  i 

\y*    ye/sinco    yfisinco 
__  /  1      cos  a>\    Xe 
~\y.~ 
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This  relation  is  typical  of  the  direction-cosines  of  the  radius  Fe  of  superficial 
flexure  of  the  curve  by  the  e-surface  ;  hence 

le=^e 

sin  o>     1     cos  a) 
~re   ™y€       ye 

The  former  typical  relation  verifies  the  known  property  (§  150)  that  the  radius  of 
superficial  flexure  of  the  curve  lies  in  the  tangent  plane  of  the  surface,  at  right 
angles  to  the  tangent  to  the  curve :  that  is,  in  the  line  OBe. 

So,  also,  for  the  e-surface  :  let  l/F€  denote  the  superficial  flexure  of  the  curve 
by  the  e-surface  ;  we  find 

sin  cj    cos  CD     1 


and  the  radius  of  this  superficial  flexure  lies  in  the  tangent  plane  of  the  e-surface 
at  right  angles  to  the  tangent  to  the  curve  :  that  is,  in  the  line  OB€. 

The  inclinations  of  the  respective  radii  of  superficial  flexure  of  the  curve  by  the 
surfaces,  to  the  radius  of  regional  flexure  of  the  curve,  are  given  by  the  equations 

e     fr  9 

•*  e 

also  we  have 

sin2cu      1      2coso>      1 


y2 


1      2  cos  a)      I 


248.  The  relations  between  the  various  circular  curvatures  of  the  curve  and 
the  three  geodesies,  including  also  the  various  flexures  of  all  but  the  regional 
geodesic,  can  be  illustrated  geometrically.  Let  the  dotted 
line  OZ  denote  the  tangent  at  0  ;  and  let  K  denote  a  point  °  •* 
on  the  curve  adjacent  *  to  0.  We  take  the  block,  the 
leading  lines  of  which  are  the  three  lines  of  the  tangent  flat 
of  the  region  and  the  prime  normal  of  the  regional  geodesic  in 
the  direction  OZ  ;  in  that  block,  we  select  the  flat  which  is 
perpendicular  to  OZ  ;  and  in  that  selected  flat,  we  construct 
a  sphere  on  ZK  as  diameter.  Let  the  regional  geodesic,  the 
superficial  geodesic  on  the  e-surface,  and  the  superficial  geodesic  on  the  e-surface, 
meet  this  sphere  in  the  points  R,  Se,  $€,  respectively,  so  that  the  angles  KRZ,  KSeZ, 

*  In  the  diagram,  ZO  represents  a  small  magnitude  of  the  first  order  of  small 
quantities,  while  ZK  and  all  the  lines  connected  with  the  sphere  on  ZK  as  diameter 
represent  small  magnitudes  of  the  second  order  of  small  quantities. 
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KSJZ,  are  right  angles  ;  theii  as  OZ  tends  towards  zero,  the  limiting  positions  of 
the  lines  ZR,  Z8e,  Z$t,  ZK,  are  the  prime  normals  of  the  regional  geodesic,  the 
superficial  geodesic  on  the  e-surface,  the  superficial  geodesic  on  the  e-surface,  and 
the  curve  respectively.  In  the  selected  flat,  the  lines  RK,  RSe,  RSe,  are  at 
right  angles  to  RZ,  and  consequently  they  lie  in  one  plane  RSeSeK.  Moreover, 
the  angles  ZSe  K  and  ZS€  K  are  right  angles,  SK  being  the  diameter  of  the  sphere. 
Then  as  ZO  and  (up  to  the  second  order  of  small  quantities  inclusive)  the  lines 
JRO,  8eO,  S€0,  KO,  are  equal  to  one  another,  these  lines  all  being  orthogonal  to 
the  selected  flat  (up  to  the  same  order  of  small  quantities),  we  have 


from  the  curve  ;  also 


from  the  circular  curvature  of  the  regional  geodesic  and  the  regional  flexure  of 
the  curve  ;  also 


from  the  circular  curvature  and  the  regional  flexure  of  the  superficial  geodesic  on 
the  e-surface,  and  from  the  superficial  flexure  of  the  curve  by  that  e-surface  ; 
and 

OZ*=2S€Z  .  p€=28<R  .  y€=2S€Ar  .  F€9 

from  the  circular  curvature  and  the  regional  flexure  of  the  superficial  geodesic  on 
the  €-surface,  and  from  the  superficial  flexure  of  the  curve  by  that  e-surface. 
A  comparison  of  this  diagram  with  the  diagram  in  §  246,  shews  that 

RZSf  =  ihe  angle  between  the  prime  normal  ZR  of  the  regional  geodesic  and 
the  prime  normal  ZSe  of  the  superficial  geodesic  on  the  e-surface 
=  YC,=  a, 

with  the  former  notation  ;  also,  similarly 


and,  as  connected  with  corresponding  lines  associated  with  the  respective  com- 
binations of  curvatures, 


The  foregoing  sets  of  equal  values  for  OZ2  now  give 

RZ  ^  . 

P       ~P»      so  that 


RK 
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RZ  <*.* 

P  s  z=pe,     so  that      p  cos  a=Pe 

RZe 
7e"SZ^pe'       

RZ 


But  we  had  (§  246) 

tana_  tan/?__ 

and  therefore 

sin  u  sin  CD  —  —    ,  (tan  /?  -  tan  a  cos  cu) 


_    p     /I      cos oA _ re sin (76^  /  1     cos o>\ 
tan ~<f>  \yc        ye   I          sin  </>       \ye       y,,    / 

The  former  diagram  (p.  179)  gives 

sin  CCe = sin  (7  YCe  sin  C  lr = sin  u  sin  0  ; 

and  therefore 

sino>_l      cos  to 

re  ~~yt      y, 

Similarly  we  find 

sin  o>     cos  co     1 

^e       y€     y^ ' 

All  these  results  are  in  accordance  with  the  results  already  (§  247)  established. 

249,  To  obtain  the  torsion  and  the  direction-cosines  of  the  binormal  of  the 
parametric  curve  in  the  region,  we  could  proceed  by  regarding  the  curve  as 
belonging  to  the  ^-surface  and  as  arising  from  an  intersection  by  the  e-surface  : 
also  by  regarding  it  as  belonging  to  the  e-surface  and  as  arising  from  an  inter- 
section by  the  e-surface.  In  each  instance,  we  should  combine  the  results  of 
§  152  with  those  of  §  195  ;  and  for  a  diagram,  we  should  combine  the  constructions 
of  §§152,  202,246. 

We  can  proceed,  more  directly  to  the  analytical  formulae,  in  a  different  manner  ; 


186  BINORMAL  [OH.  XX. 

and  the  actual  result  admits  of  a  simple  geometrical  construction.    In  the  in- 
vestigation, the  symbol  [L]  will  be  used  (when  convenient)  to  denote  generically 

any  quantity  which  is  linear  and  homogeneous  in  ~  ,  ~  ,  j/',  whether  y'  does  or 
does  not  occur  in  a  completed  expression. 

The  equation  for  the  circular  curvature  and  the  direction  of  the  prime  normal 
of  the  curve  is 


PC    p    r 

where 

ITdy/l     cosoA    dy/l     cosoAl     1 
y     Ldn  \yf       ye   I     dv\ye       y€   /Jsin2ct> 

We  denote  differentiation  along  the  curve  by  dsc  as  usual.    Also  we  have  (§  245) 


and,  with  similar  expressions,  we  shall  write 

<j"-<l"  =  Q,    rc"-r"=R. 
In  the  first  place,  because 

Y_  ^        .. 

~P~< 
we  have 


while 


ds\p/     p\a     pi        ds 


The  quantity  Z3  (which  belongs  to  the  binormal  of  the  regional  geodesic  tangent) 
is  linear  and  homogeneous  in  yl9  y2>  2/3>  an(i  therefore  (Ex.  1,  §  244)  can  be  made 

linear  and  homogeneous  in  y'9  ~  ,  —  ,  so  that  we  can  write 

an     <iv 


where,   for  the  immediate  purpose,  a  knowledge  of  the  actual  coefficients  of 

y'>  ~i    i  ~r  9  in  f^l  ^s  no^  specially  relevant.    Thus  we  have 
an    dv 
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In  the  next  place,  when  we  differentiate  the  expression  for  l\y  along  the  curve, 
we  have 

d_  /T\  -  r  n  4.     l     JY  I  -  CQSCO>\  1  (fy\  4.  f  L  _  C08CO 
^c\y/  sin2o>(\yc       ye  M\dn/     \y.       y€ 

where  [//]  again  is  used  generically  and  not  specifically.     But  by  the  result  in 
§  208,  we  have  (for  any  direction  of  differentiation) 

d  /rfy\     e'  dy        dp         dq         dr      1    .  v 

*  UnJ  +  ^  3T  *£+*Sfa+*S+5-(a**  '*'  e^>  y*>  *>  : 

that  is,  we  can  write 

d  (du\         dp         dq         dr 

j-  (y  •  )  =  1?iT-+^2j1 
dsc\dnl      adn     '*dn 

and  similarly 


d   (dy\         dp         dq         dr 


Consequently,  the  coefficient  of  17!  on  the  right-hand  side 

_     1      JY  1     cos  o>\  dp     /I      cos  co\  rfpl      p 
~~sin2eo\\ye       ye   /rfw     \yr       ye    /  di^J        J 

and  similarly  for  the  coefficients  of  77^  and  773  ;  hence 


Finally,  we  have 

±  (  -  . 

dsc  \pj     pc  \vc    pj        c  dsc  \pcj  ' 

where  A3  denotes  the  typical  direction-cosine  of  the  binormal  of  the  curve  and 
1/<7C  denotes  the  torsion  of  the  curve.    Also 


p       y     p 

so  that 


When  these  values  are  substituted  in  the  arc-derivative  of  the  equation  on 
p.  186  for  the  direction  of  the  prime  normal,  we  have 


where  now  [L]  denotes  the  combination  of  all  the  preceding  generic  terms  [L]. 
But  (§  188)  it  was  proved  that 

T/!  =  Y  vl  +  /5w5,    772  =  Yv2  +  Z6t?B,    773  -  7v3  +  /5w6  ; 
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and  therefore  we  have 


dn 

whore  the  coefficients  S  and  X  can  be  regarded  as  known  quantities,  where 
«7,  D,  E,  are  the  complete  coefficients  in  the  aggregate  expression  for  [ij, 
and  where  CD  denotes  the  whole  of  the  right-hand  side  in  the  expression  for  A3. 
The  values  of  S  and  T  are 


while  the  values  of  i/5,  %  ?rs,  have  been  given  in  §  189.    It  remains  to  obtain 
relations  for  the  determination  of  J,  /),  E. 

Ex.  1.    Prove  that 

~dsc  \  p/     ds  \p/~  sin  ciAya7v    y^J  ' 

where  l/rf  and  l/rc  are  the  respective  regional  tilts  of  the  geodesic  on  the  0-surface  and 
the  geodesic  on  the  e-surface  touching  the  curve. 

E.r.  2.     Prove  that 


wh(Te  the  quantities  denoted  by  aa,  6*,  ca,  are  given  in  §§  188,  189. 

250.  Two  inferences  can  be  made  at  once  from  the  geometrical  property  that 
the  bi  normal  of  a  curve  is  at  right  angles  to  the  tangent  and  to  the  prime  normal. 
Because  the  binomial  is  at  right  angles  to  the  tangent,  we  must  have 


But 


the  two  last  holding,  because  -^  and  -  -  are  typical  direction-cosines  of  the  regional 

Cull  (Lv 

normals  to  the  two  surfaces  which  intersect  in  the  parametric  curve  ;  hence 

,7=0. 
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Because  the  binormal  is  at  right  angles  to  the  prime  normal,  we  must  have 

S^A=0: 
that  is, 


Now 


~ 

y  dn     ye  '      —^  y  dv 
and  therefore 


Also 

*•       ^"^  \     -\r O  . 

/  ^  A*j  JL         O  . 

Pc°e  " 

and  therefore  we  have  the  equation 

~P+V  +  Y=°- 

But  no  further  relations  can  be  derived  merely  from  the  geometrical  properties  of 
the  curve,  taken  without  special  consideration  to  the  source  of  the  curve  as 
the  intersection  of  the  two  surfaces. 
Because 


}rc_  Y    [~dy  1 1     cos  o>\     dy  I  \      cos  oA~ I     1 
pc     p      Ldn\ye       ye   I     dv\yc       yc    /Jsin2^' 


it  follows  that 


Now 

d 
ds 

But 


and,  on  substituting  the  formal  value  of  A3, 


pcac 
consequently 
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The  value  of  j  l~j  ,  already  cited,  is 

d  (dy\  _     en  dy     (    dp        dq        dr\       1         ,    _    _  x 

and  thus  the  right-hand  side  of  the  preceding  equation,  when  evaluated,  will 
consist  of  three  terms. 

The  contribution  from  the  first  term 


Again,  because 
we  have 

and  therefore  the  contribution  from  the  second  term 

I  f    dp        da        dr\ 

=  —(Vi-T-  +  v<i~r+v3-r}. 

pc\    dn      *dn        dnl 

Further,  writing 


we  have 


for  t=l,  2,  3  ;  and  therefore  the  contribution  from  the  third  term 
C  C 


__  /  1     cos  oA     1          r  _  /I     cos  oA     1 
^^""yr/Si^'       e~\7e      yT/S^1 


By  the  result  in  §  207,  we  have 

/I 

so  that  the  contribution  from  the  first  term  combines  with  a  part  of  the  contribu- 
tion from  the -third  term. 

When  the  results  are  gathered  together,  the  equation  can  be  arranged  in  the 
form 


i,        --^COSCO     . 

ev    en          I 
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Proceeding  in  like  manner  from  the  relation 

Vv  ^-^ 
*    'dv-y.' 

we  obtain  an  equation 


i       *v  vn       *v  *"n       *v 

These  two  equations  suffice  to  determine  values  of  D  and  E,  independently  of 
the  condition 

O        7~l        Z/^ 
O       U       Ju 

p   v*  y<T 

With  these  values,  the  typical  equation  for  the  direction-cosine  of  the  binormal 
and  the  torsion  of  the  curve  is 


pcoc  an        av 

and  the  magnitude  of  the  torsion  is  given  by  the  equation 

-J— 9 =S2  +  T2+D2+2JD#cosa>  +  £2. 
Pc2<rc2 


CHAPTER  XXI 

REGIONS  :   SOME  SPECIAL  PROBLEMS 
Dimensionality  of  the  plenary  space,  as  affecting  a  region. 

251.  Hitherto  no  specific  account  has  been  taken  of  the  precise  dimensionality 
of  the  plenary  homaloidal  space  of  a  region.  When  that  space  is  quadruple,  any 
special  characteristics  of  the  region  have  had  a  partial  discussion  elsewhere  *  ;  we 
shall  therefore  assume  that  the  plenary  homaloidal  space  of  the  region  is  of  more 
than  four  dimensions. 

The  most  immediate  issue,  demanding  a  consideration  of  the  dimensionality 
of  the  plenary  space,  would  seem  to  be  provided  by  the  tale  of  the  successive 
grades  of  curvature  appertaining  to  geodesies.  For  a  quadruple  space,  a  regional 
geodesic  possesses  circular  curvature,  torsion,  tilt  ;  and  no  curve  in  such  a  space, 
however  it  arises,  possesses  curvature  of  more  advanced  grade  than  these  three. 
For  a  quintuple  space,  a  regional  geodesic  possesses  coil,  in  addition  to  the  three 
curvatures  just  specified  :  and  no  curve  in  a  quintuple  homaloidal  space  can 
possess  more  than  the  four  curvatures  of  these  successive  grades.  Generally, 
if  the  plenary  space  is  of  N  dimensions,  the  number  of  grades  of  curvature  that 
can  be  possessed  is  N  -  1. 

The  dimensionality  demands  immediate  consideration  when  we  investigate 
such  a  matter  as  the  spatial  range  of  the  centre  of  circular  curvature  of  geodesies 
drawn  through  a  point  in  the  configuration.  Thus,  in  a  region,  let  y0  be  the 
typical  space-coordinate  of  the  centre  of  circular  curvature  of  a  regional  geodesic 
in  a  direction  p',  q',  /  ;  because  y$-y—  Yp,  the  typical  initial  equation  for  the 
locus  of  centres  is 


+  1,33/8=  X  77ll?/2. 
Now  for  all  the  values  i,  j9  k,  =  1,  2,  3,  in  any  combination,  we  have 

and  therefore 


so  that  the  centre  of  curvature  certainly  lies  in  a  homaloid  of  N  -  3  dimensions 
orthogonal  to  the  tangent  flat  of  the  region.    The  locus  of  the  centre  will  lie  in  a 

*  G.F.D.,  vol.  ii,  passim. 
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more  restricted  plenary  space,  when  the  plenary  space  of  the  whole  configuration 
is  of  dimensionality  greater  than  nine. 

When  the  plenary  space  of  the  region  is  quadruple,  this  orthogonal  homaloid 
is  a  line,  being  the  unique  normal  to  the  region  at  the  point  ;  and  the  portions  of 
this  line,  lying  between  the  centres  of  greatest  curvature  and  the  centres  of  smallest 
curvature,  constitute  the  locus  in  question.  It  is,  however,  hardly  a  locus  in  the 
customary  sense  of  the  term  ;  every  point  on  a  due  portion  of  the  line  being  a 
centre  of  curvature  for  an  infinitude  of  geodesies  through  0. 

When  the  plenary  space  of  the  region  is  quintuple,  the  orthogonal  homaloid  is 
a  plane.  The  locus  of  centres  of  circular  curvature  of  regional  geodesies,  which 
have  their  initial  direction  at  0  contained  within  an  assigned  orientation,  is  a 
curve  in  that  plane  ;  and  the  curve  varies  from  one  orientation  to  another. 

When  the  plenary  space  is  sextuple,  the  orthogonal  homaloid  of  a  region  is  a 
fiat  ;  the  locus  of  the  centres  of  circular  curvature  of  regional  geodesies  through 
0  is  a  surface  in  that  flat. 

When  the  plenary  space  of  the  region  is  of  dimensions  higher  than  six,  the 
locus  of  the  centre  of  circular  curvature  of  regional  geodesies  through  0  still  is  a 
surface,  though  not  necessarily  (nor  generally)  contained  in  a  flat..  The  typical 
equation  for  a  point  on  the  locus  of  centres  is 


thus  the  coordinates  of  any  point  on  the  locus  involve  the  two  independent 
parameters  pr  :  q'  :  /  ;  consequently,  the  locus  is  two-dimensional  and  therefore 
is  a  surface.  This  surface  lies  in  the  homaloid  orthogonal  to  the  region.  But  if 
the  plenary  homaloidal  space  is  of  more  than  nine  dimensions,  the  equations 

II  y<>-  2/>    ^ii*    ^    i?aa>    *7i3>    to    *?33  ||=0 

are  satisfied  by  the  coordinates  of  the  centre  ;  and  thus,  in  the  least  restricted 
instance,  the  surface  certainly  lies  in  a  sextuple  homaloid,  itself  manifestly 
orthogonal  to  the  region. 

We  shall  begin  with  the  consideration  of  the  centre-locus  for  regional  geodesies, 
when  the  region  exists  freely  in  a  quintuple  plenary  space  :  that  is,  when  the  region 
is  not  given  as  a  sub  -amplitude  of  a  domain  in  such  a  space. 

Orthogonal  plane  of  a  region  in  a  quintuple  plenary  space. 
252.  The  tangent  flat  of  the  region  can  be  represented  in  two  ways,  according 
to  the  selection  of  its  leading  lines.    When  these  are  taken  to  be  the  tangents  to  the 
parametric  curves,  the  (two)  equations  of  the  tangent  flat  are 

I!  y-y>  y\,  y»  ^  ||=o. 
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When  they  are  taken  to  be  the  tangent,  the  binormal,  and  the  trinomial,  of  a 
regional  geodesic  in  the  direction  p',  q',  /,  the  (two)  equations  of  the  tangent  flat 
are 

II  y-y,  y',  k,  k  ||=o. 

The  remaining  principal  lines  of  the  geodesic  are  its  prime  normal  (with  Y  as  its 
typical  direction-cosine)  and  its  quartinormal  (with  15  as  its  typical  direction- 
cosine),  each  of  them  being  normal  to  the  tangent  flat  ;  and  therefore  the  homaloid 
orthogonal  to  the  region  in  the  quintuple  plenary  space  is  a  plane,  the  (three) 
equations  of  which  may  be  taken  either  in  the  form 

||  y-y,    Y,    /s  |H>, 
or  in  the  form 


or  in  the  form 


The  plane  will  be  called  the  orthogonal  plane  of  the  region  in  the  quintuple  plenary 
space. 

The  five  quantities  r/?;,  arising  out  of  the  five  space-coordinates,  determine  a 
direction  with  direction-cosines  represented  by 


and  as 


for  k  =1,  2,  3,  this  direction  lies  in  the  orthogonal  plane.  The  property  is  true  for 
all  the  six  combinations  i,j,  —-],  2,  3  ;  and  thus  there  are  six  such  directions  in 
the  orthogonal  plane.  In  a  plane,  two  lines  (being  guiding  lines)  suffice  for  a 
parametric  expression  of  the  direction  of  any  line.  In  the  orthogonal  plane,  we 
shall  take  the  prime  normal  and  the  quartinormal  as  the  guiding  lines  ;  and 
therefore  we  have  relations 

^=YPtJ  +  l6QIJ9 

whore  PtJ  and  Ql}  arc  the  same  for  all  the  magnitudes  in  the  set  rji3  belonging  to  the 
different  coordinates.  In  particular,  we  have 

Ptj~  Zj  Ytjih       Qi)  ~  ^j  l&nijy 


these  relations  holding  for  all  the  values  i,  j,  —1,  2,  3.    Thus,  with  the  notation 
of  §182, 


=  YB  +  /5/?5,        i731  ~\G  +  15G5\ . 


^s 


—  YC 
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Further,  we  have  the  relations  in  the  array 


195 


where  there  are  five  columns,  for  /z-  ~  1,  2,  3,  4,  5,  corresponding  to  the  five  space- 
coordinates,  and  where  i,j  ;  k,  I  ;  m,  n  ;  can  have  the  values  1,  2,  3,  independently 
of  one  another.  Consequently,  we  have  relations 


'^ijtjrimn,     V 

for  all  the  non-evanescent  combinations,  the  summations  being  taken  over  the 
space-combinations.  The  constituents  in  each  such  relation  are  expressible  in 
terms  of  the  magnitudes  K^V  and  £a/3  of  §  IG8  ;  and  therefore  there  exist  funda- 
mental relations  among  those  quantities.  A  comprehensive  statement  of  the 
result  is  that  every  minor  of  three  rows  arid  columns  (every  third  minor)  in  the 
determinant 


V 


V 


V 

*_j 

V 


V 

4_~< 

V 


V 


v-\  ^ 

±J  77227?23'        Zj  ^ 

]L)??22T/33,        ^Jl?13*?33» 

vanishes  when  the  plenary  space  is  quintuple. 

Another  mode  of  using  the  relations  in  the  array  arises  when  a  set  of  magnitudes 
r)tJM  is  expressed  in  terms  of  any  two  other  sets  which  can  be  made  to  become 
leading  lines  in  the  orthogonal  plane.  Thus  there  are  relations  of  the  form 


where  y  and  8  are  the  same  throughout  the  set  of  five  equations  corresponding  to 
the  space-coordinates  ;  and  their  values  are  given  by 


=7^1  77llr?22  H  - 


--7*400  +8  (*:22 

=  7  (*220  +  8*33 


And  so  for  other  instances. 


253.  As  one  main  purpose  at  this  stage  is  the  expression  of  the  six  magnitudes 
A^  J55,  C5,  F5y  6?6,  HB,  in  terms  of  the  regional  magnitudes  which  have 
already  been  defined  and  of  the  direction-variables  p',  </',  r',  these  relations  will 
be  developed  only  so  far  as  to  serve  this  purpose. 
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In  particular,  where  the  relations  between  the  magnitudes 
concerned,  a  few  instances  may  suffice.    The  relation 


and  ~ka$  are 


<2L/7?127?22>  -^^7?22 

when  the  values  (§  168)  of  the  constituents  are  substituted,  becomes 


*400 


*310 


310        9     *220  " 


130 


-o, 


,  *130        >  *040 

an  equation  expressing  the  magnitude  &33  in  terms  of  the  magnitudes  KA/ZV.     The 
equation  can  be  stated  in  the  form 

2~7  "^33    ~~  3  '  3^33  ^"  ^  ;j  —  0  , 

where  73  and  <73  are  the  quadrinvariant  and  the  cubin  variant  of  the  binary  quartic 


Similarly  we  have 

iS*!!3-  ^  Al  +  ^1=0, 

where  /j,  and  Jl  are  the  quadrin  variant  and  the  cubinvariant  of  the  binary  quartic 

(^040*  K031>  ^022'  ^013?  ^004X^3  V)     > 

and 

a^^223  "  ^  *222  +  ^2  -=  °> 

where  72  and  »/2  are  the  quadrinvariaut  and  the  cubinvariant  of  the  binary  quartic 


Again,  the  relation 


Zj  7?127?13 


-o, 


^1  27?13J  ^IS 

when  similar  substitution  is  made  for  the  constituents,  can  be  expressed  in  the 
form 

13*23*400  ~~  (KM  0*301  ~~  /C400*21l)} 

~  (3^22*400  ^~  *301    ~  *400*202)  (  3"^33*400  ~^~  *310    ~~  ^400*220)? 


so  that,  as  7c22  and  k^  are  exj)ressible  in  terms  of  the  magnitudes  /CA/^,  so  also  is 
&23.    Similarly,  there  arc  equations 


~  (  3*33*040  +  *130    ~  *220*04o)  (  3*1  1*040  +  *031    "~  *040*022)> 
{"3^12*004  ~  (*103*013  ~  *112*004)}2 

=  (^11*004  +  *013    ~*022*004)(3'C22*004  +  *103    ""  *202*004)- 
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As  a  last  instance,  the  relation 

.  T)oi  «  '  t  77oQT7iQ,  '  , 


takes  the  form 
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17131712 


2j  7/2377l2» 
^022       3^H> 

^122"^  "3  ^]35      K2 


202 


3*13 
2>      ^211  +  "3^23 


Magnitudes  connected  with  the  quartinormal  of  a  region  in  quintuple  space. 

254.  At  this  stage,  and  in  connection  with  the  second  type  of  relations,  we 
interpolate  the  construction  of  the  magnitudes  A&,  B^  <76,  F5,  6r5,  #5,  for  a  region 
in  quintuple  space.  The  formal  expressions  for  the  quantities  A,  B,  C,  F,  G,  H,  of 
a  region  are  already  known  (§  168). 

As  the  third-order  minors  of  the  six-row  determinant  in  §  252  vanish,  the 
second-order  minors  of  that  determinant  are  connected  by  relations  ;  and  there- 
fore it  is  desirable  to  select  a  set  which  may  be  used  to  frame  canonical  expressions. 
We  associate  the  integers  1, 2,  3, 4, 5,  6,  with  the  quantities  7yn,  7y12, 7y22,  ^13,  ^23, 7/33, 
respectively  ;  and  (as  in  §  168,  footnote)  we  write 

—  lS''  = 


and  so  on  ;  and  thus,  inserting  the  values  of  the  quantities  77  tj  in  terms  of  Y  and 
/5,  as  given  in  §  252,  we  have 


/"»»   i/^2       o 
—  'S55>       ""M-    "5   =«(?44, 

Accordingly,  let 

jf — 5n^"  cos  0X  |          H  —  522^"  cos  02  1          5— 533^  cos  03  ] 


A 
* 


=  ,sv/cos0fi 

C6=*66*sin(9ei 

Tt  will  appear  at  once  that,  for  a  general  region,  no  two  of  the  angular  quantities 
#i>  ^25  03?  04>  055  ^6>  are  equal;  various  possibilities  can  exist  as  regards  their 
relative  magnitudes  ;  as  a  standard  of  reference,  we  shall  assume 


With  these  values  of  the  quantities  A,  A^,  and  their  like,  we  have 

cos  (0!-02) ; 
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and  similarly,  for  all  six  values  of  i  and  of  j9 

*/,  =  (*<A*)  *  cos  (0,-0,), 

the  positive  sign  being  implicitly  associated  with  each  of  the  radicals  (stt)*.    We 
shall  require  quantities 

(*.A*-O*=^: 

as  mu  is  zero,  and  as  the  quantity  under  the  radical  is  symmetrical  in  i  and  j,  we 
shall  take^'  >  i  for  all  the  non-  vanishing  quantities  ml}.    We  also  take 


so  that  M,J  is  a  positive  quantity  in  the  standard  case,  a  positive  sign  being 
associated  with  the  definition  ofmi}  as  a  radical. 
Then  we  have 

*i  i  *23  -  *i2*i3  =  sn  (*22  -  $33)^  {cos  (e2  ~  0»)  -  cos  (0!  -  02)  cos  (0l  -  03)} 
=*n  (*22*33)*  sin  (0!  -  02)  sin  (0,  -  03) 
=  wlaw13. 
More  generally,  choose  four  integers  i,  jy  k,  /,  from  the  set  1,2,3,  4,  5,  6,  such  that 

j  >  i,     /  >  i\    ?  .  ;  A',    ,y  <  /, 

the  first  two  selections  l>eing  made  in  connection  with  the  significance  of  the 
quantities  M^,  and  the  last  two  in  order  to  avoid  repetition  of  instances  ;   then 

COS  (0,  -  0J  COS  (0y  -  0,)  -  COS  (0?  -  0j)  COS  (0,  -  0JJ 


Now  each  of  the  quantities  mtj2  is  a  diagonal  minor  of  the  second  order  ;  hence  all 
minors  of  the  second  order,  framed  from  the  six-row  determinant,  are  expressible 
in  terms  of  diagonal  minors  of  that  order. 

The  last  equation  leads  to  a  further  identity,  to  be  satisfied  by  the  square 
roots  of  those  diagonal  minors  of  the  second  order.  If  the  four  integers  i,  j,  k,  I, 
satisfy  the  more  restricted  inequalities 


then  the  relation 


is  satisfied  identically.    There  are  fifteen  such  relations,  not,  however,  algebraically 
independent. 

We  now  can  verify  the  values  of  A,  B,  C,  F,  G,  H,  expressed  (§  168)  in  terms 
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of  the  circular  curvature  and  of  the  quantities  si},  there  expressed  in  terms  of  the 
magnitudes  K^IV  and  ka&.    The  relation 


has  been  established  (§  182).    When  the  immediately  preceding  values  of  the  six 
coefficients  of  the  type  A5  arc  inserted,  the  relation  becomes 

*n*y  a  sin  61  -i  2s22*  '//</'  sin  02  -\-  %>  V2  sin  03 

<l'r'  sin  #5  +  *ce"  r/>/2  sin  0c  =0. 


For  all  the  values  i=2,  3,  4,  »5,  6,  we  have 

sin  04  —  sin  9t  cos  (0t  -  04)  -  cos  0X  sin  (0,  -00, 
that  is, 

(*ii*«)*  *™  0^slt  sin  0,_  -  wtl  cos  0X  ; 
and  so  the  relation,  on  multiplication  throughout  by  5U%  can  be  written 

P  sin  0!- 
where 


+  m16r2. 
By  repeated  use  of  the  formula 


when  wo  take  i=l,  /•-=•!,  we  have 

'V  I  2  (.s- 

/  V  +  4  (,vI5  +  2*M)y  V  r'  +  4  (.v34  +  2**)p'g'  V  -{  ^y'  V 
+  2  (*1S  +  2^)^  V2  +  4  (*„  +  2*46)/?  V2  +  2  (,v36  +  2*M)  j'V  « 


~p" 

by  the  expression  for  the  curvature  in  §  168.     Hence 

~P^~Q1=S^' 

and  therefore 
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in  agreement  with  the  earlier  value.    Also,  we  have 
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p     p 

=  2w12pY  +  Wi3g'2-f  2mup'r'  +  '2mroq'rf  \  w16r'2, 

thus  giving  an  expression  for  A5. 

Proceeding  similarly  to  make  0t  (for  i—  2,  3,  4,  5,  6,  in  turn)  the  central  quantity 
instead  of  0l  in  the  modified  expression  of  the  relation 


\\e  verify  the  earlier  values  of  B,  C,  t\  ff,  //,  in  all,  and  we  obtain  expressions  for 
#5,  CT5,  7^,  6Y5,  7/5.    The  full  tale  of  these  expressions  is 


4-  2ml2p'q 


p 

B5 

P 

P 

**-. 

P 

V*, 
P 


2 


'2  4-  2w14pV  4-  2w16y  V  4-  ^*16r/a 
,<y'24-2fi 


'  4-  w8 


V  -  2m56?V 


it  being  remembered,  in  connection  with  this  distribution  of  signs  with  the  magni- 
tudes mtj,  that  a  conventional  standard  of  reference  for  unequal  quantities  of  the 
region  in  quintuple  space  has  been  adopted. 

These  quantities  mtj  are  useful  in  expressing  the  relations  between  the  variables 
of  the  coinplanar  directions  rji3.  It  will  be  convenient  later  (p.  202)  to  select  the 
two  directions  7?n  and  7]22  as  the  directions  of  reference,  so  that,  as  before  (§  252), 
there  are  quantities  y  and  S  such  that 


Then 
and  so 

that  is, 


8m132 = 
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Similarly,  we  find 


Thcre  are  cognate  relations  for  every  pair  of  directions  chosen  in  the  orthogonal 
plane  of  the  region  in  quintuple  space. 

The  six  secondary  magnitudes  A,  B,  C\  F,  (?,  H,  are  the  values  of 


for  the  various  combinations  i,  j  ;  and  therefore,  multiplying  these  various 
relations  by  Y  and,  for  each  of  them,  adding  the  products  through  the  range  of 
the  quintuple  space,  we  have 

wVAH=     m^A-\  ml2B 

W136r—  -7W34<4-i-W14B 

wl3-F=  -  w35  A  +  m^B 
ml3C-  -w36J+wlft5 

which  are  relations  connecting  these  secondary  magnitudes  with  the  quantities 
K^,  arid  &a/3.  Each  such  relation  contains  three  radicals,  with  signs  that  are 
definite  under  the  explicitly  postulated  convention  on  p.  197  ;  but  by  means  of 
the  formula 

snc^i-su^k=ntt]mkl,    (i  <j,  k  <  /,  i  <  k,  j  <  /), 

each  of  them  can  be  made  rational  after  multiplication  by  m13.  Thus  the  first  of 
the  four  relations  becomes 

(«9n533  ~~  *132)"  ~  (|V33'V12  ~  513|S1 

and  the  last  of  them  becomes 


Ex.  Let  i,j,  k,  such  that  i<j  <  i,  be  any  three  integers  from  the  set  1,  2,  3,  4,  5,  6, 
with  which  ^lls  ??12,  7722,  7y13,  iy23,  1733,  are  respectively  associated  ;  and  let  7jt,  77,,  ^, 
denote  the  quantities  77  thus  selected.  Shew  that 


Locus  of  centre  of  circular  curvature  of  concurrent  geodesies  of  a  region. 

255.  Now  consider  in  detail  the  locus  of  the  centre  of  circular  curvature  of 
concurrent  geodesies  belonging  to  a  region  in  a  quintuple  plenary  homaloidal 
space. 

We  have  seen  that  the  centre  of  curvature  of  any  such  geodesic  lies  in  the 
orthogonal  plane  of  the  region.  Let  the  spatial  coordinates  of  any  point  be  referred 
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to  five  new  axes,  the  origin  being  at  the  point  through  which  the  geodesies  are 
drawn  ;  let  three  of  these  axes  be  the  directions  of  the  parametric  curves  in  the 
region,  and  let  the  other  two  be  selected  directions  in  the  orthogonal  plane.  For 
the  former  set  of  three  axes,  we  take  new  quantities  ?7,  V,  W,  such  that 


and  we  denote  by  a>23,  <o3l,  eo12,  the  angles  between  the  parametric  curves,  so  that 


For  the  latter  set  of  two  axes,  we  take  two  new  quantities  X,  Y,  such  that 


and  we  denote  by  w  the  angle  between  these  axes,  which  are  orthogonal  to  the 
first  three,  so  that 


Of  the  five  coordinates  u0,  r0,  w0,  .%  ?/0,  of  the  centre  of  circular  curvature  referred 
to  these  new  axes,  the  first  three  are  zero  because  the  centre  of  curvature  of  any 
geodesic  lies  in  the  orthogonal  plane  ;  and  the  other  two  are  given  by 

XQ  =  XQ  4-  ?/o  cos  o»  ~  —  £ 
*u8 

?o=  x0  cos  «  i  j/o=—  j  ^ 

^33 

Manifestly 

x02  +  2x0f/Q  cos  a)  4-  y02  -  / 

where  p  is  the  length  of  the  radius  of  curvature. 
But,  owing  to  the  values  of  X0,  Y0,  we  have 


and 


*   *  Y 

-^-  (x0coa  w  +  ?/0)-  V)r?22 
/>  P 
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Moreover,  there  is  the  permanent  relation 


Manifestly  these  three  equations  do  not  determine  a  locus  (in  the  form  of  a 
curve)  for  #0,  y0,  in  the  orthogonal  plane  ;  they  assign  definite  unique  values  to 
those  coordinates  for  each  set  of  values  of  p',  q',  r',  satisfying  the  permanent 
relation.  In  fact,  the  full  aggregate  of  values  for  £0,  y0,  is  two-fold  in  range, 
instead  of  the  one-fold  range  proper  to  a  curve. 

Let  a  single  additional  limitation  be  imposed  upon  p',  q',  r'  ;  and  then,  instead 
of  the  two-fold  range,  there  results  the  one-fold  range  proper  to  a  curve.  In  par- 
ticular, let  the  initial  direction  p',  q'  ',  /,  of  the  geodesic  be  contained  in  a  regional 
orientation  f  ,  77,  £,  so  that 


When  this  is  associated  with  the  preceding  three  relations,  there  are  four  equations 
in  all  :  the  three  variables  p',  qf  ,  r',  can  be  eliminated.  The  eliminant  involves 
x0  and  ?/0,  as  well  as  the  magnitudes  of  the  equation  ;  and  therefore  it  represents  a 
curve  in  the  orthogonal  plane,  which  in  fact  is  the  locus  of  the  centres  of  circular 
curvature  of  regional  geodesies  originating  in  the  orientation  £,  77,  £.  To  frame 
the  eliminant,  let 

i  i 

0   if  ^  (  « 

1   =-  '  3        X    COS 


then  we  have  to  eliminate  p'  ',  r/,  r',  between  the  three  homogeneous  equations 

f/^0,     t/a=0,     fti'  +  iw'+fr^O. 
Let  @!,  ®2,  ®3,  denote  the  three  contiavariants 


in  the  system  of  ternariants  ;  the  required  eliminant  is 

and  it  is  necessary  to  develop  this  equation,  so  far  as  to  shew  its  character  in  the 
variables  x0,  yQ. 
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Let 


2*12  "  5  {  K3«»  -  2*i»« 

these  quantities  being  contravariants  in  the  system  of  the  three  simultaneous 
ternary  forms 


Moreover,  we  have 

also  a  contravariant  of  the  system.    By  actual  substitution, 


and  the  developed  eliminant-equation  is  found  to  be 


Various  forms  can  be  given  to  this  equation.    For  the  present  purpose,  it  is  suffi- 
cient to  notice  that,  because 


JL 

o       2 


the  equation  is  of  the  form 


where  p2—  x02  l-2f0y0  cosoi-i-^o2,  the  inclination  of  the  axes  in  the  orthogonal 
plane  being  oi,  while  %  is  homogeneous  of  the  first  degree  in  XQ  and  y0,  and  u2  is 
homogeneous  of  the  second  degree  in  XQ  and  ?/0. 

It  thus  appears  that,  for  regional  geodesies  through  a  point  in  the  region 
which  originate  in  an  assigned  orientation  at  the  point,  the  locus  of  the  centres  of 
circular  curvature  is  a  lemniscate  curve  in  the  orthogonal  plane  of  the  region  at 
the  point,  the  parameters  in  the  equation  of  the  curve  depending  on  the  variables 
of  the  assigned  orientation.  Further,  for  all  regional  geodesies  through  a  point, 
the  aggregate  configuration  formed  by  their  centres  of  circular  curvature  is 
the  area  in  the  orthogonal  plane  bounded  by  the  complete  envelope  of  all  the 
lemniscate  curves. 
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We  note  that  the  foregoing  equation  in  ^  and  tz  can  be  expressed  in  the  form 

!>12,     $2,     *F2,       t2 
fi,     ^2,        1,    -1 
>i,       ^    -1,       0  i 

and  it  thus  suggests  the  known  property  that  the  pedal  of  a  conic  with  respect  to 
any  point  in  its  plane  is  a  lemniscate  curve  *. 

It  may  be  pointed  out  that,  by  taking  the  orientation  £,  77,  £,  to  be  that  of  a 
parametric  surface  through  0,  we  effectively  have  the  locus  of  the  centre  of  circular 
curvature  of  regional  geodesies  touching  this  surface.  The  foregoing  analysis  is 
applicable  throughout,  by  use  of  the  relations 


__. 

91        02       03  ' 

and  transforming  the  equation  in  /t  and  t2  which  is  homogeneous  in  £,  77,  £.    The 
locus  in  question  is  a  lemniscate  curve  in  the  orthogonal  plane  of  the  region. 

256.  It  is  natural  to  enquire  whether  there  is  any  locus  in  the  orthogonal  plane 
of  a  region  in  quintuple  space,  corresponding  to  Kommerell's  conic  in  the  ortho- 
gonal plane  of  a  surface  existing  freely  in  quadruple  space.  For  the  purpose,  we 
use  both  forms  of  the  (three)  equations  of  the  orthogonal  plane, 


where  no  special  account  of  the  dimensionality  of  the  space  appears,  and 

\\y-y,    Y,    Z6||=0, 

where  there  is  implicitly  an  assumption  that  the  plenary  space  is  quintuple. 

To  obtain  the  equations  for  the  intersection  (if  any)  of  this  plane  with  the 
orthogonal  plane  of  the  region  at  a  consecutive  point  along  the  geodesic,  we 
associate,  with  the  three  equations,  the  three  additional  equations  of  the  type 

2.vi'tf-y)-2ytf'=°- 

But      yiy'—Ui  ;  and 


When  this  value  is  substituted,  and  when  the  equations  of  the  initial  orthogonal 

*  The  result  is  similar  to  the  result  for  the  ccntro-locus  of  concurrent  superficial 
geodesies,  when  the  surface  exists  in  a  quadruple  plenary  honialoidal  space  :  see 
G.F.D.,  vol.  i,  §242. 
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plane  are  used  in  connection  with  the  possible  intersection,  the  cited  additional 
equation  becomes 


Similarly,  the  other  two  additional  equations,  to  be  associated  with  the  initial 
equation,  are 


Thus  there  are  six  linear  equations  in  all,  not  all  of  them  homogeneous,  to  be 
satisfied  by  the  five  magnitudes  y  -  y  ;  hence  they  cannot  be  satisfied  uncon- 
ditionally. 

To  obtain  values  (if  any)  of  the  magnitudes,  we  use  the  second  form  of  the 
equations  of  the  original  orthogonal  plane.    Any  point  in  it  can  be  represented  by 


where  A  and  p,  are  parameters  ;  and,  for  all  such  points, 


Thus  the  possible  intersections  are  given  by 

-  %—  0, 


threo  equations  with  two  unknowns. 

We  first  multiply  by  j/,  7',  /,  and  add  :  then  we  find 


a  result  to  be  expected  in  connection  with  the  orthogonal  plane.     Next,  the 
elimination  of  A  and  JJL  leads  to  the  relation 

*si  wi»  vi  =0; 


and  therefore  (§  182) 


l-o. 

(JK 


If  l/or=0,  the  direction  is  that  of  a  curve  of  circular  curvature  in  the  region.  If 
1/Ky  the  direction  is  that  of  a  curve  of  globular  curvature  in  the  region.  In  either 
case,  the  direction  of  the  regional  geodesic  must  be  special,  if  consecutive  ortho- 
gonal planes  of  the  region  in  quintuple  space  are  to  intersect. 

The  result  can  be  established  also  as  follows.     Because  the  tangent,  the 
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binormal,  and  the  trinormal,  of  a  geodesic  lie  in  the  tangent  flat  of  the  region,  the 
orthogonal  plane  of  the  region  can  be  represented  by  the  equations 


The  three  additional  equations,  which  must  be  associated  with  these  three,  for  the 
determination  of  an  orthogonal  centre  (if  any)  when  the  plenary  space  is  quintuple, 
are 


The  first  of  these  is 
The  second  of  them  is 


that  is,  when  all  the  equations  are  combined, 

cr 
The  third  of  them  is 

K  *~^         '  r  *"" 

that  is,  when  all  the  equations  are  combined 


Now  p  does  not  vanish  ;  and  therefore 


1=0. 

<7 


Assuming  that  we  have  not  to  deal  with  an  isolated  point  on  a  geodesic  where  the 
torsion  may  be  zero,  this  relation  requires  the  geodesic  to  be  a  curve  of  curvature 
of  the  region  (§  190). 

The  fifth  equation  can  be  satisfied  by 


l-o 

K  ' 


a  result  necessarily  holding  when  the  plenary  space  is  quadruple  ;  but  the  ortho- 
gonal homaloid  of  the  region  is  then  merely  the  prime  normal  of  any  geodesic. 
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If  the  coil  be  not  zero  (we  may  assume  that  we  are  not  dealing  with  an  isolated 
point  where  the  coil  of  a  geodesic  happens  to  vanish),  then  the  fifth  equation 
becomes 


As  the  original  three  equations  of  the  orthogonal  homaloid  can  be  taken  in 
the  form 

||  y-y,    Y,    l&  ||=0, 
that  is, 


when  the  plenary  space  is  quintuple,  we  see  at  once  that  the  intersection  is  given 

by 

y-y-^Yp- 

that  is,  even  in  the  exceptional  instance  when  there  is  a  geodesic  line  of  curvature 
of  a  region  in  a  plenary  quintuple  space,  the  intersection  of  the  consecutive 
orthogonal  planes  is  the  centre  of  circular  curvature  of  the  geodesic. 

257.  Next,  consider  the  locus  of  the  centre  of  circular  curvature  of  regional 
geodesies  when  the  plenary  homaloidal  space  of  the  region  is  sextuple.  The 
orthogonal  homaloid  of  such  a  region  is  a  flat. 

As  before  (§  255),  we  change  the  spatial  axes  of  coordinates,  so  that  three  of 
them  coincide  with  the  directions  of  the  parametric  curves  at  0,  by  taking 


Three  of  the  coordinates  for  the  centro-locus  then  become 

0=0,     ?=(),     F=0. 

The  six  directions  indicated  by  the  set  of  six  quantities  rjlJ9  from  the  six  combina- 
tions i,  j,  lie  in  the  orthogonal  homaloid  of  the  region.  They  therefore  lie  in  the  flat 
when  the  plenary  space  is  sextuple,  so  that  three  of  them  can  be  taken  as  directions 
of  axial  reference  provided  the  chosen  three  be  iion-complanar.  We  shall  take  the 
directions  indicated  by  the  three  quantities  7?u,  7y22,  7733,  for  these  new  axes  ;  and 
we  write 


Xsn  =  S  ^n  (v  ~  y)>    Ya^*  =  S  ^22  (y  -  y)  , 

We  denote  by  kl9  k2,  Jc3)  the  cosines  of  the  respective  angles  between  these  axes  in 
pairs,  so  that 

J  8  ~  ^j  1?221?33  ~  536? 

^j^ss^n  —  «vi6> 

)2"  (2L/1?ll7?22™l513  J 
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and  now,  if  x0,  yQ,  z0,  are  the  coordinates  of  the  centre  of  circular  curvature,  referred 
to  the  axes  in  the  flat,  we  have 


while 


We  shall  write 


2  (2/0  -y) 

3  (2/0  -  y) 


so  that  /!,  (f2,  ^3,  are  explicit  algebraic  functions  of  x0,  y^  z0.  From  the  relation 
yo-y—Yp,  for  the  typical  space-coordinate  of  the  centre  of  circular  curvature 
referred  to  the  earlier  spatial  axes,  we  have 


5  j  V  -I-  *1 


and  there  is  the  permanent  relation 

Ap'*  +  ZHp'q'  +  Bq'*  4-  2Gp  Y  +  2JFy  V  4-  Cr/2=  1. 


The  elimination  of  the  three  quantities  p',  q',  r'9  among  these  four  equations  leads 
to  the  equation  of  the  locus  of  the  centre  of  circular  curvature,  the  locus  being 
referred  to  the  selected  axes  in  the  orthogonal  flat. 

To  construct  the  eliminant,  we  form  the  homogeneous  ternary  quantics  of  the 
second  order 


and,  to  frame  the  eliminant  of  these  three  ternary  homogeneous  quadratic 
equations,  we  use  the  dialytic  process  due  to  Sylvester*.    Let  J  denote  the 

*  Gott.  Math.  Papers,  vol.  i,  pp.  61-65,  298-302  ;  see  also  Salmon's  lib/her  Algebra, 
(2nd.  edn.,  1866),  §§85,  86. 

F.I.G.II.  O 
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Jacobian  of  Uly  U2,  U$,  so  that 


whore  these  coefficients  cij1f  are  linear  in  the  coefficients  of  each  of  the  quantities. 
Then,  for  values  of  p'9  </',  r\  that  make  U^  V^  ?/3,  vanish  simultaneously,  not 
merely  does  J  vanish,  but  also  (I.e.)  we  have 


and  as 


,dJ     ,dJ 


the  last  throe  of  these  four  relations  secure  also  the  relation  J—Q.    Thus 

+ 2*  123?V + e,  Br'« =0, 
r'  +  2e223r/V  +  e233r'2-  0, 
f1]37)'2  +  2e1Bp  V  +  iW  +  2em  j»V '  +  2c233?  V  +  r333r'a  ^=  0. 

Also  we  write 


for  i~  \,  2,  3.    There  now  are  six  equations,  each  linear  and  homogeneous  in  the 
six  quantities  jo'2,  p'</' ,  <y'2,  pV,  </Y,  r'2 ;   consequently  their  eliminant  is 

=0. 


233 


i,      /i, 


Accordingly  this  equation  represents  the  locus  of  the  centre  of  circular  curvature 
of  regional  geodesies  when  the  plenary  space  is  sextuple.  It  is  a  single  equation 
involving  the  three  coordinates  x0,  y0,  z0,  referred  to  the  orthogonal  flat  of  the 
region  ;  and  therefore  the  locus  is  a  surface. 

The  degree  of  the  surface  can  be  inferred  by  considering  representative  groups 
of  terms  in  the  expansion  of  this  determinant :  such  a  group  is  the  aggregate 
contained  in  the  quantity 


C223»      ^233  9 
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By  actual  expansion  after  the  respective  values  have  been  substituted,  we  find, 
for  the  first  factor, 


«i>    hi,   Qi 

~ 

$11>      *12>      *14 

<*>2,     tl2>     92 

513>     'V23>     534 

%>     ^3)     #3 

*18i     *»f     % 

=  -«! 

A,    //,     <7 

-*» 

A            jrr            /f 
/^l  ,        /I  ,          LT 

-'3 

*13.      ^23,      *34 

*Mi     *26,     *46 

^'l«?       '^9>R»       ^dfi 

*11         *12>      *14 

tf,        <? 


To  obtain  the  character  of  the  second  factor,  it  is  necessary  to  revert  to  the  form 
of  J,  in  which  the  quantities  e  are  coefficients.    We  write 

^'  =  A!,  A2J  A3 ^ 


respectively,  when  i=l,  3,  6  ;  and  now,  with  the  usual  significance  for  ult  u2,  u3, 

we  have 

J  —    Ai 


A    ~ 


and  therefore 


Aa, 


A!,    %, 
A2,    U2, 


-'3 


AI, 

A2, 


Thus  J  is  a  linear  non-homogeneous  function  of  Jt,  ^2?  '3-  Hence  each  of  the 
coefficients  e  in  the  expanded  form  of  J  is  a  linear  non-homogeneous  function  of 
?u  $2>  'a  >  ^e  Par^  °^  cac^  coefficient  c,  which  is  independent  of  ^,  ^2,  t3t  is  of  the 
third  degree  in  the  quantities  5lw,  while  the  parts  involving  ^,  £2,  /3,  linearly  are 
of  the  second  degree  in  those  quantities  stm.  It  follows  that  a  factor  of  the  type 


122> 


1  233 »      r333 


is  an  expression  which  is  of  degree  three  in  the  variables  Il9 12,  /3,  but  is  not  homo- 
geneous in  those  variables. 

Consequently  the  eliminant  S,  the  sum  of  the  products  of  factors  of  these  two 
types,  is  of  degree  four  in  the  variables  tl9  t2,  t3,  but  is  not  homogeneous  in  those 
variables.  Having  regard  to  the  values  of  tly  t&  £3,  in  terms  of  the  coordinates 
x0,  y0,  z0,  referred  to  the  orthogonal  flat,  we  see  that  the  equation  of  the  surface 
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S=0,  which  is  the  locus  of  the  centre  of  circular  curvature  of  concurrent  regional 
geodesies  when  the  plenary  space  of  the  region  is  sextuple,  has  the  form 


where 


P2  =  #o 


and  where  Et  is  homogeneous  of  degree  i  in  #0,  y0,  z0,  f°r  i=0,  1,  2,  3,  4.  Thus  the 
centre-surface  is  of  degree  eight,  and  it  has  a  conical  point  (real  or  imaginary)  of 
the  fourth  order  at  the  origin  0  in  the  region. 

Magnitudes  of  a  region  in  sextuple  space. 

258.  There  are  questions,  corresponding  to  those  in  §  251,  to  be  answered 
when  the  plenary  homaloidal  space  of  a  region  is  sextuple.  In  particular,  the 
orthogonal  homaloid  of  the  region  then  is  a  flat  ;  and  thus  there  can  be  only  three 
independent  directions  in  that  homaloid.  All  the  directions  indicated  by  the  set 
of  six  magnitudes  77^  (for  the  six  combinations  ij)  lie  in  the  homaloid  ;  and  there- 
fore all  these  six  magnitudes  are  expressible  in  terms  of  any  three  of  them,  so  that 
all  the  determinants 


(where  there  are  six  columns  in  the  array,  for  a-  1,  2,  3,  4,  5,  6,  corresponding  to 
the  six  space-coordinates)  vanish.    Therefore  also  the  quantities 


n<2) 


)(2) 


(2) 


77<4> 
'Imn 


vanish  :   that  is,  every  minor  of  order  four  in  the  six-row  determinant  in  §  252 
vanishes. 

The  same  result  can  be  obtained  thus.  As  the  plenary  space  is  sextuple,  the 
orthogonal  flat  contains  three  principal  lines  of  any  regional  geodesic,  the  prime 
normal,  the  fourth  normal,  and  the  fifth  normal,  with  typical  direction-cosines 
Y,  U5,  ?6,  respectively.  The  differential  equations  of  the  second  order  satisfied  by 
the  point-coordinates  thus  (§  J  84)  assume  the  typical  form 


7te=  YF  +  l,Fs  +  IJ\,    rjn=  YG  4-  l,G5  4  1QGB9    <rj12=  Y  H  +  J6#5 
The  constituents  of  the  six-row  determinant  thus  have  values 
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and  so  on.    Now  any  determinant  such  as 
P52+P62  , 
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vanishes  identically  :    that  is,  in  connection  with  the  six-row  determinant  in 
§  252,  every  fourth-order  minor  vanishes. 

Thus  there  must  exist  relations  among  the  third-order  minors  of  the  deter- 
minant.   For  example,  we  have,  always, 


^23?     ^33 


^24?     ^ 


44 


2  — 


identically  ;  hence,  when  the  four-row  determinant  on  the  right-hand  side  vanishes, 
the  vanishing  left-hand  side  provides  a  relation  between  the  three-row  deter- 
minants. For  a  more  concise  expression  of  these  third-order  minors  (as  indeed 
of  minors  of  other  orders),  the  following  notation  is  adopted.  With  the  columns 
in  succession  from  left  to  right,  we  associate  the  integers  1,  2,  3,  4,  5,  6  :  and  with 
the  rows  in  succession  from  top  to  bottom,  we  associate  the  same  integers  : 
then  minors  are  represented,  to  take  types, 


si 


by 


I  m 


by 


i  j  k 

lm  n 


and  so  on,  the  upper  line  and  the  lower  line  in  the  symbol  being  interchangeable. 
Thus,  when  we  take  taf3~sap  in  the  preceding  identity,  we  obtain  a  relation 


1  23 
1  2  3 

124 
124 

123 
1  24 


More  generally,  we  have  relations  of  the  forms 

ik 


il 


i  k 


ij  k 
ijm 


ijl 
ijn 


il 


ij  n 


ijk 


ij  I 
ijm 


2H 
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whatever  be  the  integers  i,  j,  It,  /,  m,  n,  chosen  from  1,  2,  3,  4,  5,  6,  the  first  of 
which  is  valid  universally,  and  the  second  of  which  is  valid  because  the  fourth- 
order  minors  vanish. 

By  means  of  these  relations,  used  in  connection  with  the  equations  of  the 
type  expressing  %  in  terms  of  the  non-gremial  magnitudes  A,  A&,  7/5,  and  so  on, 
and  having  regard  to  the  relations 


we  can  obtain  the  values  of  the  quantities  such  as  A5,  A6,  in  terms  of  the 
magnitudes  ,<?„,  the  values  of  the  secondary  magnitudes  A,  5,  C9  F,  G,  fi,  being 
known  (§  168).  We  have 


(2*13  +  4*22)?'  Y2 
4*wPy  »  +  (8,v25 


V  V 


and 


Then,  as 


we  have 


A 

P 


+  4^ 


yz 

12 

+  8?/y/ 

12 

+  4/V2 

1  4 

J  2 

1  4 

1  4 

12 

+PVVJ4 

13 

+  8 

12 

\ 

13 

I 

14 

15 

} 

r'2f4    12    +8     14  j  +  4p'r'3 

14 

1       16             15  J 

1C 

1  3    +4y'V     1  3 

+  q'zr 

'2f2 

13 

+  4     15 

13                   15 

I 

16 

15 

'3 

1  5 

+  r'4     1  6 

1  (5 

1C 
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(It  may  be  remarked,  in  passing,  that  the  right-hand  side  can  be  expressed  in  the 
form 


1  2 


where 


1 

3 

<l 

1 

2 

I 

24 

I 

23 

1  2 

1  2  3 

? 

1  2 

1  23 

i 

-2  14  pV  +  2  15 

gV  + 

1  0 

12        12 

12 

v+2 

1  25 

q'r'  + 

1 

26 

r'2; 

1  23 

1 

23 

PA~2    12 
1  2 

QA=    123 
123 

and  there  are  similar  expressions  admissible  for  the  other  magnitudes  of  the  same 
type.    But  we  cannot  infer  relations 


A           P            i                v    *O 

^5              *   .1               /46                       'S11      VA 

P 

12 

r  p 

I  2 

1 

8" 

i 

2  3 

J  2 

1  2 

1 

2  3 

these  would  satisfy  some,  but  not  all,  of  the  equations.) 
Similarly,  we  find 


1 


AH 


— 

-2p' 

y 

J 

2 

-2p'V     1  2 

1 

2 

1  4 

-j/»< 

7'i 

1 

2 

+p'Yf'f-2 

1  2 

+  4 

12 

I 

1 

3 

I 

1  5 

24 

J 

'2    '2   ( 

- 

1 

] 

+  -1     141 

P   r    | 

2 

6 

24    i 

T 

1  4 
26 

+  2 

1! 

|+,W|4 

12 
25 

+  2 

13    +2 
24 

14 
23 

+Xa 

v'{ 

212- 
50 

f  4     14     f  4 
25 

1  5 
24 

1+s 

i 

!/ 

•'9 

'3 

1  2 
23 

1  3 

t-?'V  [2 

13+2     1  5 

1 

2  3 

1 

25            23 

/ 

4 

YV2f4    15 
I       25 

+ 

13 
26 

+ 

1 

2 

6 
3 

} 

4 

-7V3[2     15    - 

f2 

1 

6 

1 

-f 

-r 

'4 

1  6 

•< 

> 

•) 

I       2  6 

2 

5 

J 

26 
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and 


"••>=;"-( 


'By 


p'* 

12 

+  4/V 

2  1 

1  2 

24 

+  2/Y2 

21 

+  4 

^ 

>'2q'i 

/ 

21 

-f  /V2  J 

2 

21  +4 

24 

23 

25 

I 

26 

24 

+  4? 

/y'V 

23 

+ 

8 

p'q'i 

.'2 

24 

-f 

-4p 

V 

3 

24 

24 

25 

26 

+  q" 

23 
23 

+1'"' 

23 
25 

^ 

fa 
t 

2 
2 

3 
6 

+  4 

25 
25 

} 

+  4g-V'3 

25 

H 

hr'4 

26 

2 

6 

26 

5 

=  2/Y 

12 

+  2p' 

V 

1 

4 

15 

1 

5 

r'2f4 

2  1 

— 

1 

3 

\- 

f;/ 

''I 

-2 

15 

4-4    12    44    14 

I 

25 

1 

5 

i 

1 

15 

54            52 

1      ,Y)' 

r'2 

i4 

41    - 

15  n 

I 

45 

16|i 

3|2 

2  1 

+  2 

25 

} 

+1 

,' 

r' 

f4 

12    -f 

-2    3  1    +2    3  5   * 

I 

35 

31 

I 

1 

55 

45            41. 

+p'q'r'*  r-4 

1  4 

+  2 

2  1 

+  2    25 

\ 

I 

55 

65 

61 

; 

+*»' 

,'3J 

2 

1  4    +i 

!     ]  6    1 

I 

56 

54   J 

13 

-2j'V 

1 

5 

+ 

</'2/ 

': 

'/ 

3  1 

+    35 

\ 

53 

3 

5 

I 

65 

61 

} 

-27'r'3 

1 

5 

+  r'4    1  6 

6 

5 

56 

The  values  of  all  the  remaining  expressions  of  the  same  type  can  be  derived  from 
one  or  other  of  the  three  which  are  thus  stated,  by  due  interchanges  of  the  para- 
meters p,  q,  r,  with  the  appropriate  interchange  of  the  row-and-column  numbers 
in  the  six-row  determinant  of  §  252.  Thus,  an  interchange  of  q  and  r  while  p  is 
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left  unaltered,  requires  2  and  4,  3  and  6,  in  these  row-and-column  numbers  to  be 
interchanged,  while  1  and  5  are  unchanged  ;  the  expression  given  for 


is  unaltered.  An  interchange  of  p  and  q,  while  r  is  left  unaltered,  requires  1  and  3, 
4  and  5,  to  be  interchanged,  while  2  and  6  are  unchanged  ;  the  expression  given 
for  (//52  +  //o2)//o2  is  unaltered  ;  while,  from  the  expression  for  (A&2  +  A  62)/o2,  we  have 


=  _p'4 

13    t-4/Y 

3  1 

+  4//V 

31 

1  3 

32 

34 

V 

23 
23 

+rtv 

f 

3  1 
35 

+  8 

32 
34 

} 

-J-p'V1  J2 

3  1 

4-4 

34 

I 

36 

34 

l'zr' 

32 

+/?'/ 

*r 

4 

32 

+  8 

34 

] 

-h4p 

V'3 

34 

35 

I 

36 

35 

J 

r 

36 

r'2 

35 

+  45'r'3 

3 

5 

+  r'4 

36 

3 

5 

3 

(> 

36 

Similarly  for  the  remaining  expressions  of  this  type. 

259.  To  resolve  these  relations  for  the  twelve  quantities  such  as  A6  and  A6, 
we  can  proceed  as  follows, 
(i)  First  of  all,  let 


- 


1 

y 

!_ 

"p2 
i_ 

>2 


~( 

P 


i 

p2 
i 

i 

~p2 
j_ 

v 


- 

l 

~, 

r 
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Now  (§  182)  we  have,  as  regards  the  quantities  of  the  type  A^ 
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It  is  easy  to  verify  the  equations 


'2 


'2  4-  2< 


P' 
'+"«'•"=£ 

w  2 

y  +  CF66/i=^ 


"5-5   -^26X^0-35^ 


P  P 

P  P 

?«!« 
p  P 

6*5  «'5  , 

p  p  ^ 

^5  ??=„      ' 
P    P 

Hr  Vr 

55  ' 

P     P 


and  these  values  for  %,  ??5,  ?/'5,  may  be  compared  with  the  apparently  more  succinct 
expressions  in  §  189. 
Also  we  have 


•-anpr 


"-- 
P      P 


P  P 
£5 1'6 
P  P 

P    P 

C^5 
P  P 

P     P 


-I    (T24 


P      P  "~  ""  "      J  P     P 

relations  which  give  expressions  for  ^5,  £5,  C5,  JF5,  6^5,  ^5,  when  the  cited  values 
of  u5y  v5,  Wfo  are  inserted.  These  values  may  be  compared  with  the  values  for 
JK  and  the  rest,  obtained  in  §  ]  87. 

(ii)  In  the  next  place,  it  is  to  be  noted  that,  in  the  six-row  determinant 

|k,  ||,  (i,j,  =1,2,3,4,5,6), 
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every  third-order  minor  vanishes,  a  result  that  is  verified  at  once  by  substituting 
the  values  of  the  quantities  a^  in  terms  of  magnitudes  such  as  A5  and  AQ.  As 
every  third-order  minor  vanishes,  there  are  relations  among  the  second-order 
minors ;  and  these  relations  facilitate  the  expressions  to  be  obtained  for  the 


^5  A 

---  ^CTuft    COS< 


—  or^8  S11K 


1  cose 


=  0-90"  sin  < 


--• 

p 

1      .  1 

=  oruaCOS01 

p 

=  <733aCOS03 

p 

=cr11""ain01 

'           7? 

p 

—  cr3ij2  sin  03 

*> 

p 

=  <756¥COS06 

V* 

p 

=  CT44a  COS04 

JP 

r 

p 

^CJr.rJsin^r, 
oo                 r  «> 

<*t 
7 

=  cr44*  sin  04 

Then  we  have 


as 


(OT22(T24)8 

)  — 0,  the  equivalent  relation 


is  satisfied.    Let 


and  let  a  positive  sign  be  affixed  to  the  square  root,  when  for  the  left-hand  side 
we  take  i  Cj  ;  then  we  take 


so  that  the  convention  adopted  implies  a  relation  (f>t><f>j.    Thus  we  assume,  as 
a  standard  of  reference, 

^i  >  ^2  >  ^3  >  ^4  >  ^s  >  ^e- 
Then  for  the  minors  of  the  foregoing  determinant  other  than  /n12,  /x14,  /x24,  we  have 


~     2    COS  - 


1  ""  04) 


and  similarly 


°P22°P14  ~  ^1 2^24  —  "* 
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Likewise  for  any  second-order  minor  :  thus,  for  example, 


every  second-order  minor  is  expressible  in  terms  of  the  square  roots  of  diagonal 
second-order  minors. 

(iii)  Further,  we  have  three  relations 


When  the  postulated  values  of  A$,  #e,  6?fl,  are  substituted  in  the  first  of  those 
relations,  then 

P'VI*  sin  fa  +  g'cr22*  sin  fa  4-  /<J44¥  sin  04= 0, 
and  therefore 

_L  J  JL 

(?}  °11*  "^"  ?  °r22*  COS  (01  ""  02)  "t"  ^/(T448  COS  (01  ~  04)}  S^n  01 

-  {gf/c722¥  sin  (^!  -  fa)  +  rV44¥  sin  (0X  -  <£4)}  cos  fa = 0. 
When  this  equation  is  written  in  the  form 

Pl  sin  fa  -  Ql  cos  <f>! = 0, 
we  have 

_-./,_     .  -'        ^5W6 


also 


on  inserting  the  values  of  /z122  and  /*142,  and  using  the  relation  ^12/^14  ^^n^  ~  °'i2C7i4- 
Thus 

sin^1_cos^1  1  p 

Qi         PI       ( 
Accordingly 

—  --  =  or11lcos^1 

A  a   UK  i      .         . 

~  -=an»sin^1 

If,  in  the  same  relation,  the  angle  ^2  be  retained  instead  of  the  angle  ^1}  then 
similar  analysis  leads  to  the  results      ' 

p  ^=a™P'  +  a™l'  f-ff84r'»      -"  M- 
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and  there  are  corresponding  results  for  G6  and  6?6  when  the  angle 
in  that  relation. 

Similarly  for  the  other  two  relations  :  the  full  tale  of  results  is 

•5= °np'  H-  ^la?'  +  °if' 


is  retained 


P 
1 

P2 
I 

P2 
I 

? 
J_ 

P2 
!_ 

P2 
I 

P2 

1 

P2 
1 

PV 


+ 


+  a25r 


'  +  0*56?'  +  0-66^' 


The  relations  involving  the  quantities 


1 

p2 
1 

1    Q  u 
1 

?" 

1 

P2      ° 

1*  B»  C5f 


5,  6?5,  //5,  are  in  agreement 


with  the  former  relations  between  these  quantities.  The  remaining  relations 
involving  A69  B6,  <76,  F6,  GB,  //6,  can  be  regarded  as  providing  explicit  expressions 
for  this  set  of  non-gremial  quantities. 

Orthogoiial  centre  of  a  region  in  sextuple  space. 

260.  In  connection  with  the  locus  of  the  centre  of  circular  curvature  of  regional 
geodesies  in  a  sextuple  plenary  space,  we  consider  the  possibility  of  an  orthogonal 
centre  of  the  region,  defining  it  (on  the  analogy  of  the  like  property  for  surfaces  in 
a  quadruple  space*)  as  the  limiting  position  of  the  intersection  of  the  orthogonal 
flats  of  the  region  at  consecutive  points  along  a  regional  geodesic. 

The  equations  of  the  orthogonal  flat  of  the  geodesic  are 


and  therefore,  for  such  intersection  with  the  orthogonal  flat  at  a  consecutive 
point  of  the  geodesic,  we  associate  with  them  the  three  additional  equations  of  the 
type 


*G.F.D.,  vol.  i,  §247. 
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But 


and  so,  at  the  intersection  in  question,  given  by  the  six  equations, 

S  (»  -  y  )  yi'  =  S  (y  -  y)  fa  +  yi 


also  ^y'yi  =  Wi;  so  that  the  equation,  and  the  like  equations,  are 


which,  with  the  three  earlier  equations,  should  give  the  required  locus. 
Now,  using  the  notation  (§  188), 


the  symmetrical  determinant  of  which  vanishes,  there  is  a  relation 

^~772S*+773c*=0: 
or,  what  is  the  equivalent,  the  determinant 

|yn  2/2>  ya.  ^  ^  i?al» 

of  the  coefficients  of  the  six  quantities  y  -  y  in  the  six  equations,  vanishes.  Accord- 
ingly, the  equations  cannot  be  satisfied  simultaneously  by  finite  values  of  the  six 
quantities,  except  under  one  condition. 

The  exception  arises,  when  the  curve  is  such  that  a  relation 

Wia*-M26*  f  M8c*-=() 
is  satisfied  ;  but  as  relations 


always  are  satisfied  (I.e.),  we  then  should  have 


The  coil  would  vanish  (i.e.),  and  the  geodesic  would  be  a  tangent  to  a  curve  of 
globular  curvature  (§  192). 

Assuming  this  inference  not  to  be  fact,  we  conclude  that  the  equations  are  not 
satisfied  by  finite  values  of  the  six  quantities  y  -  y  ;  and  we  resume  the  investiga- 
tion of  the  intersection,  but  we  change  one  of  the  implicit  assumptions.  We  take 
the  orthogonal  flat  to  be  represented  by  the  equations 

||  y-y,    7,    Z5,    /a  |j  =  0, 
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so  that  any  point  in  the  flat  is  given  by 


P,  Q,  R,  being  parametric.  We  take  the  orthogonal  flat  at  a  point  S  on  the  geodesic 
at  a  small  arc-distance  8  from  0,  this  quantity  8  being  exact  ;  and  now,  instead 
of  assuming  that  only  small  quantities  of  the  first  order  need  be  retained  in  the 
values  of  y,  7,  Z5,  Z0,  for  the  consecutive  flat  at  this  point  /S,  we  retain  second  powers 
of  8  in  their  expression.  Thus,  at  S,  we  take  the  new  value  of  y  to  be 


the  new  value  of  Y  to  be 


p 
the  now  value  of  l&  to  be 


(using  l/p5  for  the  curvature  next  after  the  coil,  in  the  grade  of  succession)  ;  and, 
finally,  the  new  value  of  Z6  to  be 


/  7 

<6       i~'5 
/°52 

all  up  to  S2  inclusive.    Thus  the  typical  space-coordinate  of  a  point  in  the  con- 
secutive orthogonal  flat  is  given  by 


-- 

ds  \a/          \2     cr2/     y  ds 


ic/)B 

where  the  quantities  P,  Q,  R,  are  parametric,  and  are  equal  to  P,  Q,  R,  respectively 
when  8  vanishes. 
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To  obtain  the  point  of  intersection,  we  take  y  to  be  its  typical  coordinate  : 
the  two  preceding  values  of  y  are  equal  to  one  another  :  and  thus  there  are,  in  all, 
six  equations  for  the  determination  of  the  six  parameters  P,  Q9  R,  P,  Q,  R,  the 
equations  being  linear  and  homogeneous  in  the  six  sets  of  direction-cosines 
typically  represented  by  y',  /3,  /4,  Y,  l&,  Z6. 

The  terms  in  y',  alone,  give 


----- 
p  ds  \p 

so  that,  accurately  up  to  the  first  order, 

P=/>  +  |/> 
The  terms  in  7,  alone,  give 


and  therefore,  accurately  up  to  the  first  order, 


The  terms  in  Z3,  alone,  give 
p 

2       ds  W  2       KT 

accurately  up  to  second-order  terms  inclusive  ;   and  we  infer  that  the  first  two 
terms  in  the  expression  for  Q  are 


<7      O          CT      \CT 

The  terms  in  /4,  alone,  give 


<7T 


accurately  up  to  second-order  terms  inclusive  ;  and  we  infer  that  the  first  two 
terms  in  the  expression  for  R  are 


?_     A         *      ,  9         s        - 

t  —    —  4:  -^  +  A  --     I   --  1    ---  ~. 

a      o£  a      \K      a      p/  o 


The  terms  in  Z6,  alone,  give 


accurately  up  to  second-order  terms  inclusive  ;   and  we  infer  that  the  first  two 
terms  in  the  expression  for  Q  are 


pTKl  I       pTK/     P±  +  2S+*'_P\ 

a    o       a    \       z         K      a      p/ 
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Finally,  the  terms  in  /c,  alone,  give 


accurately  up  to  the  terms  retained  ;  and  we  infer  that  the  first  two  terms  in  R 
are  the  same  as  those  in  R9  so  that 


«   ,  a 

i    -  H  ---      /  *  • 
\K      a         /  o 


a      o*  a      \K      a      pt 

We  thus  have  the  values  of  the  parameters  P,  Q,  R9  in  the  expression 

y-y=PY+Ql5+Rl6 

of  the  typical  coordinate  of  the  orthogonal  centre  of  the  region  for  the  direction 
p'9  y',  r'.  It  follows  that,  when  the  most  important  terms  alone  are  retained,  we 
have 


so  that  the  orthogonal  centre  of  the  region,  belonging  to  the  direction  p1  ',  y',  r', 
lies  at  an  infinite  distance  along  the  sixth  (and  last)  principal  line  of  the  geodesic, 
the  plenary  space  of  the  region  being  sextuple. 

It  was  proved  that  the  perpendicular  77  (from  the  selected  neighbouring  point), 
drawn  upon  the  tangent  flat  of  the  region,  is  given  by 


as  to  its  most  important  term.    If  />0  denote  the  length  of  the  line  from  0  to  the 
penultimate  (infinitely  distant)  position  of  the  orthogonal  centre,  we  have 


F.T.G.II. 


CHAPTER  XXII 

ORTHOGONAL  SURFACES,  MINIMAL  SURFACES,  IN  A  REGION 
Triply  orthogonal  surfaces  in  a  region  :  curves  of  flexure  as  intersections. 

261.  The  developed  theory  of  systems  of  triply  orthogonal  surfaces  in  a  flat  is 
well  known  *.  There  is  a  similar  theory  of  systems  of  triply  orthogonal  surfaces 
in  a  region,  as  also  of  systems  of  completely  orthogonal  amplitudes  of  n  - 1 
dimensions  in  any  amplitude  of  n  dimensions. 

In  the  theory  of  orthogonal  surfaces  in  a  region,  the  main  concern  relates  to 
the  regional  properties  of  the  surfaces  and  not  to  their  spatial  properties.  When 
the  theory  is  compared  with  that  of  orthogonal  surfaces  in  a  flat,  the  regional 
normal  to  a  regional  surface  takes  the  place  of  the  superficial  normal  in  the  flat, 
and  the  regional  flexure  of  a  geodesic  on  a  regional  surface  takes  the  place  of  the 
circular  curvature  of  a  geodesic  on  a  surface  in  the  flat.  Here  we  shall  deal  with 
two  results  only  f,  an  extension  of  Dupin's  theorem  on  the  intersections  of  three 
families  of  orthogonal  surfaces  in  a  flat  J,  and  an  extension  of  Bonnet's  theorem 
that  the  parameter  of  a  family  of  surfaces  constituting  their  part  in  a  triply 
orthogonal  system  in  a  flat  must  satisfy  a  partial  differential  equation  of  the  third 
order  **. 

For  the  establishment  of  the  extended  form  of  Dupin's  theorem,  the  method 
used  by  Puiseux  f  f  will  be  adopted  (with  the  necessary  modifications).  The  whole 
configuration  is  referred  to  any  point  0  in  the  region  ;  and  it  is  considered  for  a 
small  regional  range  in  the  vicinity  of  0.  The  three  families  of  surfaces  are 
represented  by  the  equations 

a  (T>  7>  r) = a>     €  (P>  <I>  r)  =  €>     c  (P>  <L>  r)  =  l> 

*  Reference  may  be  made  to  the  exposition  in  Darboux's  treatise,  Lemons  sur  lev 
systdmes  orthogonaux  et  les  coordonnces  curvilignes  (1910). 

f  For  a  discussion  of  the  main  properties  of  orthogonal  configurations  in  an  ampli- 
tude of  n  dimensions,  see  Bianchi's  Lczioni  di  geometria  differenziale,  (3rd  ed.),  vol.  ii, 
part  ii  (1923),  chap,  xxviii,  pp.  621-686. 

J  Dupin,  Developpements  de  geometric  (1813),  pp.  239-242. 

**  The  theorem  was  first  stated  by  Bonnet  in  1862,  in  his  memoir  in  the  Comptes 
Rendus,  t.  liv  (1862),  pp.  556,  557.  An  explicit  form  of  the  partial  differential  equation 
was  obtained  by  Cayley  in  1872  ;  see  his  Collected  Mathematical  Papers,  vol.  viii, 
no.  518,  no.  519.  For  further  references  see  my  Lectures  on  Differential  Geometry, 
ch.  xi. 

tt  Liouville,  2me  s<5r.,  t.  viii  (1863),  p.  336. 
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where  a,  e,  t,  on  the  right-hand  sides  are  the  parametric  constants,  the  variations 
of  which  give  rise  to  the  surfaces  in  the  respective  families.  As  the  surfaces  are 
orthogonal  to  one  another,  we  have 


From  the  second  and  third  of  those  relations,  taken  in  the  forms 
*i  ^  aa 

€1 

we  have 


We  denote  the  elements,  at  0,  of  regional  normals  at  right  angles  to  the  families 
a,  e,  i,  by  dl,  dm,  dn,  respectively  ;  the  dilatation  of  the  a-family  is  denoted  by 
az  ;  and  thus 


Again,  let  pi,  q^,  r^,  denote  the  direction-  variables  at  0  of  the  curve  of  inter- 
section of  the  surfaces  €  and  t,  so  that 


and  therefore 

K       ?/ 


The  regional  arc-relations  at  0  are 

S^'-i. 

and  therefore  the  preceding  relations  give 


Hence,  at  0,  the  directions  of  the  three  curves  of  intersection  of  the  surfaces, 
which  are  at  right  angles  to  one  another  in  pairs,  are  the  regional  normals  to  the 
respective  surfaces. 

This  property  is  descriptive  at  0  ;  and  it  belongs  to  any  three  surfaces  at  0 
merely  at  right  angles  to  one  another.  For  the  extension  of  Dupin's  theorem,  we 
must  take  account  of  the  ranges  in  the  region  in  the  near  vicinity  of  0  ;  and,  in 
the  discussion,  the  organic  succession  in  each  family  of  the  surfaces  is  used.  As 
the  three  curves  of  intersection  at  0  are  orthogonal,  we  use  them  as  parametric 
curves  to  which  the  region  is  referred  ;  and  therefore  the  regional  arc-relation 
becomes 
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while  the  values  of  A,  B,  C,  at  0  will  be  denoted  by  A&  BQ,  C0.  The  parametric 
equations  of  the  surfaces  in  the  regional  range  near  0  can  accordingly  be  taken  in 
the  forms 

a(p,  q,  r)-a~ 

4- 


i(p,  y,  r)=  i=  r 

the  unexpressed  terms  being  of  the  third  and  higher  orders  in  the  small  magnitudes 

p,  ?>  r. 

To  utilise  the  equations  of  §  196,  which  give  the  directions  of  the  curves  of 
regional  flexure  on  a  surface,  we  require  (i)  certain  magnitudes  of  the  region  at  0, 
(ii)  certain  relations  expressing  the  orthogonality  of  the  surfaces  at  0,  and  (iii) 
the  general  equations  satisfied  by  directions  at  0  on  the  respective  surfaces.  We 
take  these  in  turn. 

(i)  Because  the  primary  magnitudes  F,  G,  H,  of  the  region  vanish,  we  have 
(§  160) 

O^Bdtf  +  Ce,,,    Q=C9li  +  ArM,    Q=Ar2i  +  BAli} 

for  i=l,  2,  3,  independently  of  one  another,  for  the  three  equations  separately. 
Hence,  taking  i~l  for  the  first,  i=2  for  the  second,  and  i=3  for  the  third,  we 
have 


and  therefore 


3=0,    Jls=0, 


lt 


=0. 


(ii)  As  regards  the  orthogonality  of  the  surfaces,  continued  beyond  0,  we  have 
in  the  vicinity  of  0, 


*r+... 


€.= 


the  unexpressed  terms  in  each  value  being  small  compared  with  the  retained 
terms  in  that  value. 

The  condition  of  orthogonality  of  the  surfaces  a  and  c,  which  is 

aajCj  4-  ba2€2  -f  ca3€3  =  0 
in  general,  becomes 

a  (€llP  +  €I3r 


on  retaining  the  formally  important  terms  in  ax  and  €v  But  along  the  curve  of 
intersection  of  these  two  surfaces,  p  and  q  are  small  quantities  of  the  second  order, 
while  r  remains  of  the  first  order  ;  hence  the  condition  of  orthogonality  becomes 

.     =0. 


261]  OF  SURFACES  IN  A  REGION  229 

Thus,  as  a  first-order  condition  of  orthogonality  in  the  immediate  vicinity  of  0, 
and  taking 

a=BC=BQC<>+...,    b=CA  = 
we  have 

3  —  0. 


Similarly,  the  first-order  condition,  of  orthogonality  of  the  surfaces  e  and  t  in  the 
immediate  vicinity  of  0  is  found  to  be 


and  the  like  condition  from  the  orthogonality  of  the  surfaces  t  and  a  is  found 
to  be 

2  —  0. 


Hence,  when  the  conditions  are  combined,  the  complete  orthogonality  of  the 
surfaces  imposes  at  0  the  results 


(iii)  Any  direction  on  the  a-surface  satisfies  the  relation 

c^p'-j-aaj'-f  aBr'  =  0, 
as  well  as  the  permanent  arc-relation 

4p'8+Jfy'8  +  CV'8=l. 
Hence  all  directions  at  0  on  the  a-surface  are  given  by 

y'=0,    Bo^  +  CV^l. 
Similarly  the  directions  at  0  on  the  e-surface  are  given  by 


and  those  at  0  on  the  i-surface  by 

/-O,     A0 

Now  (§  196)  the  equation,  which  gives  the  directions  of  the  curves  of  regional 
flexure  on  a  regional  surface  6(p,  q,  r)=0,  is 


(=o, 

''  +  fr23r',    Hp'+Bq'+Fr',    02  ' 

•',     Gp'+Iq'  +  Cr',    6a 


always  in  conjunction  with  6^p'+B^'  +  B^r'=0  and  the  permanent  arc-relation  of 
the  region,  the  symbols  &i3  having  the  values 
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for  all  values  of  i,  j,  =1,2,  3.    For  the  preceding  a-surface,  in  the  region  as  referred 
to  the  selected  parametric  curves,  this  equation  becomes 


°>    1 

,    Bq',    0 
CV,    0 


-0, 


all  values  being  taken  at  0.    But,  as 


in  general  for  any  surface  a,  we  have  (for  the  surface  under  consideration) 


Ct-oQ  "  ~  ^23  ~~       23  — ~ 

at  the  point  0 ;  and  therefore  the  equation  for  the  curves  of  regional  flexure  on 
the  a-surface  is 

We  have 

a22-a22-r22=«22--^, 

-       __„  p       ___,  ^1 

a33  —  a33  ""  l  33  •  "  a33  "~  9   A  > 

the  values  of  BJ2A9  C\/'2A,  being  taken  at  the  origin,  so  that  the  coefficient  of 
q'r'  does  not  vanish  in  general.  Thus  the  equation  for  the  directions  of  regional 
flexure  on  the  a-surface  at  0  is 


taken  with  B0q'*+C0r'*=l. 

The  two  required  directions  at  0  therefore  are 


r'-O  ' 

that  is,  they  are  given  by  the  intersections  of  the  a-surface  by  the  orthogonal 
e-surfacc  and  the  orthogonal  t-surface.  Similarly  for  the  curves  of  regional 
flexure  on  the  €-surface  and  on  the  t-surface. 

We  therefore  infer  an  extension  of  Dupin's  theorem  in  the  form  that,  when 
three  families  of  surfaces  in  the  region  are  a  completely  orthogonal  system,  the 
curves  of  intersections  of  the  surfaces  are  the  curves  of  regional  flexure  for  the 
surfaces. 

Ex.  Establish  the  corresponding  extension  of  Joachimstahl's  theorem  that,  when 
two  regional  surfaces  intersect  everywhere  at  a  constant  angle,  and  when  the  inter- 
section is  a  curve  of  regional  flexure  for  one  of  the  surfaces,  the  intersection  is  a  curve 
of  regional  flexure  also  for  the  other  surface. 
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Triply  orthogonal  surfaces  and  a  partial  differential  equation  of  the  third  order. 

262.  The  establishment  of  the  theorem  :  that,  when  a  family  of  regional 
surfaces  constitutes  a  part  of  a  triply  orthogonal  system  in  the  region,  its  para- 
meter must  satisfy  a  partial  differential  equation  of  the  third  order  :  can  be 
effected  by  a  process  analogous  to  the  process  devised  by  Darboux  *  for  such 
surfaces  in  a  flat. 

As  before,  the  triple  system  is  represented  by  the  equations 

a(p,q,r)=a,    €(p>q,r)^e,     *(p,y,r)=*; 
and,  no  longer  specialising  the  parametric  curves  as  in  §  261,  we  shall  write 

aa!  4-  ha2  +  ga.3  -  Al  1       a^  +  li€2  4-  #e3  =  El 

ha.!  +  ba2  +/a3  =  A2  I  ,      h€l  +  6e2  4-/*3  -  E2  >  ,      h^  +  6t2  4/t3  =  72 


The  conditions  of  orthogonality  of  the  families  of  surfaces  are 


to  be  satisfied  throughout  the  whole  range. 

These  conditions  are  of  the  first  order,  in  derivatives  of  the  parametric  magni- 
tudes a.  e,  i.  It  is  necessary  to  frame  similar  conditions  of  the  second  order  and 
some  similar  conditions  of  the  third  order,  to  prove  the  theorem  in  question. 

When  the  relation  ^oa^—O  is  differentiated  with  regard  to  p,  we  take  it  in 
the  form 


and  then 


both  summations  extending  over  the  six  terms  corresponding  to  the  occurrences 
of  a,  6,  c,/,  g,  h.  When  this  equation  is  re-arranged,  it  can  be  made  to  assume  the 
form 

13  4-  l^dn  +  E2dl2  -f  I?3a13  =  0. 


Differentiations  of  the  same  relation  with  respect  to  q  and  to  r,  with  similar 
transformations,  lead  to  the  equations 

^11€12  4-  A  2e22  +  -43e23  4-  7?iCt]2  -}-  £2a22  4-  $3a23  =  0, 

A  ^13  +  ^23  +  ^3^33  +  ^1^13  +  ^2^23  +  ^3^33  =  ^ 

*  tiystfanes  ortlioyonaujc,  §§9-12;  cited  above  in  §261. 
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respectively.    Let  these  three  equations  be  multiplied  by  J1?  72,  73,  respectively, 
and  the  products  be  added  ;  then  the  resulting  equation  is 


Proceeding  similarly  from  the  first-order  conditions  ]>}  ae^—  0  and 
we  find  similar  resulting  equations 


When  these  three  equations  are  combined,  we  have 


which  are  the  symmetrical  second-order  conditions  *. 

The  third-order  conditions,  affecting  a,  €,  t,  are  similarly  derivable  from  these 
second-order  conditions  ;  and  they  will  be  developed  in  connection  with  a,  so  as 
to  lead  to  the  special  equation  of  the  third  order  affecting  a  alone.  (There  are,  of 
course,  the  like  equations  of  the  same  form  affecting  e  alone  and  i  alone.)  We 
proceed  from  the  relevant  second-order  condition 


and  introducing  an  operator  &a  under  the  definition 

a       7    d      T   s 
b^A 

we  shall  evaluate  the  relation 


M££wU=<>. 

*•     K        M 

From  the  relations  in  §  1  (50,  and  using  (for  the  region)  the  double-suffix  notation 
of  §  10,  we  have  an  equation 


-  - 


with  like  expressions  for  the  derivatives  with  respect  to  q  and  to  r.    Hence 


t      m 
*  The  equations 

<*23  =  a23  ~  As  -  °'       ^31  =  €31  -  ^31  -  °>       ^12  =  t  J2  -  ®18  =  ^> 

as  obtained  in  §  261  (pp.  228,  229),  are  the  forms  of  these  general  conditions  with  the 
specialised  reference  of  the  region  there  adopted. 
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or,  because 

2  2  <WA  ('m  }  >  A}  =  2  X  a**6f»  I  Al  ,  W}  = 
m     A  A     m 


we  have 


m      t 


There  are  similar  expressions  for  the  derivatives  of  E^  with  respect  to  q  and  to  r  ; 
and  therefore 


by  the  second-order  results  on  p.  232. 
Similarly  we  find 


]-  2 


When  these  values  are  substituted  in  the  relation 


the  total  coefficient  of  $a(log,Q)  on  the  right-hand  side 

=2£  SWMK=o. 

At         /c 

The  total  coefficient  of  -  IKE^  out  of  the  second  and  the  third  terms, 


22  (a'mn*mifinK)  ^ 
m     n  r      # 

K»nOV*«K)+  2  2^[aKs{'^,  *}  +  a^{ric,  s}]  : 
m      n  r       s 

this  quantity  we  shall  denote  by  P^,  temporarily.    Thus  the  relation  becomes 

SS^L»-.(^)«P|IJ=0. 

H  K 

Next,  for  the  development  of  the  quantity  '9^(6^),  we  have 

—    3  —    d  —    d 

'S'a  (<v)  =  A  g-  (a^^)  4-  A2  -j-  (d^)  +  AS  ~  (dMK). 
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By  the  results  *  in  §  209,  we  have 


with  the  convention  xl9  %2,  #3,  =^,  y,  r,  respectively,  while  d7  is  an  element  of 

arc  in  the  domainal  normal  to  the  a-surface,  and  ~  ,  -,y  ,  -=-.-  ,  are  the  domainal 
direction-variables  of  that  normal,  so  that 


•Qa  ,      =  /iaj  +  6a2  +/a3  =  J2, 


while,  for  all  values, 

afc(y)=/\Ja]ufc+  J<,d2fc+  &ijd,^k=  V  [dmfc{i;',  m}]. 

m 

Thus  there  are  three  aggregates  of  terms  : 

(i),  those  involving  symbols  d^v  ; 

(ii),  those  free  from  the  symbols  d^v  and  the  four-index  symbols  ; 
(iii),  those  involving  the  four-index  symbols  of  sphericity. 
We  take  these  in  turn. 

(i)  This  aggregate 

~  A^a^K  -f  A  2a2/IK  4-  Atfi^ 


the  summation  being  for  values  of  m,  w,  =1,  2,  3,  independent  of  one  another. 
(ii)  This  aggregate 


r      n      s 


*  The  cited  results  relate  to  a  surface  0(p,  q,  r)  =  0  ;   the  symbols  a,  in  §  209,  are 
quite  different  from  the  symbols  a  in  the  present  discussion. 
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It  is  the  same  as  the  second  double-summation  in  the  magnitude  PMK  ;  and  thus, 
when  we  frame  the  complete  coefficient  of  I^E^  in  the  condition  under  develop- 
ment, it  will  cancel  this  portion  of  PMK. 

(iii)  On  the  substitution  of  the  stated  values  of  ^  '  ,  ~  ,  -^  ,  this  aggregate  is 
„        ,        _  ell      dl     (LL 

found  to  be 


J3c2 

=30*.G«), 

where 

Cn  fax)  =  (^,  /c 

Now  let  the  total  coefficient  of  /„#„  in  the  equation  be  collected.    We  write 
-^KM=  S  S  (amnanaw^^)  -  2^  ^  (amnam/jldWK)  -f  ,~ 

m      w  m      n  OliJ 

as  the  resulting  value  of  the  coefficient  ;  the  equation  becomes 

£2^.^=0. 

K          M 

and  it  is  linear  and  homogeneous  in  the  six  quantities 

IlEl  =0n,    I2E3  -f  Js  E2  —  2023, 
lJ&i=Qm    I^El~\  IlE3—203lt 
/3-B3=033,    /i^2  f/2A11=2012. 
Another  equation,  already  obtained  in  the  form 


is  likewise  linear  and  homogeneous  in  the  same  six  quantities.    Further,  again 
using  the  double-suffix  notation  for  the  primary  magnitudes,  we  have 


thus  providing  a  third  similar  equation,  out  of  the  conditions  of  orthogonality. 
The  remaining  two  conditions  of  orthogonality  are 

a^  +  a^-faa^a^O, 
a^  f  a272  +a373  =0. 

Let  these  be  multiplied  by  1±  and  E^  respectively,  and  the  products  be  added  : 
also  by  J2  and  E2  respectively,  and  the  products  be  added  :  also  by  73  and  E3, 
respectively,  and  the  products  be  added  .  Then,  in  succession,  we  obtain  relations 
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which,  though  linear  in  alf  a2,  a3,  are  linearly  independent  of  one  another,  qua 
equations  in  those  magnitudes  ;  and  these  three  equations  are  linear  and  homo- 
geneous in  the  same  six  quantities  Otj. 

Thus,  in  all,  there  are  six  equations,  linear  and  homogeneous,  in  the  six 
quantities  6l}.  When  these  are  eliminated,  the  result  can  be  expressed  by  the 
determinantal  equation 


<*!!> 

<4ii> 
2a1( 

o, 
o, 


23, 


23? 


o, 

2a2, 


0, 

o, 

So,, 


o, 


!> 


0 


This  equation  involves  derivatives  of  a  only,  none  of  6,  none  of  c  ;  and  it  involves 
the  magnitudes  of  the  region.  It  is  a  partial  differential  equation  of  the  third 
order,  which  must  be  satisfied  by  the  parametric  magnitude  a(p,  q,  r)  in  order  that 

the  surfaces 

a(py  q,  r)  —  constant 

may  constitute  one  set  of  a  system  of  triply  orthogonal  surfaces  in  the  region. 

The  equation  is  typical,  for  each  of  the  three  families  of  surfaces  in  the  triply 
orthogonal  system  ;  the  respective  forms,  for  the  e-surfaces  and  the  i-surfaces,  are 
obvious. 

When  the  region  is  a  flat,  so  that  the  orthogonal  systems  exist  in  a  triple  space 
that  is  homaloidal,  the  resulting  equation  becomes  the  equation  obtained  by 
Darboux.  For,  in  those  circumstances,  Ati=I,  -4^=0,  for  i,  j,  —  1,  2,  3;  all 
the  quantities  JT,  J,  ©,  vanish,  as  do  all  the  four-index  symbols,  so  that 


and  thus 

£„  -  diduj  4  azd2ij  +  a3d3ij  -  2  (al 

and  these  sets  of  values  serve  to  constitute  the  Darboux  equation. 

When,  in  the  critical  equation,  the  determinant  is  expanded  and  a  numerical 
factor  2  is  omitted,  it  has  the  form 

V)  AU  [     a^aa  (Od22  ~  -Ba33) 

34  Ca82)  (a2d13  -  a3d12)] 


2  —  2a2d12)  (-4a32  —  26rala3  -f  Ca<i*) 

where  the  first  summation  is  cyclical  for  11,  22,  33,  in  the  magnitudes  Aii9  and 
the  second  summation  is  cyclical  for  23,  31,  12,  in  the  magnitudes  Ai}. 
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Ex.  1.     Shew  that,  if  T  be  used  to  denote  the  magnitude 


so  that  roj  =  ],  and  if 
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with  the  customary  convention  xl9  x2,  x3y  =p,  g,  r,  the  equation  obtained  from  the 
critical  third-order  equation  by  substituting  T^  for  Ati  is  satisfied. 

Hence  shew  that  a  set  of  parallel  surfaces,  associated  with  the  representation  of 
the  region  with  polar  geodesies  (§  164)  of  the  region,  can  be  a  family  of  surfaces  for  a 
triply  orthogonal  system  *. 

Ex.  2.  When  the  a-family  of  surfaces  in  a  triply  orthogonal  system  is  given  by 
an  implicit  parametric  equation 

<£(?>,  ?,**,<*)=  0, 
verify  that  the  function  </>  satisfies  the  similar  equation 


11»  -^22'  ^*33>  ^23'  -"31  »  -^12 

^,  0,  0,  0,  ^3,  fa 

0,  2<£2,  0,  ^3,  0,  fa 

0,  0,  203,  fa,  fa,  0 
where 


and.  with  quantities  <f)iik  defined  by  the  equation 


as  in  §§  209,  211,  the  value  of  tf>MK  is 


)  -  2S  S  (a«n 


in  which  K^JJLK)  denotes  the  expression 

c~\  v^  v^ 


with  the  significance  of  cmn(p,K)  as  given  on  p.  235. 

The  result  is  the  extension,  to  a  triply  orthogonal  system  in  a  region,  of  a  theorem 
due  to  Darboux  f  for  a  triply  orthogonal  system  in  a  triple  homaloidal  space. 

*  This  property  is  the  extension,  to  the  region,  of  the  property  that  a  family  of 
parallel  surfaces  can  belong  to  a  triply  orthogonal  system  in  a  flat  (triple  homaloidal 
space). 

f  Systtimes  orthogonaux  (cited  on  p.  226),  p.  94. 
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COMPLETION  OP  TRIPLE  SET 
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263.  When  an  integral  of  this  critical  equation  of  the  third  order  is  known, 
thus  determining  one  family  of  a  triple  set  of  orthogonal  surfaces,  the  other  two 
families  can  be  constructed  by  simple  quadratures. 

Let  the  minors  of  All9  A22,  A2&  in  the  determinant,  which  occurs  on  the  left- 
hand  side  of  the  equation,  be  denoted  by  wn,  m22,  w33,  respectively,  and  those  of 
^23»  -^3i>  A12,  by  2w23,  2/w31,  2w12,  also  respectively.  Then,  from  the  five  equations 


=0, 
=0, 


we  have 


ii0n  +  2d12012-f  d22622+  2d130 

1  Al  +  2^12012  +  ^22022  +  2^13013  +  2^23023  +  A 

12  +  2a3013 

12    +  2a2022 


m1 


Denoting  the  common  value  of  these  fractions  by  7J,  wo  have 


while,  from  the  last  three  of  the  equations,  we  have 


and  therefore 


33 


mn, 


When  we  eliminate  the  quantities  73,  72,  73,  there  are  three  equations 


equations  consistent  with  one  another  in  virtue  of  the  foregoing  determinant 
involving  the  quantities  m^. 

There  are  also  the  same  set  of  equations  in  the  magnitudes  Il9  72,  73. 

Hence  we  can  take 

mnE2=  {m12+  (m122  -  m^m^E,  1 
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and 

mn/2=  {m12  -  (m122  -  ronw2a)*}7,  ] 

mn/3  =  (wl3  -  (m132  -  wnw33)*}  7t  J 
Now  the  general  differential  equation  of  the  e-family  is 


that  is, 


and  thus  the  integral  equation  of  the  c-family  is  obtained  by  the  simple  quadrature 
of  the  relation 


-mnm^ 

Similarly  the  integral  equation  of  the  i-family  is  obtained  by  the  simple  quadrature 
of  the  relation 


-  (w122  -  mnw22)  *  (H  dp  +  Bdq  +  F  dr)  -  (m132  -  mnm33)^  (G  dp  -f  F  dq  +  C  dr)  =  0. 

The  separate  conditions  of  integrability  of  these  two  equations  are  satisfied,  in 
virtue  of  the  critical  equation  of  the  third  order  ;  and  it  was,  in  fact,  by  expressing 
the  conditions  of  integrability  of  the  equations  that  Cayley  *  was  the  first  to 
obtain  that  critical  equation  when  dealing  with  orthogonal  systems  in  homaloidal 
triple  space. 

General  equations  of  minimal  surfaces  in  a  region. 

264.  The  characteristic  equations  of  minimal  surfaces  in  a  region  are  obtained 
by  the  processes  of  the  calculus  of  variations  applied  to  an  integral  representing 
the  area  of  a  general  portion  of  the  surface.  To  obtain  any  surface  in  a  region, 
the  parametric  variables  p,  q,  r,  can  be  made  functions  of  two  new  (superficial) 
variables  t,  u  ;  and  the  element  of  superficial  arc  (being  also  a  regional  arc)  is 
given  by 

<fo«=  ^A  dp* 
where 


the  quantities  xt  and  xu  (for  x=p,  q,  r)  denoting  t-  and  ^-derivatives. 
The  element  of  area  on  the  surface  is 
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and  therefore  the  quantity  which  is  to  be  made  a  minimum,  in  order  to  obtain  a 
minimal  surface,  is 


For  the  present  purpose,  it  is  sufficient  to  form  the  critical  differential  equations  * 
rendering  this  double  integral  a  minimum,  there  being  three  dependent  variables 
p,  q,  r.  Let  x  denote  any  one  of  these  variables  :  the  three  critical  equations  are 


dt  \dxj     du  \dxj      dx 

In  accordance  with  the  Weierstrass  procedure  of  referring  minimal  surfaces  in  a 
flat  to  their  (conjugate  imaginary)  mil-lines  as  parametric  curves,  let  these 
minimal  surfaces  be  similarly  referred,  so  that  we  shall  have 


being  two  general  equations  satisfied  by  p,  q,  r,  without  any  limitation  due  to  the 
character  of  the  surface.  Then  V—iQ]  and  thus  the  triple  critical  equation 
becomes 


--. 

dt  \dxt      du    dx        dx 

Let  the  value  of  Q  be  substituted,  and  the  equation  be  formed  for  the  three 
variables  in  turn. 

When  x=p,  the  equation  is 

Let 


ftu  =  rtu  +  (      #  Pt>  <lt>  ft  \  Pu>  5u>  ru    5 

then  the  foregoing  y-critical  equation,  on  dropping  a  numerical  factor  2,  becomes 

Aptu  +  Hqtu  +  (*ftu  ==  0. 

The  y-critical  equation  and  the  r-critical  equation  can  similarly  be  expressed  in 
the  respective  forms 


*  It  is  known  that  the  extended  Legendre  test  (securing  a  minimum,  subject  to 
other  conditions)  is  satisfied  ;  and  that  the  Weierstrass  test  (securing  a  minimum,  for 
his  extensive  type  of  strong  variations,  also  subject  to  other  conditions)  is  satisfied. 
The  Jacobi  test,  quantitative  as  regards  range,  is  particular  to  each  adopted  solution 
of  the  critical  equations.  Reference  may  be  made  to  my  Calculus  of  Variations, 
chaps,  ix,  x. 
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Hence  we  have 

Ptu=®>    &u=0,     rtu=0  : 

that  is,  the  critical  equations  determining  the  values  of  p,  q,  r,  as  functions  of  the 
parameters  of  the  nul-lines  on  a  minimal  surface  in  the  region  are 

PIU+  ]£AiPfPu=0,     ?«u+  ^dnptp^O,     rlu+^i@llPtuu  =  0, 
while  the  general  relations  between  these  nul-parameters  and  the  regional  para- 
meters are 

S^2-o,   2^M2-o. 

Further,  we  verify,  as  follows,  the  property  (as  for  the  corresponding  property 
in  §§  18,  165)  that  the  mil-surfaces  of  the  region  satisfy  the  general  equations 
of  the  minimal  surfaces.  The  original  critical  ^-equation  is 


_dfdV\      d  fdV\ 
~dt  \dpj     du  \dpj  ' 


dp 
Retaining  the  general  parametric  curves  on  the  surface,  we  have 


and  therefore  the  critical  ^-equation  can  be  taken  in  the  form 


*-     F 
dt\VJ    du\VJ~V 

or,  what  is  the  equivalent, 

dV         dV/dB     d0 


The  other  two  equations  have  the  similar  forms 


du     \  dt      du 
dV    (dEr    dGT 


These  three  completely  general  equations  of  minimal  surfaces  are  satisfied 
by  the  particular  equation 

F=0, 
which  implies 


that  is,  the  equation  of  the  mil-surfaces  of  the  region  satisfies  the  characteristic 
equations  of  the  minimal  surfaces  of  the  region. 

F.I.O.  II.  Q 
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265.  Consider  the  minimal  surfaces  in  the  Riemann  region  of  constant  sphericity 
1/ic2,  which  has  its  arc-element  in  the  form 

D*ds*=dp*+dq*+di*, 
where 


When  any  surface  is  referred  to  its  nuMines  as  parametric  curves  of  reference,  the 
regional  parameters  satisfy  the  relations 


t  and  u  being  the  mil-parameters  of  reference. 
The  quantities  J*,  J,  $,  for  the  region  are 


whore 


€  = 


Thus  the  partial  differential  equations,  characteristic  of  minimal  surfaces  in  this 
region,  become  * 


•f(  —  p)  P)  p,  0,  —  r,  —  q $pt>  qt>  rt$Pu>  5w>  ^t*)^ 
+  (  ??  -9,  ?,-*•>  0,  -p$pt,qt,  rt%Pu>qu,  ru)=< 
•»-(  r,  r,  -r,  -#,  -79,  OJ|>t,y«,  rt$yu,  yM,  rj=( 

These  admit  two  first  integrals,  arising  out  of  the  equations 


of  the  nul-lines  of  parametric  reference  on  the  surface. 

*  We  assume  tacitly  that  the  sphericity  is  not  zero,  so  that  €  is  assumed  not  to 
be  zero  and  K  is  finite.  Otherwise,  the  characteristic  equations  of  minimal  surfaces  in 
the  region  (which  now  may  be  regarded  as  a  flat)  become 


which  are  the  customary  equations  of  minimal  surfaces  in  a  triple  hornaloidal  space. 
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To  take  account  of  the  equations  connected  with  the  nul-lines,  let 

Pi=  (I-AW     Pu=    u-v)<? 
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with  no  specific  limitations  on  the  quantities  A,  F,  p,  G,  so  far  as  concerns  these 
equations.  When  these  relations  are  used  to  construct  second  derivatives  for 
p,  q,  r,  we  have 

?„=(!  -  \*)FU  -  2FXXU=     (1  -i*)Gt 


When  Fu  and  G  t  are  eliminated  from  the  three  equalities,  we  find 


.»,    i  -v>     -fxxn 


I  +  A2, 

2A  , 


=0, 


and  therefore 


Hence 

the  third  equation  then  gives 


and  all  the  equalities  are  satisfied  by  taking 


The  equalities,  as  giving  common  values  of  ptu,  of  qtu,  and  of  rtu,  respectively, 
lead  to  the  results 


These  values  belong  to  the  nul-lines  on  any  surface  in  the  Riemann  region  of 
constant  sphericity  ;  and  they  are  not  restricted  to  a  minimal  surface  the  equations 
of  which  have  not  been  used  in  their  construction. 

The  first  of  the  characteristic  equations  of  the  minimal  surface  is 

r(ptru+purt)  -q(ptqu+Pu<lt), 


and  therefore 


»  2/c2  (Dptu  -  Dtpu  -  Dupt)  =p  (ptpu  +  qtqu  +  rtru)  ; 
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and  the  other  two  also  give 


-  2/c2  (Drtu  -  Dtru  -  Durt)  =  r  (ptpu  +  qtqu  4-  rtru). 

Let  these  equations  be  multiplied  by  p,  q,  r,  respectively  and  the  products  be 
added  ;  then  we  have 

-  2*2{D  (  2  PPtu)  -  4*2A  A,}  =  4*2  (D 
Now 

2fc8/)m  =  (pp^  4-  qqtu  +  rr,J  4-  (ptpu  + 

consequently,  for  the  minimal  surface,  we  have 


,=  —  p(Dnfu-2DtDu),     ^pptu^j—yW-tyDtu-DtDJ: 
and  the  characteristic  equations  of  the  minimal  surface  now  assume  the  form 

Dupt=--P—  (DDfu  -  WtDu) 


Dqtu  -  Dtqu  -  Duqt  =  ^  -  (DDtu  - 

Drtu  -  Dtru  -  Durt  -  ^—(DD*  -  WtDu) 

Various  analytical  developments  are  possible  :   beyond  the  possession  of  the 
two  integrals 


(easily  verified  to  be  integrals,  in  virtue  of  the  foregoing  expression  for 
but  not  providing  any  characteristic  property  of  the  minimal  surface),  any  further 
integration  requires  the  resolution  of  equations  of  the  second  order,  the  primitives 
of  which  do  not  emerge  by  any  of  the  customary  methods. 

Ex.  1.     Prove  that  the  quantity  Z  (on  p.  243)  satisfies  the  relation 


Ex.  2.  Shew  that  the  characteristic  equations  are  satisfied  by  p,  q,  r,  =amt  +cmu, 
for  m  =  l,  2,  3,  where  the  quantities  a  and  c  are  constants;  and  express  the  arc- 
element  on  this  minimal  surface  in  the  form 


Ex.  3.  Just  as  the  catenoid  provides  a  simple  special  instance  of  a  minimal  surface 
in  a  flat,  so  it  is  natural  to  enquire  what  minimal  surface  in  the  Riemann  region  of 
constant  sphericity  can  be  obtained  by  an  equation 

p2  +  g2  =  2/(r), 

for  the  appropriate  form  of  the  function/.  It  appears  that  the  function  /must  satisfy 
an  ordinary  differential  equation  of  the  second  order  ;  and  even  for  this  special  form, 
the  equation  is  not  amenable  to  the  usual  methods  of  integration. 

The  equation  itself  will  be  obtained  by  another  process  immediately  (§  266,  Ex.  2). 
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Sum  of  the  principal  flexures  on  a  regional  minimal  surface  vanishes. 
266.  A  geometrical  property  of  all  minimal  surfaces  can  be  regarded  as  an 
interpretation  of  the  general  critical  equations  :  it  is  the  property  that  the  prin- 
cipal radii  of  regional  flexure  of  the  surface  are  equal  and  opposite.  To  establish 
this  result,  let  d(p,  q,r)=Q  be  the  parametric  equation  of  a  minimal  surface.  The 
direction-variables  p^  q^  r^  of  a  mil-line  on  the  surface  are  given  by  the  two 
equations 


and  therefore,  as  t  and  u  are  the  values  of  /x  for  these  mil-lines,  we  have 


AB*  - 
Now,  along  any  surface  0=0,  we  have,  always, 


and  therefore,  when  the  surface  is  minimal,  we  have 


The  ratios  of  the  quantities,  of  which  Q-it  are  the  coefficients,  have  just  been 
obtained  ;  when  they  are  substituted,  the  equation  becomes 


Hence  (§  196),  denoting  the  principal  radii  of  geodesic  flexure  of  the  surface  by  yx 
and  )/2,  we  have 

L+I-o. 

n  r«2 

which  is  the  stated  property.    It  is  the  extension,  to  a  region,  of  the  property  of 
a  minimal  surface  in  a  flat  that  the  principal  radii  of  curvature  of  the  superficial 
geodesies  are  equal  and  opposite. 
Moreover,  the  single  equation 


is  the  partial  differential  equation  of  the  second  order  of  minimal  surfaces  in  the 
region  ;  the  parameters  of  the  region  are  the  three  independent  variables  of  the 
equation. 
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Ex.  1  .    When  the  region  is  a  flat,  p  ,  q,  r,  can  be  taken  as  the  coordinates  in  the 
flat  ;  and  then 


so  that  A  =  1,  JJ  =  1,  0  =  1,  F=0,  <?=0,  H  =0  ;  and  all  the  quantities  T,  J,  0,  vanish. 
The  partial  differential  equation  of  minimal  surfaces  in  the  flat  becomes 

W  +  032)  »n  +  (V  +  012)  #22  +  W  +  022)  033  -  20203023  ~  2  W«  ~  20l020]2  =  0. 

When  this  equation  admits  of  an  integral  of  the  form 

0 

we  have 


and  the  equation  becomes 

. 

The  integral  of  this  equation  (on  the  removal  of  unessential  constants)  s 

-/=  £  cosh2  r  ; 
and  the  surface  is  the  customary  catenoid. 

Ex.  2.     Let  the  region  be  the  Eiemanii  region  of  constant  sphericity,  the  arc- 
element  of  which  is  given  by  the  expression 


where 

/c-=2?+?+r. 

The  magnitudes  for  the  specific  form  of  the  partial  differential  equation  of  the  second 
order  are  given  in  §  265. 

When  the  equation  has  an  integral  of  the  same  form 


as  in  the  preceding  example,  we  have 
&u  -  1  -  «  (rf1  - 


£33= 
where,  now, 


Let  these  values  be  substituted  in  the  general  equation 


then,  after  simple  reductions,  the  equation  becomes 

-/+/"  -//"  =  «{(2/-n(2/-  r/')}, 
an  ordinary  equation  of  the  second  order  for  the  determination  of/. 

When  the  sphericity  is  zero,  so  that  the  region  degenerates  into  a  flat,  the  value 
of  D  is  unity  ;  the  value  of  e,  being  (2/c2!))"1  in  general,  now  is  zero  ;  and  the  equation 
reduces  to  that  of  the  catenoid  in  the  preceding  example. 


SECTION  IV  :   DOMAINS 

CHAPTER  XXIII 
FREE  DOMAINS  :  PRELIMINARY  :  CIRCULAR  CURVATURE  OF  GEODESICS 

> 

Primary  magnitudes  of  a  free  domain. 

267.  A  curved  amplitude  of  four  dimensions  is  styled  a  domain  ;  when  the 
amplitude  is  homaloidal,  it  is  styled  a  block  :  these  terms  corresponding  to  curve 
and  line,  surface  and  plane,  region  and  flat,  for  the  least  extensive  amplitudes. 
Domains  exist  in  some  plenary  space  that  is  homaloidal  ;  the  dimensions  of  the 
plenary  space  are  necessarily  more  than  four  in  number,  are  not  necessarily  the 
same  for  all  domains,  and  often  remain  unspecific.  One  type  of  domain  is  of 
persistent  recurrence  in  investigations  on  relativity,  mostly  with  vague  references 
(if  any)  to  a  plenary  space. 

The  parameters  which  represent  a  domain  are  taken  to  be  p,  q,  r,  t  ;  and 
differentiations  with  respect  to  them  are  indicated  by  means  of  subscript  integers 
in  a  quadruple  suffix  notation.  Thus  we  write 


for  positive  integral  values  of  i,  j,  k,  ly  including  0.    But  for  the  sake  of  brevity, 
it  usually  is  convenient  to  retain  the  earlier  single-suffix  notation 

dy      dy      dy      dy    _ 

$'    dq9     dr'    tt>  =yi'  y»  y*'  y" 

for  first  derivatives,  and  the  earlier  double-suffix  notation 

^   J5L       **  -„   v       „ 
dp*  0?9?'  ""  9*2'  '"' 

for  second  derivatives  ;  for  third  derivatives,  there  is  variety  of  convenience. 

The  variables  specifying  a  point-position  in  the  plenary  space  are  represented 
as  usual  by  the  typical  symbol  y  ;  and  point-positions  in  the  domain  are  secured 
by  the  expressions  of  the  space-  variables  in  terms  of  the  domainal  parameters. 
The  element  of  domainal  arc  is  given  by 


\-Bdq*      +2Fdqdr+2Mdqdt 
+  Cdr*      +2Ndrdt 
+Ddl*, 
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with  the  customary  significance 
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for  the  coefficients  of  the  quadratic  differential  elements  ;  and  we  write 


A,  H,  G,  L 

II,  B,  F,  M 

G,  F,  C,  N 

L,  M,  N,  D 


fyi    tyj    fyk    <>yi 

dp '     dq  '     dr        dt 


Also  we  use  a,  h,  ...  ,  to  denote  the  minors  of  A,  H,  ...  ,  in  J2,  so  that 

dQ      ,     1  dQ 
a=dA'    h^W 
and  so  on. 

Instead  of  the  Christoffel  symbols  {aft  y},  we  shall  use  symbols  F,  A,  0,  <P, 
according  to  the  tableau 


[aft  \}= 
[aft  2]=  2 
[aft  3]= 


+FA 


+ 


for  all  the  combinations  a,  ft  =1,  2,  3,  4,  including  repetitions  ;  and  the  two  sets 
of  symbols  are  equivalent,  through  the  relations 

rnp={aft]},    Jap={aft2},     0ap={aft3},     ^={aft4}. 

268.  The  various  relations  between  the  first  derivatives  of  the  primary  magni- 
tudes, and  the  two  Christoffel  symbols  [aft  y]  and  {aft  -y},  are  covered  by  the 
general  equations  (§  12)  which,  for  a  domain,  become 


tea          SXP 

where  x^p,  x2=q,  #3=r,  a4=J,  and  where 

/J         ^^      <j/    ay 

^a^~  £j  yo.y^'i 
for  all  the  combinations  a,  /?,  =1,  2,  3,  4.    Also 


kjAtl +AkiAi2+  &ki 
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For  the  first  parametric  derivatives  of  £2,  we  have 

BQ_^dQ 
Tp-^dAAl> 

the  summation  being  over  all  the  constituents  of  Si  :  substituting,  we  have 


Similarly  for  all  the  first  derivatives  :  the  general  result  is 

20=  AM+4»,+  $*,+*«».• 

for  M=  1,2,3,  4. 

For  the  first  derivatives  of  the  first  minors  of  Q,  we  proceed  (as  in  §  13)  from 
relations  of  the  type 

Aa+Hh+Gg+Ll=Q. 
Then 


Proceeding  similarly  from  the  relations 

Ha+Bh+  Fg+Ml=0, 
Ga+  FJi+Cg+Nl=Q, 
La+Mh+Ng+  J)l=0, 

with  a  zero  right-hand  member  in  each  instance,  we  have 


T^  +  Mh.+Ng,^  IH,  - 
Let  these  four  relations,  Unear  in  a,,,  #„,  glt,  1IL,  be  resolved  ;  and,  for  brevity,  write 
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for  ¥f=r,  A,  &,  0  ;  then  the  full  tale  of  relations  is 
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of  derived  variables. 

269.  The  elements  ffy,  rfj,  dr,  eft,  and  the  associated  magnitudes  p',  q',  r',  t', 
are  connected  with  a  unilinear  extension  (a  direction)  in  the  domain  at  the  initial 
point.  We  shall  have  to  consider  not  merely  curves  and  directions  of  curves  in  a 
domain,  but  also  surfaces  and  elements  of  areas  on  surfaces  (in  bilinear  extension, 
constituting  superficial  orientation  in  the  domain),  and  regions  as  well  as  elements 
of  volumes  in  regions  (in  trilinear  extension,  constituting  regional  orientation  in 
the  domain).  Such  orientations,  whether  superficial  or  regional,  require  appro- 
priate variables  for  their  expression,  exactly  as  direction-variables  p',  q' ,  r',  l', 
are  required  for  a  direction  ;  and  the  appropriate  variables  can  be  devised  in  two 
ways.  By  one  method,  they  are  composed  from  independent  constituent  directions, 
two  for  a  surface  (as  being  bilinear)  and  three  for  a  region  (as  being  trilinear) : 
by  the  other  method,  they  are  connected  with  parametric  relations  among  the 
parameters  of  the  domain,  there  being  one  such  relation  for  a  region  and  two  such 
relations  for  a  surface. 

We  begin  with  the  variables  of  regional  orientation.  Let  dp,  dq,  dr,  dt ; 
8p,  8(7,  Sr,  8t ;  dp,  dq,  dr,  dt ;  denote  elements  for  three  directions  in  the  domain 
which  are  not  complanar,  with  elements  ds,  Ss,  ds,  of  arc  in  those  respective 
directions  :  then  we  take  P,  Q,  R,  T,  where 


P,  Q, 


dp 
ds  ' 
Sp 
Ss' 
dp 


dq 
ds' 

Ss' 
dq 


ds'      ds' 


dr 

ds' 

Sr 

Ss' 

dr 

ds' 


dt 
ds 


dt 

ds 


as  variables  of  regional  orientation,  the  three  directions  lying  within  the  orienta- 
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tion.    On  the  other  hand,  let  a  region,  having  the  foregoing  orientation  at  0,  be 
given  by  the  parametric  equation 


so  that  we  shall  have 


dp       dq 

^~  +  €2  J- 

ds        ds 

8p       8q 

l&4e'& 

dp        da 

1  a-  +  «2a  - 

ds        ds 


manifestly,  there  are  the  relations 


dr        dt 

3T-  +  64J": 

ds       ds 
8r       8t 


dr 

3a- 

ds 


dt 

4a- 

ds 


The.  common  value  of  these  fractions  is  required. 

Let  12  denote  the  angle  between  the  directions  dp,  dq,  dr,  dt,  and  8p,  8q,  8r,  8l  ; 
let  23  denote  the  angle  between  8p,  8q,  Sr,  8t,  and  dp,  dq,  dr,  dt  ;  and  let  31  denote 
the  angle  between  dp,  dq,  dr,  dt,  and  dp,  dq,  dr,  dt.  Then 


8J> 
8.S-  ' 


- 
8s  8s 


8s  ds  ' 

1,    cos  12,    cos  13 
cos  12,  1,    cos  23 

cos  13,    cos  23,  1 

the  customary  magnitude  connected  with  the  solid  angle  constituted  by  the  three 
directions  composing  the  orientation. 

Again,  consider  an  element  of  domainal  arc  dn  normal  to  the  region,  and  let 

-,    ,  -7^ »  T-  >  i-  j  be  the  direction- variables  for  the  direction  of  this  regional 
an    dn    dn    dn 

normal  in  the  domain  :  then  there  are  the  three  relations 


ds 
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which  express  the  orthogonality  of  the  normal  direction  to  the  whole  regional 
orientation.     Now 


dp        ^  r  dp         v*  r  dp 

ds'      ^     ds  '      ^     ds 


d'J} 


dp 
- 


dp 


and  so  for  the  others  ;  hence  there  are  four  equations  of  the  form 


dp 
dn 


where  A  is  a  multiplier  to  be  determined,  and  therefore  also 

di) 


dn 


dt 


-^fJL  (#€!+  6€2   -f/€3 


with  jLt  as  a  multiplier  to  be  determined. 

For  the  determination  of  /x,  we  introduce  a  quantity  styled  the  regional  dilata- 

tion of  the  parametric  region  e—  0  and  we  measure  it  by  a  quantity  cw,  =-,    ,  where 

e  4-^6=0  is  the  parametric  equation  of  a  consecutive  region,  this  quantity  en 
manifestly  varying  from  point  to  point  of  the  domainal  region.    Thus 

de  =  ea  dp  +  €2dq  +  e3dr  -f  e^dt, 

where  the  quantities  dp,  dq,  dr,  dt,  belong  to  the  normal  direction  in  the  domain  : 
that  is, 

dp        dq        dr        dt 

£n  """"  ^1  ~i       '   ^2  T       '   ^3  ~7       '   ^4  ~T    ' 

dn       dn       dn       dn 

Consequently,   after  substitution  for  the  direction-variables  of  the  domainal 
normal, 
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Again,  the  direction-variables  of  this  normal  are  subject  to  the  permanent 
domainal  relation  ^A  (-,— J  =1,  so  that 


It  follows  that 


~ 


thus  obtaining  a  covariantive  expression  for  €n  and  an  inferred  value  of  the 
multiplier  /i. 

The  direction-  variables  of  the  domainal  normal  to  the  parametric  region  €  =  0 
therefore  become 


where  i3en2=  2a€i2  '  anc^  ^e7  can  ^e  expressed  in  the  form 


- 

'  dn 


. 

dn 


an         an 


an    e 

And  now  we  at  once  have  the  common  value  of  the  fractions  in  the  former  relations 
in  the  form 


Thus  there  are  the  two  sets  of  variables  P,  Q,  72,  T,  and  ex,  €2,  e3,  e4,  for  the 
regional  orientation,  with  the  necessary  relations  which  render  them  equivalent. 
We  shall  require  the  variations  of  the  regional  dilatation  €n  and  of  associated 
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magnitudes  taken  in  domainal  directions.    For  this  end,  we  frame  the  parametric 
variations  of  en.     Because 


we  have 


Let  the  derivatives  of  the  magnitudes  a/Q9  as  given  in  §  268,  be  substituted,  and 
write 


for  all  values  1,  2,  3,  4,  of  i  and  j  taken  independently  of  one  another  ;   then, 
after  reduction,  we  find 


or,  having  regard  to  the  results  on  p.  253, 

&€n     -    dp         dq         dr     ..    dt 

Similarly,  we  find 

d€n         dp     .    dq     _    dr     _    dt 


dcn          dp          dq          dr          dt 

~3~  ==  ^13  T~  ^'  €23  j     ~^~  €33  J     ^~  €34  ~J~  i 

or          dn         dn         dn         dn 

den          dp          dq          dr     _ 

'* ~  -1        1     ~  •*      I     ^  _L    ^- 

'rfn 


n  _ 

w  _  r        J     i    r          J    i  2  4-2      ,  _ 

~X,    —  ^14  ~~i       "~  Cod    7       I    cjjd  ~^~~  T  644    7 


The  value  of  the  normal  variation  of  en  is  given  by 

_#e     rf€n 
€|M1"dM»    dn 

^dcn  dp  ^d€n  dq  [  8en  dr  +  dc?  dt^ 
dp  dn     dq  dn     dr  dn     dt  dn 


and  an  equivalent  form  is 

fi2€n2€nn=(^KSa€l 

where  2a6i  (ienotes  ^1  +  A€2-h^e3  +  fe4,  and  similarly  for  the  quantities 
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Again,  along  any  domainal  direction  p',  q',  r',  t',  whether  tangential  to  the 
region  or  not,  we  have 

den      fen     ffen    I,  S€H    /   .  d*n  ,,       V>  -     dp 

~       p  -f  -  —  q  -f  _-  r  -}-—-  t  —  2j€ny~P  • 
ds      dp1       dq  J       dr          dt         ^  "  oVr 

It  is  convenient  to  write 


and  then  we  have 

d€n     _  dp        dq         dr         dt 

-  j-  =  ^i  -y-  +  £9  j-    +  63  j-   -f-  64   _—  . 

as         a/i        dn        an        an 


There  is  also  the  equivalent  form 


which  occurs  when  the  values  of  the  normal  direction-  variables  are  inserted. 

Now  the  quantity  -  -  vanishes  everywhere  along  directions  which  belong  to 

H  1  1  \ 

the  region,  and  consequently  -    f  y-  ]  also  vanishes  everywhere  for  such  directions. 

an  \(is/ 

It  follows  that  the  operators  —  and    -  ,  taken  along  directions,  which  respectively 

u»s         cLn 

are  tangential  nnd  normal  to  the  region  and  lie  within  the  domain,  are  not 
commutative  in  general;  though  special  exceptions  can  occur,  as  for  regions 
defined  by  the  restrictive  equations  en2€# 


Superficial  orientation-variables. 

270.  For  the  variables  of  superficial  orientation,  we  begin  with  any  two 
directions  in  the  domain,  with  dp,  dq,  dr,  dt,  and  Sp,  8q,  8r,  8t,  as  elements  along 
those  directions,  and  with  rudimentary  arc-lengths  ds  and  8s  ;  and  we  denote 
by  v  the  angle  between  the  two  directions.  Then  the  six  variables  of  the  orienta- 
tion, thus  determined,  are  defined  by  the  relations 


--  _ 

sin  v  \ds  8s    ds  ~ds   '       14  ~  sirTil  \ds  8s~d~s 


^  =_ 

31    sin  v  \ds  8s     ds  8s   '  24~~sin  v  \ds  8s    ds  8s 

_^_(dp^l_dq8p\  ^_l_/rlr^     ^8r 

5l2^"sin  v  \ds  8s    ds  8s)  '  *34~sin  v  \ds  8s~  ds 
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which  satisfy  the  identity 


and  satisfy  also  the  permanent  orientation-relation 

The  orientation  can  also  be  regarded  as  characteristic  of  a  domainal  surface  at 
the  point,  when  the  surface  is  defined  by  means  of  two  equations 

€  (p,  q,  r,  t)  =  0,     co  (/),  q,  r,  t)  =  0, 

between  the  parameters  of  the  domain.  The  surface  thus  is  the  intersection  of 
the  two  regions  defined  respectively  by  e  =  0  and  by  co=0.  Let  dn  be  a  domainal 
arc  normal  to  the  region  6=0,  and  let  dv  be  a  domainal  arc  normal  to  o>=0  : 
then  if  i  denote  the  angle  at  which  the  regions  intersect,  we  can  take  L  as  the 
angle  between  the  two  arcs  dn  and  dv  drawn  positively  in  the  domain,  so  that 

(  dp  dp 
dn  dv  ' 
We  write 


so  that  €n  and  co  are  the  respective  normal  dilatations  of  the  regions  ;  and  thus 
there  are  two  sets  of  equations  of  the  forms 

Q€"  dn=a€ 

-,  -  =  ac 

together  with  their  equivalents  of  the  forms 


>  H+G      4-  L      -€l 

L   ~j        T  *JL   ~~t        T  v>»    ~:      T^  JLJ  —^      —  , 

dn        dn        dn        dn    €n 


. 

dv         dv     a)v 
Evidently 

ov  cos  t  =  V  A  {  (  2  a€i)  (  ^  aaj 


and  so 

fi€najv  cos  t=  2  a€i&i> 

thus  expressing  t  in  terms  of  the  quantities  in  the  parametric  equations  of  the 
surface. 
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On  the  assumption  that  the  earlier  construction  of  the  superficial  orientation 
agrees  with  the  parametric  derivation  of  that  orientation,  we  have 


dp         dq         dr         dt_ 


8> 


Sr 


dp  (        dq          dr          dt 

(tS  (IS  (IS 

8q         8r         8t 


Hence 


3>        €4 


€2, 


Let  the  common  value  of  these  fractions  be  denoted  by  //,.    We  have 

2  (cd  -  n*)  (e3o>4  -  €4aj3)2= ( ^  aef)  ( ^  acof)  -  ( \^  a€ia>1)*=Q2€r*a>*  sin2 1 
we  had 

V(^J5-//2)*122-1  : 
and  by  a  property  of  determinants, 

Hence 


Accordingly,  if  we  take  superficial  variables  by  the  definition 


_ 
Jlc 


these  are  connected  with  the  variables  stj  t>y  the  relations 


where  A,  i,  j  ,  —1,2,  3,  in  cyclical  order  when  k  —  i,  and  /<  ,  j,  ^,  =  1,2,  3,  in  cyclical 
order  when  i=4.  The  two  sets  of  variables  are  equivalent  to  one  another  :  and 
the  variables  ttj  satisfy  the  permanent  relation 

£(a&-Aa)fla*=0. 

In  what  precedes,  we  have  considered  the  domainal  normal  to  each  of  the 
regions  the  equations  of  which  combine  to  form  the  equations  of  the  surface.  The 
plane  through  these  domainal  normals  is  a  plane  orthogonal  to  the  surface. 

Ex.  Denoting  by  ©  the  quantity  ^  V)  N]  V  (A^A^-A^A^s^s^  in  the 
foregoing  permanent  orientation-relation,  and  by  stj  the  orientation-variables  of  the 
orthogonal  orientation,  for  the  various  values  of  i  and  j,  prove  that 


where  i,  j,  k,  I,  are  the  integers  1,2,3,  4,  in  cyclical  order. 


J'.t.O.  It. 
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271.  Later,  and  still  in  relation  to  surfaces  in  the  domain,  we  shall  require 
variations  of  e  and  of  o»,  regarded  as  functions  of  the  domainal  parameters, 
when  these  variations  are  estimated  along  the  two  domainal  normal  directions  dn 
and  dv,  separately  and  also  together. 

We  already  have  the  values  of  cn,  cnn,  and  therefore  of  a>v,  wvv.    Now 

dr        dt 
*dv~ 
and  therefore 


de         dp         dq 
dv        dv        dv 


dv  dv 


dv 


Hence 

Similarly,  we  find 
Again,  we  have 


^. 

,  —  U-^    -7~  cos  t. 
dn  dv 


dt      d€ 

J      =-7~ 

dv    dn 


daj    da> 
-----    cos i. 
dn     dv 


dvdn     dv 


_dp  dtn     dq  den    dr  d€n     dt  den 
~  dv  ~dp     dv  dq     dv  dr     dv  dt 


on  substituting  from  §  271 ;  and  similarly 

i  -     dp  dp 
dndv~~  *~* 
Next,  we  have 


_ 

dndv~  *^    lldndv' 


de  da)  ^-^  a 

—   —  cost=  Zj^ 
dn  dv 


and  therefore 
9c  de 


.          d  fde  doA 
•-    sm  i+  3—  I  r-       I  cos  i 
dp  dn  dv  dp  \dn  dv/ 


dp         dq         dr 
^11  TV  +  *12  dv+  '13  dv 


dt\ 
e"  dv) 


de  /_    dp     -    dq     _    dr     _     dt 
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Similarly  for  the  other  parametric  derivatives  of  t.    Hence,  on  reduction, 
di  de  da>   . 

_       _ 

an  an  dv 


dp  (dp    dp         Yl~|     d*  [\^  f_     dp  (dp    dp 

€ii^l^~  7  COSt      -"  L—    - 

lldn  \dv     dn 


Yl~|     d*  [\^  f_     dp  (dp    dp         \["\ 

Jr  -y"    Zjfau  JL[J—  /-costly   , 
Jj  J    dn\-*-J\       dn\dn    dv         /JJ 


di  de  da>   . 

T  T~  -J-  sm  l 
dvdn  dv 


dp  (dp    dp         \\~]     de  T  ^  -     dp  (dp    dp         \~1 

€ii-7    I  j-,7cost]r    "-J-    Z*  ^11  :r  V  J^  ~  :J  -cost)    . 
dv  \dv    dn        Jj  J    dn  L^    "  dfv  WAi    rfv         /  J 


~~     dv 

In  the  same  way,  by  the  use  of  these  variations  of  t,  the  inclination  of  the 
regions,  the  following  relations  are  obtained  : 

„    dp  dp]        €n  ^  f  -     dp  [dp    dp 
€„  ~~  -£->  —  —  ?  .<<*)„  -+-  \~ --  /- 


7  I  /     J      1  *-ll      7  7         I          "~  /J      1  *jt/11       7  17         7 

dnav     *~*  (      dndvj       <*>v*~*  [      dn  \dn    dv 


U       -  --  >    —  —  6Un  --  -  -    .  -  COS  t 

u  ^      n 


T~~7 Vrf  -s <*>u  ~i "  T  r  =    " S  "S^n  T~  (  7    ~"  7 " cos  l )  r  > 

dvd>;      *~*  [       dn  dvj      €n  *-*  [      dv  \dv     dn         I } 

f_     /dp\2l     c*v^\  f.    dp  /dp    dp 
L1  \dw/  J      en       \  n  dn  \  dv     d 

We  thus  have  all  the  second  derivatives  of  the  parametric  magnitudes  c  and  o> 
estimated  along  the  two  domainal  normals  to  the  respective  regions. 

Modifications  of  the  quantities  of  the  type    /--  /-cost  and  -/---,—  cost, 

dn     dv  dv    dn 

appertaining  to  the  orientation  orthogonal  to  the  surface,  can  be  constructed 
similar  to  those  used  for  p/  -  p2'  cos  e  and  p2'  -p/  cos  €  in  the  orientation  of  the 
surface. 

Bi-parametric  representation  of  a  surface. 

272.  Another  analytical  representation  of  domainal  surfaces,  formally  distinct 
from  the  representation  as  the  intersection  of  two  domainal  regions,  is  provided 
by  postulating  the  parameters  p,  q,  r,  t,  as  functions  of  two  new  independent 
parameters  x,  z,  in  a  form 


we  write 

3p  dp 

*_,  y»  J 
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and  similarly  for  other  derivatives  :  also 
3=2  Apf,    J=^ 


then  the  arc-element  on  the  surface  is 

cfe2  =  E  dx*  +  2  J  dxdz  +  7  rfe2. 

Let  the  two  sets  of  direction-  variables  V,  -7-  ,  and  0   ,  0-  ,  determine  the  same 

as    da  os    bfi 

two   directions   on   the   surface  in  §  270  as   are   determined  by  the  two  sets 

dp     dq     fJr     dt  8p     8q     8r     8t  .          . 

~r  >  -7  »  -7  •  j  T-  »  and  ^r-  ,  *   ,  F-  >  o-  I  then,  for  the  orientation-  variables  of  tho 

ds     ds    ds    as  os     8s    os    os 

surface,  we  have  relations  of  the  type 


*12 


.    -     dp  8q    dq  8p 
sin  cu  W-  *  •--/  s- 
ds  os     ds  ds 


But 


(dx  8z    dz  8x\ 
ds  8s    ds  8s/  ' 


Sill-  O)  = 


__ 
ds8s    dsls 

the  customary  expression  for  the  inclination  between  the  parametric  lines  on  the 
surface,  a  result  to  be  inferred  also  from  the  fact  that  the  inclination  of  those  lines 
is  unaffected  by  the  change  of  parameters.  Hence,  as  the  expression  of  the 
orientation-variables  of  the  surface  in  terms  of  the  new  defining  equations,  we 
have 


Pi.  fh 

P2»    ?2 

and  the  relation 


Pi 
P2 


still  is  satisfied. 

Thus,  corresponding  to  the  three  modes  of  defining  a  domainal  surface  :  (i), 
by  means  of  the  domainal  direction-variables  of  two  guiding  directions  in  the 
orientation  :  or  (ii),  by  means  of  two  intersecting  parametric  regions  in  the 
domain  :  or,  (iii),  by  means  of  a  bi-parametric  representation  of  the  domainal 
parameters,  there  are  three  forms  of  expression  for  the  domainal  variables  for  the 
orientation  of  the  surface.  It  is  to  be  noted  that,  whatever  mode  of  representation 
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be  adopted,  the  conditions  to  be  satisfied,  in  order  that  a  domainal  direction 
p',  q',  r'9  t',  through  0  may  touch  the  surface  having  s12,  s23,  s.3l,  su,  6'24,  s34,  as 
orientation-  variables  at  that  point,  are 


w'  =  0 

They  are  equivalent  to  two  independent  relations  only,  because  of  the  necessary 
condition 


It  further  is  to  be  noted  that,  if  ?/,  (]',  rf,  t1  ',  are  direction-variables  of  a  direction 
not  lying  in  the  surface,  the  magnitudes 


are  of  the  nature  of  regional  variables  P,  Q,  72,  T1. 

Finally,  it  may  be  remarked  (the  remark  would  apply  to  the  investigations  of 
superficial  and  of  regional  properties  as  well  as  to  those  of  domainal  properties) 
that,  in  the  discussions  which  follow,  there  will  appear  certain  combinations  of 
functions  of  position  (such  as  primary  magnitudes  and  their  derivatives),  of  the 
direction-  variables  of  a  curve  at  a  point,  of  the  variables  P,  Q,  R,  T,  of  volumetric 
orientation  (shewn,  in  §  209,  to  have  a  geometrical  equivalent  in  the  direction- 
variables  of  the  normal),  and  of  the  variables  of  superficial  orientation  in  any  of 
the  three  forms  that  have  been  indicated.  When  these  combinations  represent 
some  geometrical  magnitude  or  quantities  related  to  some  geometrical  property, 
they  are  of  the  nature  of  covariantive  concomitants  belonging  to  the  whole 
system  of  quaternariants  of  the  domain.  No  particular  discrimination  will  be 
made  among  the  concomitants  as  regards  their  types  ;  and  there  will  be  no  attempt 
to  range  them  in  their  respective  specific  classes.  Such  discrimination  and  such 
ranging  become  an  inevitable  necessity  in  any  systematic  development  of  the 
algebraical  theory  of  quaternariants,  with  or  without  its  geometrical  applications. 
But  this  development  will  not  be  undertaken  at  the  present  stage  ;  all  that  will 
be  done  is  to  note,  occasionally,  significant  instances  of  relations  connected  with 
that  theory. 

Tangent  block  of  a  domain. 
273.  The  typical  equation  of  a  tangent  line  to  the  domain  through  any  point 

Ois 
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where  A  is  the  current  parameter  along  the  line ;  or,  when  the  value  of  y'  is 
used,  the  equation  is 

V  —  y  =  A  — -  =  T/-,  A 


with  the  notational  significance  for  the  first  parametric  derivatives  of  y.    Thus  all 
such  tangent  lines  through  the  point  are  such  that 

II  y-y,  yi>  y»  y»  y*  ll=o, 

which  accordingly  are  the  equations  of  the  tangent  block  in  the  domain. 

Any  point  in  the  tangent  block  (and  so  the  tangent  block  itself)  can  be  repre- 
sented by  the  four-parameter  set  of  equations 


and  any  direction  Jl5  Z2,  ...  ,  (typically  denoted  by  /),  in  the  domain  can  be  repre- 
sented by 


Let  77  denote  the  length  of  the  perpendicular  to  this  block,  drawn  from  a 
domainal  point  at  a  small  arc-distance  V  from  the  point  0  ;  by  analysis  similar 
to  that  already  used  for  the  general  configuration,  and  for  a  surface  and  a  region, 
we  find,  up  to  the  second  power  of  V  inclusive, 


for  all  the  values  of  m  corresponding  to  the  space-coordinates,  the  quantities 
Xl9  X2,  ...  ,  denoting  the  direction-cosines  of  the  perpendicular  77;  and  we  also 
have 


the  last  four  equations  being  an  analytical  expression  of  the  property  that  the 
perpendicular  77  is  at  right  angles  to  every  direction  in  the  tangent  block. 

Now  it  will  appear  (§  274)  that  /o,  the  radius  of  circular  curvature  of  a  domainal 
geodesic  in  the  direction  p'9  q'  ',  /,  £',  and  its  direction-cosines  Y19  F2»  •••  >  are 
determined  by  the  set  of  equations 

?™=<Pym 

p        da* 

*  ,2 


for  all  the  values  of  m.    Hence  we  have 
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and  therefore 

T.    277    1 
Lim-=-^— -  , 

v-*o  V2     p 

giving  an  approximation  to  the  length  77  of  the  perpendicular,  while 

Xm=  Ym, 

for  all  values  of  m  :  that  is,  the  limiting  position  of  the  perpendicular  on  a  tangent 
block,  drawn  from  a  contiguous  point  at  an  arc-distance  V  from  0,  is  the  direction 
of  the  radius  of  curvature  of  the  geodesic  joining  the  point  to  0,  the  limit  being 
attained  by  the  ultimately  evanescent  value  of  V. 

Equations  of  domainal  geodesies :  circular  curvature. 

274.  The  intrinsic  equations  of  a  domainal  geodesic  are  relations  which  must 
be  satisfied  if  the  magnitude 

I  i  S^  ("y  )   [  du 

is  to  be  a  minimum ;  and  by  analysis  similar  to  that  used  for  a  surface  (§  93), 
for  a  region  (§  161),  and  for  the  general  configuration  (§  17),  it  is  found  that  there 
are  four  intrinsic  equations 


which,  however,  are  equivalent  to  only  three  independent  equations  under  the 
retention  of  the  permanent  arc-relation 


Let  1/p  denote  the  circular  curvature  of  the  geodesic  at  0  ;  and  let  the  direction- 
cosines  of  the  radius  of  circular  curvature  be  denoted  by  Yl9  Y2,  ...  ,  Y  being 
taken  as  typical  of  them  all.  Then 


for  all  the  values  of  m  :  or,  typically, 


p      s 

=  VIP"  +  yd'  +  ys"  +  yd"  +  S 


when  the  geodesic  values  of  p",  q",  r",  t",  are  substituted.    In  accordance  with 
the  earlier  notation,  we  write 


for  all  values  a,  ]8,  =  1,  2,  3,  4,  in  all  combinations  ;  and  now  we  have 
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with  the  relation 

SF'=1, 

as  equations  characteristic  of  the  circular  curvature  of  domainal  geodesies. 

Having  regard  to  the  equations  (§  268)  which  define  the  magnitudes  P,  J,  0,  <P, 
in  terms  of  the  quantities  ]>}  y^a^  we  a^  once  verify  the  relations 


Hence  each  of  the  directions,  typically  represented  as  to  direction-cosines  by  the 
magnitude 

__  5<*_ 

(£*)*' 

is  orthogonal  to  the  tangent  block  of  the  domain  ;  and,  of  course,  the  direction  of 
the  radius  of  circular  curvature  is  orthogonal  to  that  block,  its  direction-cosines 
satisfying  the  relations 


Also  we  note  that,  in  addition  to  the  tangent  block  of  four  dimensions 
organically  related  to  the  whole  domain,  there  is  a  homaloidal  amplitude  of 
five  dimensions  connected  with  any  domainal  geodesic  and,  for  that  geodesic, 
represented  by  the  equations 

j  ?y-y,  »j,  y*  y*  y*>   Y  ||=o. 

The  Rietnann  four-index  symbols. 

275.  It  is  convenient  to  introduce  the  Eiemann  four-index  symbols  at  this 
stage,  merely  modifying  the  investigation  (§  14)  for  the  general  m-fold  amplitude 
for  a  general  domain,  and  using  the  conventions 


In  place  of  the  second  derivatives  ytj  of  the  typical  point-  variable  y,  an  associated 
quantity  77  „  is  used,  under  the  definition 

^  =  y« 

so  that  also 


with  the  equivalence  of  the  symbols  F9  A,  &,  $,  to  the  Christoffcl  symbols  (06,  c}. 
Because  the  relation 


holds  for  each  of  the  combinations  A,  //,,  v,  =  1  ,  2,  3,  4,  repetitions  being  permissible, 
we  have 
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Now,  differentiating  the  relation 


with  regard  to  xf  and  xk9  we  have 

d*y       dy         d*y       dy 


for  all  combinations  i,  /,  j,  &  ;  hence 

|  8 
dx3dxt    dZidxk 


The  Riemann  four-index  symbol  (y,  kl)  is  usually  defined  as 


*  ,     -  ,  A}], 

A         /x 

where,  in  the  double  summation  on  the  right-hand  side,  the  integers  A  and  //,  can 
be  interchanged  ;  consequently,  this  four-index  symbol  is  such  that 

(ij,  H)=  2  (ifa^i-  ^iTj^.), 

the  summation  on  the  right-hand  side  being  for  all  the  quantities  T?  associated 
with  the  several  point-  variables  in  the  plenary  space  of  the  domain. 

The  magnitude,  as  originally  defined,  involves  only  the  primary  magnitudes  of 
the  domain  and,  explicitly  or  implicitly,  their  first  and  second  parametric 
derivatives  ;  it  thus  is  of  the  nature  of  a  concomitant  of  the  domain.  In  the 
inferred  value,  it  is  equal  to  a  quantity  which  depends  upon  the  magnitudes  77, 
that  is,  implicitly  upon  the  first  and  the  second  parametric  derivatives  of  the  space- 
coordinates,  and  these  magnitudes  77  are  connected  with  the  prime  normals  of 
the  domainal  geodesies  ;  thus,  in  the  inferred  form,  the  spatial  quantity,  which 
occurs  on  the  right-hand  side,  is  of  the  nature  of  a  concomitant  of  the  domain. 

The  quantities  rjap  are  unaltered  when  a  and  j8  are  interchanged  ;  hence  the 
Kiemann  four-index  symbol  satisfies  the  identical  relations 

(*/>«)  =  (.;t,/t)  =  (/*,>»)  =  (*?,*;) 

=  -  (y,  J/k)=  _  (fr  kl)=  ^  (Ik9  (/)=  -  (Idji), 


Thus  the  symbol  vanishes  if  the  integers  i  and  j  are  equal,  and  it  vanishes  if  the 
integers  k  and  /  arc  equal.    For  a  domain,  the  numbers  i,j,  k,  I,  can  have  the  values 
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1,  2,  3,  4,  separately  and  independently  of  one  another  ;  hence  the  nuftiber  of 
non-  vanishing  four-index  symbols  for  the  domain  is  twenty-one.  There  is  a  single 
relation  among  these  non-  vanishing  symbols  which,  in  all  its  forms,  is  effectively 

(12,34)  +  (13,42)  +  (14,23)=0; 

consequently,  the  number  of  non-vanishing  four-index  symbols  (ij,  M)  for  a 
domain,  which  are  linearly  independent  of  one  another,  is  twenty.  Obviously,  in 
citing  the  number  of  a  non-  vanishing  four-index  symbol,  we  may  take  j  >  i9  l>k. 
The  actual  values  of  the  non-  vanishing  symbols,  alike  in  terms  of  the  primary 
magnitudes  A  and  their  first  derivatives  as  implicitly  contained  in  the  symbols 
JT,  J,  ®,  0,  and  also  in  terms  of  the  quantities  77,  with  the  convention  for  the 
symbol  (aj3$y8)  as  defined  to  be 

(aj8Jy8)  =  (^,  J5,  C,  A  F,  G,  H,  I,  M, 
are  as  follows  : 


(13,  13)=£foui?»-'?i*')=-*(.4s3-2G'ia  +CU)-(11J8S)  +  (13J|13) 


(23,  23)-  %  (,„,„  -  ,„•)  =  -  i(&>3  -  W»  +  CM)  -  (22  J33)  +  (23&2S) 
(24,  24)=  £  (ijMijtt-ijM«)=  -  5(Btt-2Jfli+Z)it)-(22j(44)  +  (24j24) 
(34,  34)  = 

(12,  34)= 

(13,  42)= 
(14,23)= 

(12,31)= 


-FU  -M23+  JVM)-(23j(24)  +  (22J34)| 
-#23  -Flt  +  0M)-(12$23)  +  (22jfl3)    , 
-H2i-Ml2+  L22)-(12&24)  +  (22S14)J 

(•' A     1  Q\         ^O  /*«      ~.  M      M      \        1  //"*  /^  A7         i       7"      \        /IQXQ/IX    i    /QQXI/IX^ 

o4r,  L0)=  2ij  11?137?34  ~  ^SS^lJ  ^  2 IW14  ~  ty34    ~^13+    ^33/  ~  V-*«J5*>4J  +  W^X  A4:) 

/oi     oo\  __  ^\^  I ft\     e*\          >n     v\     \ i t f~^  f^  HP        i     TT     \       / 1  o XOQ\  _i_  /'-IQX 1 0 \  I 

\        >  ^Oy  -—   y^ ^  V^13  *i23  ~~"  ^33^127  —  2  \     12  ~~"       2^    ~~       1^    "•     •'^ IS/  "~"  V    *^X^     /    '    \ ^O y  1  & )    r  j 

(32,43)=T 


(42,  34)= 
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To  the  symbols  at  the  extreme  left,  a  variety  of  equivalent  forms  may  be  given, 
so  that  the  substituted  form  might  conform  to  the  conventions  j  >  i  and  I  >  k  in 
a  cited  form  (ij,  Id) ;  but  account  might  then  have  to  be  taken  also  of  a  possible 
prefixed  sign. 

These  four-index  symbols  are  the  coefficients  of  the  orientation-variables  in 
the  Eiemann  measure  of  curvature  of  an  amplitude  (here,  a  domain)  estimated  in 
any  superficial  orientation.  For  those  variables,  taken  to  be  the  quantities  %  of 
§§  270,  272,  we  have 


or  if  we  take 

dp        ,  dq        ,  dr        ,  dt        , 

•*      -  ,M    '  _  £  _    -y.     '  _  -  /*»    '  _  —  /*»     ' 

~Xl'  ~x*>  ~x*'  4' 


" 


this  relation  can  be  written 

^  (AikAn  -  AnAjk)  (xSz/  -  xjzi)  (xM  -  x^)  =  sin2  w. 

The  Riemann  measure  of  curvature  of  the  domain  in  the  orientation  established 
by  the  two  directions  #/,  x2',  x3',  #4'  ;  and  z^,  z2'9  z3',  zj  ;  is  defined  to  be 


where,  in  the  summations  alike  in  the  numerator  and  denominator,  the  full 
coefficients  of  %2  have  a  numerical  factor  unity  when  the  suffix  Jc9  1,  is  the  same  as 
the  suffix  ij,  and  the  full  coefficients  of  s^s^  have  a  numerical  factor  two  when 
the  suffix  kl  is  not  the  same  as  the  suffix  ij. 

The  significance  of  the  Riemann  measure  will  be  established  later  (§  312)  as 
the  sphericity  of  the  domain  in  the  orientation  with  the  variables  s{i. 

Geodesic  polar  coordinates. 

276.  As  a  preliminary  to  the  establishment  of  geodesic  polar  coordinates,  we 
consider  the  conditions  under  which  a  parametric  curve  may  be  a  geodesic  in  the 
domain.  Let  it  be  the  curve  given  by 

j>=  variable,    q=  constant,    r=  constant,    t=  constant. 
Then  the  intrinsic  equations  of  this  special  geodesic  become 


so  that  the  conditions  are 

Ju=0, 


268 

In  general,  we  have 


GEODESIC 


[CH.  xxni. 


and  therefore  the  three  special  conditions  become 


that  is, 


2A 


.AV'2A    Al 


Hence  there  exists  a  function  of  p,  q,  r,  t,  which  may  be  denoted  by  I  and  is  such 
that 


i_a«    H__ai    G  _m    L  _di 

9p'~*~9q'*~*'*~*' 


and  the  relations,  implied  by  the  existence  of  these  four  equations,  are  sufficient 
to  secure  that  the  selected  parametric  curve  satisfies  the  intrinsic  equations  of 
domainal  geodesies. 

With  these  values,  the  domainal  element  of  arc  is  now  given  by  the  expression 

9  dl  dl  dl  dl  ^  dl  dl 

dp  dq  dp  dr  dp  dt 

+  (B,  C,  D,  N,M,Fl dq,  dr,  dt)2 
f  (BQ,  Co,  DQ,  NQ,  MQ,  FO  $  dq,  dr,  dt)2, 


where 


J.YO—  ^v  —  -      — 

or  dt 
M-M    dldl 

M°~M     dt~dq 


dq  dr  ^ 

Along  the  special  geodesic,  we  have  dq=Q,  dr~Q,  dt~Q,  so  that  ds  becomes  equal 
to  dl :  that  is,  the  new  parameter  I  is  the  length  of  the  arc  along  the  geodesic 
curve.  Moreover,  the  original  magnitude  A  does  not  vanish,  and  we  have 

3L,i 

dp 


so 
a 


>  that  the  complete  expression  for  I  must  involve  p  ;  therefore  /  can  be  taken  as 
domainal  parameter,  with  q,  r,  t,  (or  with  three  quantities,  involving  q,  r,  /, 


276]  POLARS  269 

and  independent  of  one  another  as  functions  of  q,  r,  f),  for  the  representation  of 
the  domain. 

A  region  in  a  domain  can  be  represented  parametrically  by  a  single  relation 
among  the  parameters.    Consider,  therefore,  the  region  represented  by 

I=SL  parametric  constant  ; 
any  arc  da,  lying  in  this  region,  satisfies  the  equation 

dl  dp     dl  do     dl  dr     dl  dt     ^ 

__  £_  _j  ___  1  _.|  __     ___  |  ___  __  Q 

dp  da     dq  da     dr  da     dt  dcr       9 
that  is,  it  satisfies  the  equation 

.  dp     TVdq     ^dr     TT  dt     ^ 
A-f-  +  H-=*-  +  G^-  +  Hj-=0. 
da        da        da         da 

Along  the  geodesic  itself,  the  direction-  variables  are  p'  =  A~*,  q'=Q9  r'=0,  f'^=0  ; 
and  therefore,  if  <j>  denotes  the  inclination  between  the  geodesic  and  the  arc  da, 
we  have 


Consequently  the  geodesic,  being  at  right  angles  to  every  direction  in  the  region, 
is  orthogonal  to  the  region.  It  therefore  follows  that  the  regions,  specified  by 

1=  constant 

in  a  domain  the  arc-element  of  which  is  given  by  an  expression 
<fe»=cB»+  (Z?0,  C0>  D0,  N0,  M0,  F0W,  (ft,  ety)2, 

where  I,  </>,  #,  $,  are  the  four  independent  parameters,  are  parallel  regions  ;  and 
the  normal  geodesic  distance  between  two  such  regions  is  the  difference  in  the 
two  values  of  I  by  which  the  regions  are  specified. 

The  partial  differential  equation  of  the  first  order,  satisfied  by  geodesically 
parallel  regions  in  the  domain  when  the  arc-element  of  the  domain  retains  its  initial 
form,  can  be  constructed  as  follows.  The  arc-elements  given  by  the  two  forms 

(A,  B,  C,  D,  F,  G,  H,  L,  M,  N  J  dp,  dq,  dr,  dt)2, 
W+(B»  C,,  DQ,  NQ,  M0,  F»l<J4,  dx,  <ty)», 

must  be  the  same  for  all  variations  of  the  parameters.  Hence  there  are  four 
relations  of  the  type 


(for  i=l,  2,  3,  4),  with   the  double-suffix  notation  of  §10  for  the  primary 
magnitudes  ;  and  there  are  ten  relations  of  the  type 
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for  the  combinations  i,j,  =  l,  2,  3,  4.     Consequently,  we  have 

A  —  ti     ,        t±  —  ^i"2'  —  ''l/SJ  1  • 


because  the  determinant,  which  results  from  the  substitution  of  the  values  of  the 
constituents  in  the  preceding  ten  relations,  vanishes  unconditionally.  When  this 
determinant,  involving  the  derivatives  of  ?,  is  expanded,  it  can  be  expressed  in 
the  form 


with  the  customary  notation  :   that  is,  the  required  partial  differential  equation 
of  the  first  order  satisfied  by  geodesically  parallel  regions  in  the  domain  is 


The  result  is  in  accord  with  the  earlier  result  (§  269)  which  gives  the  normal 
dilatation  of  a  region  e(p,  </,  r,  0  —  0  in  the  form 


Here  dn  is  the  domainal  element  of  arc  normal  to  the  region  ;  when  the  region 
€  =  constant  belongs  to  a  family  of  geodesically  parallel  regions,  we  have  dl  as  an 
element  of  domainal  arc  orthogonal  to  the  region,  so  that 

dt-dl,     dl~dn, 

and  therefore  €w=l. 

Further,  the  domain  manifestly  can  be  referred  to  parameters  which  shew  the 
geodesies  and  their  orthogonal  regions,  the  domainal  arc  then  being  given  by  an 
expression 

cfe»=cB»+  (fl,  C,  A  N,  M,  F\dq,  dr,  dt)\ 


where,  in  general,  the  magnitudes  5,  (7,  D,  N,  M,  F,  are  functions  of  I  as  well  as 
of  q,  r,  t.  Such  a  representation  of  the  arc  of  the  domain  will  be  called  geodesic 
pojir. 

277.  In  a  domainal  region,  with  the  arc-element 

ds<*=  (£,  C,  A  N,M,F$  dq,  dr,  «fc)«, 
the  right-hand  side,  qua  function  of  dq,  dr,  dt,  can  always  be  expressed  in  a  form 
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the  quantity  I  which  occurs  in  the  coefficients  B,  (7,  D,  N9  M,  F,  being  regarded 
as  a  (parametric)  constant  ;  but  the  transformation  is  effective  solely  for  the  region 
specified  by  the  assigned  value,  and  a  full  value  of  the  last  expression  for  all 
variations  in  the  domain  can  only  lead  back  to  the  form  for  ds2  already  obtained. 
Such  a  transformation  of  dsQ2  is  concerned  with  regional  geodesies.  It  still  remains 
to  enquire  whether,  in  the  region,  there  is  another  domainal  geodesic  representa- 
tion additional  to  that  which  has  already  been  obtained  :  or,  what  is  effectively 
the  same  enquiry,  whether  the  domain  can  have  further  geodesic  representation. 
Suppose  that,  if  such  a  representation  can  exist,  the  second  polar  geodesic  is 
represented  by  the  parametric  curve 

inconstant,    y=variable,    inconstant,    £=constant, 

so  that,  as  I  is  constant,  the  new  geodesies  will  lie  in  the  regions  orthogonal  to 
the  former  polar  geodesic.  In  order  that  the  intrinsic  equations  of  domainal 
geodesies  shall  be  satisfied,  the  foregoing  values  must  satisfy 


and  therefore  we  must  have 

r22=o,  ®22=o,  *12=o. 

In  any  representation  of  a  domain,  we  have 


N<I>22, 


in  the  present  representation  of  the  domain,  we  have 

ff=0,    (7=0,    £=0; 
and  therefore,  for  our  immediate  purpose,  we  have 

£i=0,    \E^BA^    Ft-\B*=FAn    M2-± 
from  the  four  relations  respectively. 

Thus  B  is  independent  of  I  ;  and,  because  we  now  have 


there  must  exist  a  function  m,  independent  of  I  and  involving  y,  r,  t,  such  that 

i  _  dm          __  dm  dm          _  dm  dm 
dq  '  dr  dq  '  dt    dq  ' 

making  F  and  M  also  independent  of  I.    Hence 
(B'C9  D,  N,  M, 


272  SETS  OF  GEODESICS  [CH.  xxm. 

where 

dm(lm 


and  the  domainal  arc  can  be  expressed  in  the  form 


where  C0,  AT0,  Z>0,  are  functions  of  the  four  parameters. 

Consequently,  for  a  domain  with  its-  arc  expressible  in  the  form 


C,  N,  /J&rfr,  A)8, 

where  the  coefficients  0,  Ar,  I),  are  functions  of  the  four  parameters,  the  two 
parametric  curves,  given  by 

p  ==  variable,      q  —  constant,     r  =  constant,     /  =  constant, 
p  =  constant,     7  =  variable,     r  =  constant,     £  =  constant, 

are   geodesies   at   right  angles  to  one  another  ;    and  thus  then*  is  a  bipolar 
geodesic  representation  of  the  domain. 
Manifestly,  the  amplitude 


with  p  and  q  as  parametric  constants,  represents  a  surface  in  the  domain.     At 
any  point  on  the  surface,  a  tangential  direction  has  a  typical  direction-  cosine 

dr          dl 


The  inclination  <f>v  to  the  parametric  geodesic  along  the  j9-curve  is  given  by 

dr          dt\     dr  dt 


and  the  inclination  <f>Q  to  the  parametric  geodesic  along  the  y-curve  is  given  by 

dr          dt\     dr  *^  dt  ^^ 


that  is,  every  direction  in  the  surface  is  at  right  angles  to  the  plane  containing  the 
two  polar  geodesies,  and  consequently  this  plane  within  the  tangent  block  of  the 
domain  is  the  orthogonal  piano  to  the  surface. 

One  analytical  representation  of  this  surface  is  manifestly  given  by  the  two 
equations 

/  =  con  stan  t  ,     m  ~  constan  t  ; 

that  is,  when  these  two  functions  I  and  m  are  used  to  provide  a  parametric  repre- 
sentation of  a  surface,  which  is  orthogonal  to  the  orientation  containing  the  two 
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domainal  geodesies  in  the  bi-polar  representation  of  the  domain,  they  must  satisfy 
the  two  equations 


and,  as  the  two  geodesies  (and  therefore  the  two  regions,  orthogonal  to  the  two 
geodesies)  are  at  right  angles,  there  is  also  (§  270)  the  equation 

^a^Wi  —  O. 
Further,  there  is  a  surface  in  tho  domain  given  by  the  arc-representation 


manifestly  a  surface  orthogonal  to  the  preceding  surface  ;  and  the  orientation- 
variables  of  this  surface  can  bo  constructed  from  the  domainal  normals  to  the 
two  regions,  /—constant,  and  m=  constant,  respectively.  For  the  former,  there* 
are  (§  269)  four  direction-  variables  of  tho  type 


and,  for  the  latter,  there  are  four  similar  direction-variables 


Consequently,  the  orientation- variables  in  this  orientation  are  of  the  form 

O7       n  l^'r  ^      (^r  ^\ 
fi4         \dl  dm    dm  dl) 

---\   A,    H,    G,    L 
!   //,    B,    F,    M 

Now  for  a  surface  with  an  arc-representation  ds2  —  dl-  -\-  dm2,  the  Riemann 
sphericity  is  zero  ;  for,  with  I  and  m  as  the  superficial  parameters,  the  quantities 
A,  H,  B,  of  §88,  --1,  0,  1,  so  that  the  symbol  (12,  12),  which  is  the  Riemann 
sphericity  of  the  surface,  vanishes.  The  two  curves  p= variable,  q = constant : 
and  p  —  constant,  q— variable  ;  are  domainal  geodesies,  so  that  this  surface  is  a 
surface  geodesic  to  the  domain.  Thus  the  sphericity  of  tho  domain,  in  this 
orientation,  must  vanish  ;  and  therefore  (§  117) 


ITonco  the  oariior  surfaces,  orthogonal  to  tho  two  perpendicular  geodesies  in 
the  bi-polar  representation  of  the  domain,  arc  orthogonal  to  the  superficial  orienta- 
tions of  zero  sphericity  ;  and,  if  they  are  given  by  two  parametric  equations 

l(])9  q,  r,  t)  =  constant,     w(/;,  ry,  r,  t)  =  constant, 
the  functions  I  and  m  satisfy  the  equations 

V  ali*=Q,     ^  11/^=0,     V  amfzzQ, 


F.1.0.   II. 
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Ex.  1.     When  the  arc-element  of  a  domain,  given  by 
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with  the  customary  convention  jclf  x2,  xs,  #4,  —pt  q,  r,  t,  is  expressible  in  the  form 
ds*  - dl*  +  dm*  +  (P,  Q,  /tyety,  <ty)2 

appertaining  to  the  bi-polar  representation,  prove  that  the  parametric  functions  I  and  w 
satisfy  the  equations 

i  A     —II  —  m  m       A    —II—  m  m        A    —II—  m  in     —  0 


for  all  the  values  i,j,  A\  a,  )8,  y,  =1,  2,  3,  4. 

A'j.  2.     When  the  domain  is  primary,  so  that  its  plenary  homaloidal  space  is 
quintuple,  and  when  the  arc  of  the  domain  is  expressed  in  the  bi-polar  form 

ds*  -  dP  +  dm*  +  (P,  Q,  R\  dfa  dt/j)*, 

prove  that  the  product  of  the  four  principal  circular  curvatures  of  domainal  geodesies 
is  equal  to 


dp 
dp 

1  dm' 


Q 

m 

3Q 


dR 


dm 


It  thus  appears  that  a  domain  can  have  two  orthogonal  families  of  geodesies  ; 
but  it  cannot  have  three  such  orthogonal  families  of  geodesies,  unless  it  is  deform- 
able  into  a  flatter  amplitude,  so  that  it  is  not  to  be  regarded  as  a  general  domain. 
Thus  even  for  a  primary  domain  of  such  a  limited  type,  so  that  its  arc  could  be 
expressed  in  a  form 

ds2=dp*  I  dif  {  d 


the  product  of  the  principal  circular  curvatures  of  geodesies  vanishes  ;  and  there 
are  three  orientations,  orthogonal  to  one  another,  which  provide  vanishing 
sphericities  of  the  domain.  Accordingly,  its  properties  are  not  of  a  quite  general 
type  and  its  discussion  is  omitted. 

First  derivatives  of  Christoffel  symbols. 

278.  The  first  parametric  derivatives  of  the  quantities  F,  J,  0,  $,  will  be 
required.  Incidentally,  it  is  clear  that  certain  differential  conditions  among  these 
quantities  must  be  satisfied.  For  we  have  (§  208) 
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and  a  corresponding  expression  for  — - ,  obtained  by  changing  k  into  I ;   the 
identical  relations  l 


must  be  satisfied  for  all  possible  values  of  i,  j9  k,  I ;  and  their  development  leads 
to  the  indicated  conditions. 

These  conditions  can  be  obtained  by  a  different  process,  which  has  the  advantage 
of  supplying  the  values  of  symmetrical  combinations  of  first-order  parametric 
derivatives  and  third-order  parametric  derivatives  of  the  point- variables.  On 
the  analogy  of  the  equations,  which  define  the  magnitudes  Fi})  dljy  &l}9  <&i},  we 
define  *  four  magnitudes  Pi}k9  Ql}k9  Rtjk,  Sljk9  by  the  equations 

)k  +  HQ,Jk  -l-  GRl}k-}-LSijk 
H  +  BQ^+FRvt+MSw 


^  y  ?/i  k~ ^PI  7. 4-  MQl}k -f  NRl]k  +  DSt}k  i 

for  all  combinations  of  values  of  i,  j,  k,  from  the  set  1,  2,  3,  -1,  chosen  independently 
of  one  another.  The  four  equations  define  the  four  magnitudes  uniquely ;  hence, 
because  the  left-hand  sides  remain  unaltered  when  i,  j9  k  are  interchanged  in  a 
selected  combination  ijk9  the  quantities  Pljk9  Qljk9  Ri}k,  Sljk9  similarly  remain 
unaltered  in  any  such  interchange. 
We  differentiate  a  relation 


with  respect  to  xt,  (under  the  foregoing  convention  as  to  the  significance  of 
a*,,  x2,  r3,  x4),  and  we  have 


+  '2T,t  (ATlt  +  IUlt  +  G0lt 


,+  7/J4, 
+  (LA,  +  MA,,  +  NB1(  +  D<t>lt)\ 


*  These  magnitudes  are  the  magnitudes        '    of  §  23,  when  the  w-fold  amplitude  is 

a  domain  :  and  the  analysis,  which  follows  here,  is  practically  the  earlier  analysis  for 
the  value  n  —  \. 
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=   A       +  r,krlt  +  A,krit  +  0,krai  +  $,*r4< 


+  L 

where,  as  in  §  275, 

(1»  \jk)=(A,  B,  C,  D,  F,  G,  H,  L,  M,  N  $  ri(,  Al(,  0lt,  *1(  $  F]k,  Aik,  0,,,  0,,.). 
By  an  earlier  result  (p.  264),  we  had 


hence,  when  we  insert  the  value  of  V}  ^y,^  in  terms  of  the  postulated  quantities 
PI,*,  Qn>c>  R,ik,  SHU,  and  when  WP  write 


•s(Jt=  Swt  -  [+     (jk,  v]  On,  4}]  , 


where  the  /^-summations  on  the  right-hand  sides  are  for  the  values  /i=l,  2,  3.  4, 
the  foregoing  equation  becomes 


Proceeding  similarly  from  the  expressions  for 

S^^/c. 

we  obtain  the  respective  equations 


Z)S<Jfc=  - 


Consequently,  when  we  resolve  these  four  equations  for  the  four  magnitudes 
Pttk,  Qi,k,  KM,  Sw,  we  have 
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£  {*  (  2  *h<i?y*)  +  b  (  2  %<^*)  +  /(  2  ^s^*)  +  m  (  2  7?4^*)}» 

/(  2  ^^fc)  +  c  (  2  ^s.^*)  +  n  (  2 


=  -   (  i  (  2  ^w7?/*)  4  m  (  2  ^«<^*)  +  ^  (  2  %*^*)  +  d  (  2  ^ 


and  we  at  once  deduce  values  of  Pijk,  Qijk,  Rijk,  Sijk. 

Now  it  was  pointed  out  that  the  values  of  these  four  quantities  are  unaltered 
by  the  interchanges  of  the  symbols  i,  jf,  k,  in  the  combination  ijk.  As  the  ex- 
pressions just  obtained  do  not  exhibit  this  formal  symmetry  under  the  indicated 
interchanges,  it  follows  that  the  equal  values  of  the  different  deduced  expressions 
lead  to  relations  between  the  derivatives  of  F,  A,  &,  0.  For  brevity,  we  write 


for  A=l,  2,  *3,  4  :  also,  as  in  §  10,  we  denote  by  aAM  the  minor  of  A^  in  Q,  so 
that  au  =  a,  al2=h,  and  so  on.    Then  the  relations 


fl 


^  +  ^  *  (u)  -  $  ^ 

1 
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provide  values  of  Pijk,  Qljky  RijK,  Sijk  ;  and  they  contain  the  relations  among  the 
first  parametric  derivatives  of  F,  J,  &,  0. 

Expressions  for  p"',  </'",  r'",  t'". 

279.  The  intrinsic  equations  of  the  domainal  geodesic  in  a  direction  p',  </',  r',  t' ', 
not  merely  determine  the  values  of  the  quantities  ;/',  q",  r",  t" y  along  the  geodesic 
but  also  lead  to  the  values  of  the  further  arc-derivatives  of  the  domainal  para- 
meters along  the  geodesic.  We  proceed  to  determine  the  values  of  the  third 
arc-derivatives  of  the  parameters. 

Differentiating  the  intrinsic  equation 

-;/'=  V  V/Vir/jr/ 

3        K 

along  the  geodesic,  we  have  formally 


manifestly  a  homogeneous  quaternary  cubic  in  p',  q'  ',  r'  ',  £',  which  we  take  in  the 
form 


the  summations  for  i,  j,  A:,  being  taken  for  the  permutations  arising  from  the 
values  i,j,  k,  =  1,  2,  3,  4.  Thus  the  full  coefficient  of  sr/8  is  Tm,  the  full  coefficient 
of  y/2-c/  is  ^rtl,,  and  the  full  coefficient  of  x/ff/x*/  is  G/1^. 

On  the  right-hand  side  of  the  differentiated  expression,  the  full  coefficient  of 
the  combination  of  variables  sr/#/#/c'  is 

3«>+,«^  +  ,^ 

3x*z         ox3        oxk 

from  the  first  line  in  p'", 


from  the  second  line,  and  also 

-2 

from  the  third  line.    Let  substitution  be  made  for  the  three  derivatives,  which 
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occui  irst  line,  in  terms  of  Pi)k ;  then,  when  the  whole  coefficient  is  collected, 

we  find 


"     '  tuM*  +  1/4^*1  +  *k^«) J- 


The  quantities  Pljk  can  be  regarded  as  known  in  terms  of  the  domainal  magni- 
tudes, by  their  definitions  ;  hence  the  coefficients  Ft1k  can  be  regarded  as  similarly 
known.  Also  we  have 


Moreover,  when  this  value  of  P0/i  is  substituted  in  the  equations  which  express 
the  derivatives  of  F,  we  find 


But 

X  (^TfAi  -  ^i^fr)  ~  (M1,  >')»    X  (^*^w  -  ^i^*)  =  (w,  * 

in  terms  of  the  Riemann  four-index  symbols  ;  and  thereibre 

^>- 


the  result  holding  for  all  values  of  /,  j,  k  ;  and  the  earlier  relations  (§  278)  between 
the  derivatives  of  the  quantities,  such  as 


are  satisfied  for  all  the  results,  in  virtue  of  the  relation 

0*j,  A-0  +  (p.1;  ij)  +  (|^i,  ;*•)  -  0. 
We  proceed  similarly  to  determine  q'",  r'"  ,  t'"  ;  and  we  find 

-?'"=  D  X)  IX**.  W.   -  '"'=  S  X  D  ^^, 


where 

Q,^AIJIe 
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,  (*f  )  +  ^fc  (y) 


[« 


4/i 


while  the  derivatives  of  .T,  J,  ©,  0,  and  the  relations  between  these  derivatives, 
are  given  by  the  equations 

T 

• 


,  ki)  +  dJc,  ji 


These  values  are  in  accord  with  the  corresponding  values  (§  23)  for  the  m-fold 
amplitude,  when  m  =  4,  under  the  conventions 


{y,  2), 


,,-{y,  3},         *„  =  {*/,  4), 


riojfcn 
and  the  relations  (p.  275,  footnote)  between  the  quantities  and  Pt;fc,  Qtik9 


Value  of  y"'  along  a  geodesic. 

280.  We  now  obtain  the  value  of  y'"9  using  those  results  for  the  derivatives 
ofT,J,  @,  0.    We  have 


and  therefore 


-  ©Jfc  (>?3t  +  2/1  At  +  2/2^  3*  +  2/3®3*  +  2/4*3.) 


fa, 
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»  *»')  +  0**.  >')1 


the  middle  four  lines  of  which  can  bo  expressed  in  the  form 

/i,  AJ  f  {^>•>  M)  (/T*,  A}], 


A        /x  A 

the  summations  for  A  and  p,  being  for  the  values  1,2,  3,  4,  independently  of  one 
another. 

When  we  differentiate  the  typical  relation 

y'^S 

J 

along  the  geodesic,  we  have 


"-  V  V  I  V^J*r  '  1  r  V  ' 

~^vW^:  v  ;  fc 


-  Im  , 
/      ?/»                 L-   a      b 

-  X  D  llm'mTS  S  W>  «}*•'  Vl  > 

«       m  L    a       j3  J 

manifestly  a  quaternary  cubic  in  p',  q',  r',  t',  as  variables.    We  write 

y"'=^^^V 

i       j      k 

with  the  customary  convention  as  to  the  variables  x'  ;  and,  in  the  expression, 
the  summations  for  «,  j,  A:,  are  taken  independently  of  one  another,  so  that  the 
full  coefficient  of  the  term  in  the  combination  J/X/^A/,  when  i,  j,  A%  are  different,  is 

H,*" 

In  the  foregoing  differentiated  expression  for  y'",  the  full  coefficient  of  this 

combination  x^jc^Xj!  on  the  right-hand  side 


from  the  first  line, 
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=  -  2  S  fa<mO'*> 
w 

from  the  second  line,  and 


from  the  third  line,  the  second  and  the  third  contributions  being  equal  to  one 
another.     Let  the  foregoing  value,  obtained  for  -«—  ,  and  the  thence  inferred 


values  of  the  other  two  terms  in  the  first  line,  be  substituted  in  this  expression  ; 
it  becomes 


{#,  I}] 

>}Ok  A}4-{y>}(^,  A}] 

A        /it  A 


where 

J=  (/Ly,  Id)  -f-  (/ii\  jV)  4  (^,  i;)  +  (/x*,  fe/)  +  (/**',  j*)  -f  (fy,  iA), 

a  quantity  which  vanishes  identically  because  of  the  relation 


As  the  full  coefficient  is  equal  to  6r/IJfcJ  it  follows  that 


,  u.v,  .,V)^..^  VJ  ,  ,A'?",  m]  {jm,  1}  +  {ij,  w\  {km,  I}], 
i    m  v&i 

This  value  for  i]ljK  is  expressed  in  terms  of  the  known  magnitudes  of  the  domain 
and  also  of  the  derivatives  of  its  space- variables  alone  ;  and  it  renders  the 
postulated  value  of  y1"  definite,  in  the  form 

///  __  \^  \^  \^  /    /    / 

Moreover,  there  is  the  need  of  having  the  parametric  derivatives  of  rj,h 
expressed  in  terms  of  rjtjk  instead  of  ytjj, ;   manifestly,  the  typical  relation  is 


holding  for  all  values  of  i,  j,  k,  the  summations  being  for  the  values  Z,  w,  =  1 ,  2,  3,  4, 
taken  independently  of  one  another. 
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Ex.  1 .     Verify  the  relation 

£j  ywuk  —  -  i  ^j  ('nn'njk + 'n^ki +>?*z  W> 

for  all  the  values  of  i,  j,  A:,  Z. 

So?.  2.     Taking  y  as  a  function  of  p,  q,  r,  £,  constructing  y'"  in  the  form 


and  substituting  the  geodesic  values  of  p" ',  ...  ,  p'"9  ...  ,  obtain  the  value  of  y'"  as 
given  in  the  text. 

Ex.  3.     Let  Q  denote  the  expression  for  y'n ',  as  given  by 

7        V    V 

and  let 

^   ^  W         ^-J 

It  is  frequently  convenient,  in  connection  with  the  value  of  y"  which  is 

^^  ^A          •  ffr  ' 

to  use  the  magnitudes  77,,  defined  by 

^ 
Then,  as 


and  as 


the  first  summation  in  which  is  QJk,  we  have 


O  S  2  2  2/<«/m^'A't(wy,  tfl)  +(»!*, 

^^  */         TO        0 
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Secondary  magnitudes  ;  and  the  circular  curvature  of  a  geodesic. 
281.  Secondary  magnitudes  of  the  domain,  immediately  associated  with  the 
circular  curvature  of  a  domainal  geodesic,  are  defined  in  connection  with  the 
typical  relation 


We  take 


the  quantities  thus  denoted  being  the  secondary  magnitudes  indicated  ;    and 
sometimes  we  write 


for  all  the  combinations  ij.    We  can  also  define  the  secondary  magnitudes  by  the 
general  relation 


for  all  the  combinations  ij  ;   the  eifect  is  the  same  as  regards  the  assigned  value, 
because 


and  the  relation 


is  satisfied  for  the  values  &=  1,  2,  3,  4.    We  also  write 


Y— 


A,    H,    G,     L 


//,  B,  F,  M 
G,  F,  C,  # 
L,  M,  N,  D 

and  we  denote  by  a,  A,  6,  ...  the  co-factors  of  A,  H,  B,  ...  in  the  determinant  V, 
so  that,  for  example, 

._  BY      *.       BY 

and,  generally, 

When  the  typical  equation  for  the  direction-cosines  and  the  length  of  the 
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radius  of  circular  curvature  is  multiplied  by  F,  and  the  products  are  added  for 
all  the  space-dimensions,  then 


=  Ap'*  +  2Hp'q'  +  Bq'z  +  ZOpY  +  2Fq'r' 
P  __ 

+  2Lp'tf  +  ZMq't'  +  ZNr't'  +  Dt'* 


with  the  usual  conventions  x^  x2,  x&  a?4,  =p,  q,  r,  t,  for  the  parameters.    We  write 


ul=Ap'+nq'+Grf+  Li' 


r'  +  Lt' 


v^Gp'+Fq'  +  Cr'+Nt' 

and  we  note  that 

/     1 
Urf  4  u2q  -fw3r  +nvt  =1,     -^p  f  w2?  +V3r  -t-t;4£  =•  . 

P 

These  secondary  magnitudes  A£j  involve  the  typical  direction-cosine  Y,  which 
itself  involves  the  direction- variables  p',  </',  r',  £',  of  the  geodesic  unless  the  plenary 
space  of  the  domain  is  quintuple  ;  and  therefore  the  secondary  magnitudes 
themselves  involve  these  direction-variables,  save  under  the  one  exception. 
Thus  the  expression  for  1/p  is  only  apparently  a  quaternary  quadratic  in 
p',  q,  r ',  t'  ;  the  coefficients  in  the  quadratic  form  are,  in  fact,  implicit  functions 
of  these  variables. 

Already,  in  connection  with  the  Biemann  four-index  symbol,  certain  com- 
binations of  the  type 

have  been  introduced.  The  combinations,  there  found  useful,  were  restricted  to 
a  select  number.  For  the  expression  of  the  circular  curvature,  all  such  combina- 
tions are  required,  though  they  collect  in  sets  for  some  of  the  terms.  The  full 
expression  for  l/p2,  the  simplest  form  of  explicit  expression  in  terms  of  the  specitic 
direction- variables  of  the  geodesic,  is 

T\a     v 


where  the  un-integered  summation  is  to  be  effected  for  all  the  plenary  space 
range.    In  this  expression,  the  full  coefficient  of  sc/4  is 


.  2 

In  9 


with  the  same  significance  for  the  uii-integered  sign  of  summation  ;    the  full 
coefficient  of  xt'3x/,  with  i  and  j  unequal,  is 
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the  full  coefficient  of  a?t'ax/a,  with  i  and  j  unequal,  is 


a  quantity  with  which  the  Riemann  four-index  symbol  (ij,  ij),  = 

is  associated  ;    the  full  coefficient  of  xt'*Xj'xkf,  with  i,  j,  k,  distinct  from  one 

another,  is 


a  quantity  with  which  the  Riemann  four-index  symbol  (ij,  ik), 


is  associated  ;  and  the  full  coefficient  of  the  only  four-variable  combination 
p'q'r't'  is 

8  ^  ^12^34  +  8  ^]  77137?24  +  8  ^  77147723  , 

with  which  the  Riemann  four-index  symbols  (12,31),  (13,42),  (14,23)  are 
associated,  their  sum  in  turn  being  zero  (§  275).  The  results  for  all  these  coefficients 
(except  the  last,  which  is  particular)  hold  for  the  values  i,j,  k,  —  1,  2,  3,  4,  unequal 
values  being  chosen. 

The  partial  derivatives  of  1/p  with  respect  to  the  direction-  variables 
P',  <l',  ?',  t',  will  be  needed  :  they  can  be  deduced  from  the  foregoing  expression 
for  1/p2.  We  have 

_9     (M-  —   ^ffVWt    V2)2} 

dp'  VpV     fy'^     ^  uP 

the  inner  summation  being  over  the  four  variables,  and  the  outer  over  the  space- 
range  :  that  is, 


=  -  (  Jp' 
P 

and  so  for  the  others.    The  full  set  of  results  is 

am          s  m          a  /i 


As  1/p2  is  a  homogeneous  form  in  />',  q',r',t',  of  algebraical  order  four,  and  as 
it  is  not  the  exact  square  of  a  quadratic  form  in  those  variables  unless  the  plenary 
space  of  the  domain  is  quintuple,  we  can  regard  1/p  as  a  homogeneous  form,  not 
rational,  of  order  two  in  p',  q1  ',  r',  /',  satisfying  the  Euler  relation 
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Further,  we  can  obtain  expressions,  rational  in  p',  q',  /,  t',  for  the  secondary 
magnitudes  A  /p.    Because 


and  because  Akl~  ]>]  Y^iki*  for  all  values  of  k  and  /,  we  have 

AM     \-\  j  s^v^/X"* 

-=21*-  7)in=2j2j(2j 

r  P  i       J 

the  inner  un-integered  summation  extending  over  the  whole  range  of  the  plenary 
.space  of  the  domain. 

These  results  can  be  used,  in  association  with  §  297,  for  the  determination  of 
magnitudes  of  grade  higher  than  Aii9  in  the  same  way  as  the  corresponding 
results  for  a  region  have  been  used  for  the  like  purpose  (§§254,  258). 

Ex.  Because  Akljp  is  a  rational  homogeneous  integral  function  of  _//,  </',  >•',  /',  of 
order  two,  and  because  1  /p  is  a  non-rational  homogeneous  function  of  those  variables 
of  order  two,  it  follows  that  Aki  is  a  non-rational  non-integral  function  of  those 
variables,  homogeneous  and  of  net  order  zero  ;  hence,  by  Eider's  theorem, 


_ 

1    dp      '    dq  dr 

This  result  can  be  verified  at  once  ;  for  Akl/p  obviously  satisfies 

d     l,,\         d  fAja\      .  d  (Au\      ,  d  (Ak,\       A 

q'  " 


being  a  homogeneous  integral  rational  function  of  p',  q' ',  r',  t' ',  of  degree  two.    When 
the  equation 


in  the  text  is  used,  the  required  relation  follows. 
The  result,  thus  verified,  enables  the  form 

—  'V  NT*  7      '    ' 

p~J-r-L^fc*»-rj 

to  be  used  in  conneetion  with  the  cited  equation  ;  the  Eulor  operator  ^  p'  ~  -, ,  acting 

on  each  coefficient  A1Jy  gives  zero  as  the  result  for  the  coefficient,  the  form  thus  being 
the  same  as  though  Au  were  independent  of  p' ',  q1 ',  /,  t',  which  is  the  actual  fact  only 
when  the  plenary  space  of  the  domain  is  quintuple. 

282.  Before  passing,  it  is  desirable  to  indicate  at  once  some  limitations  on  the 
range  of  analysis  required  when  the  plenary  space  of  the  domain  is  quintuple. 
Implicit  limitations  have  already  occurred  ;  a  return  to  the  subject  of  primary 
domains  will  be  made  later  (Chapter  XXXI). 
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When  that  plenary  space  is  quintuple,  a  set  of  coordinate  axes  is  easily  obtained 
through  the  properties  of  the  tangent  block  of  a  domain.  That  block  contains  four 
leading  lines  which,  being  the  tangents  to  the  parametric  curves,  do  not  lie  in 
one  flat  ;  and  the  prime  normal  to  any  domainal  geodesic  is  at  right  angles  to 
each  of  these  lines,  because  the  relations  ^Yy^Q,  are  satisfied  for  i=l,  2,  3,  4. 
In  a  quintuple  space,  there  can  be  only  one  direction  at  right  angles  to  each  of 
four  lines  which  do  not  lie  in  one  flat  ;  and  therefore  the  prime  normal  of  any 
domainal  geodesic  is  unique  for  the  domain,  being  the  same  in  direction  for  all 
geodesic  normals.  Hence  we  can  take  the  direction  of  this  normal  to  the  region, 
and  the  (four)  directions  of  the  four  parametric  curves  at  0,  as  a  set  of  spatial 
axes  of  reference  for  the  domain  in  the  quintuple  space. 

Any  directed  quantity  can  be  represented  in  terms  of  its  components  along 
these  axes  :  consequently,  a  magnitude  such  as  yi}  can  be  represented  as  a  linear 
function  of 

2/i>    2/2,    Sfo    </4>     *"* 

(these  quantities  being  proportional  to  the  typical  direction-cosines  of  the 
respective  axes),  with  appropriate  coefficients.  When  we  take 

y*  =  ViPu  +  Mo  +  ytfn  +  y**H  +  Y<*>u  > 

the  quantities  pl},  qt},  rl},  ti3,  o>lJ5  being  the  same  throughout  the  five  equations  in 
the  plenary  space,  are  obtained  at  once.  Multiply  by  yA,  and  add  the  results  ; 
we  have 

J1A/Vf  AtoA 


holding  for  A  —  I,  2,  3.  <1,  so  that 

Pu=-rtJ,    </,,-J,,,    rtj=9lJ9    /„-#„. 
Again,  multiply  by  Y,  and  add  the  results  ;  we  have 

AtJ=^  Yyi>=<*>u- 

Thus  the  relation  becomes 

yw  =  »i  A*  +  y*A  a  +  y*Q,>  +  y&n  +  ?£»  > 

or,  what  is  the  equivalent, 

^=yJ,,, 

for  all  the  values  i,j,  =1,  2,  3,  4. 

These  equations  may  bo  regarded  as  the  set  of  partial  differential  equations  of 
the  second  order,  satisfied  by  the  five  space-coordinates  of  any  point  in  a  domain 
in  quintuple  space. 

Without  dwelling  on  the  simplifications  of  the  analysis  for  the  domain,  which 
arise  when  it  is  a  primary  domain  so  that  its  plenary  space  is  quintuple,  two 
particular  results  in  connection  with  that  quintuple  space  may  be  noted. 
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(i)  The  Riemann  four-index  symbols  become  expressible  in  terms  of  the 
secondary  magnitudes  A  alone.    Manifestly 


for  all  values  of  a,  j8,  y,  8  ;  and  therefore  the  Riemann  four-index  symbol  is 

The  Riemann  measure  of  curvature  of  the  domain,  when  the  domain  exists  in 
a  plenary  quintuple  space,  and  when  the  measure  is  taken  (as  in  §  270)  for 
the  domainal  orientation  determined  by  two  directions  a?/,  a?2',  x9',  a:4',  and 
~i'>  Z2>  23',  24',  with  orientation-variables 

~   !„    t  „   f        f 

now  becomes 

Art-A^A^SijSu 


/j 

both  summations  being  over  the  set  of  orientation-variables. 

(ii)  There  are  Mainardi-Codazzi  relations  among  the  secondary  magnitudes 
Atj,  which  are  functions  solely  of  position  when  the  domain  lies  in  a  quintuple 
space.  They  are  analogous  to  the  relations  which  hold  for  a  surface  in  triple 
space  *  and  for  a  region  f  in  quadruple  space. 

Let  the  relation 


be  differentiated  with  respect  to  xi  ;  then 

i!=?5ifc 
}k  dxt      dxt 


,  ki)  +  (mk,  ji)], 

by  the  formula  in  §  280.    Let  this  relation  be  multiplied  by  Y,  and  the  results  be 
added  for  the  five  space-dimensions  ;  we  have 


In  this  equation,  let  the  numbers  i,  j,  k,  be  changed,  each  to  the  next,  in  cyclical 
order  ;   and,  in  the  resulting  equation,  let  this  cyclical  change  be  effected  again. 

*  Lectures  on  Differential  Geometry,  §  35. 
•^G.F.D.,  vol.  ii,§279. 


K.I.  a.  ir. 
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Then,  successively,  we  obtain  equations 
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9A+ 


and  therefore  we  infer  the  equalities 


#,*}], 

(ik,l}]l 


which  are  the  Mainardi-Codazzi  relations  for  a  primary  domain.    They  are  in 
accord  with  the  like  relations  (§  81)  for  a  general  primary  amplitude. 


Ex.    Obtain  the  value  of  _—  in  the  form 

9-      A 

yv      A,'    H,  G,  L 

y,,      H,      B,  F,  M 

y»      G,      F,  C,  N 

yt,      L,     M,  N,  D 
valid  for  /;=],  2,  3,  4  ;  and  deduce  the  relation 


4-  (*!?!  - 


=0, 


.     The  former  value  holds  for  a  domain  in  quintuple  space  :  the  latter  relation 
holds  for  a  domain  in  any  plenary  space. 


CHAPTER  XXIV 

DOMAINAL  GEODESICS  :    GREMIAL  CURVATURES 
General  property  of  the  tangent  block  of  a  domain. 

283.  The  tangent  line  of  a  domainal  geodesic  lies  in  the  tangent  block  of  the 
domain.  The  second  principal  line  of  the  geodesic,  its  prime  normal,  is  orthogonal 
to  that  block.  The  three  principal  lines  of  the  geodesic,  next  in  the  grade  of  its 
successive  curvatures,  (being  the  binormal,  the  trinormal,  and  the  quartinormal), 
also  lie  in  the  block. 

To  establish  this  property,  arguments  similar  to  those  used  for  a  general 
amplitude  (§§  33,  39,  44),  for  a  surface  (§  95),  and  for  a  region  (§§  169,  170),  can  be 
adduced.  It  may  be  established  otherwise,  as  follows. 

Connected  with  the  block,  there  are  kN  magnitudes  of  the  type  ~  ,  where 

OXj 

i=l,  2,  3,  4,  and  y  is  a  space-variable  typical  of  all  the  N  space-coordinates  of 
any  position.  Also,  connected  with  the  domain  for  the  purpose  of  specifying 
directions,  there  are  four  magnitudes  p',  q',  /,  t'  ;  but,  as  they  are  subject  to 
the  permanent  condition  ^Ap'*—l,  they  can  count  only  as  three  disposable 
magnitudes.  Thus,  in  all,  there  are  4N+3  disposable  magnitudes. 

The  direction-cosines  of  the  tangent,  N  in  number,  are  typified  by  the  form 


Thus  N  magnitudes  are  required  for  the  determination  of  the  N  quantities 
the  condition 


is  already  satisfied,  and  so  there  is  no  diminution  in  the  number  of  magnitudes, 
required  from  the  stock  of  4JV  +  3  for  the  determination  of  lv  That  number 
accordingly  is  N. 

The  direction-cosines  of  the  binormal,  N  in  number,  are  typified  by  the  form 


Thus  N  magnitudes  are  required  for  the  determination  of  the  N  quantities  Z3. 
The  external  universal  relation  ^132=1  diminishes  the  number  of  independent 
quantities  Z3  by  unity,  so  that  only  N  -  1  magnitudes  will  be  required.  But  there 
is  the  intrinsic  relation  ^  ^=0  in  the  geodesic  system,  a  relation  which  demands, 
in  effect,  one  more  of  the  magnitudes.  Accordingly,  the  total  demand  on  the 
stock  of  4N  -f  3  magnitudes,  made  for  the  determination  of  the  direction  of  the 
binormal,  is  N. 
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The  direction-cosines  of  the  trinormal,  N  in  number,  are  typified  by  the  form 


Thus  N  magnitudes  are  required  for  the  determination  of  the  N  direction-cosines 
Z4.  The  external  universal  relation  ^  Z42=l  diminishes  the  demand  on  the  stock 
of  available  magnitudes  by  unity,  as  it  effectively  reduces  the  number  of  uncon- 
ditional quantities  /4  to  N  -  1  only  :  so  that  only  N-l  magnitudes  of  the  stock 
will  be  required.  But  there  are  two  relations 

S«i=0,     SIA=0, 

in  the  geodesic  system  :  and  these  make  two  demands  on  magnitudes.  Accord- 
ingly, the  total  demand  on  the  stock  of  4^4-  3  magnitudes,  made  by  this 
determination  of  the  trinormal,  is  N  -f  1. 

Similarly,  as  the  last  line  to  be  included,  the  direction-cosines  of  the  quarti- 
normal,  N  in  number,  are  typified  by  the  form 


Thus  N  magnitudes  are  required  for  the  determination  of  the  N  direction-cosines 
Z5  ;  $s  these  are  lessened  by  one  unit  because  of  the  external  universal  relation 
2Z62=1,  only  N  —  l  magnitudes  would  thus  be  required.  But  there  are  three 
relations 


in  the  orthogonal  system  of  the  geodesic  ;  and  these  make  three  demands  on 
magnitudes.  Accordingly,  the  total  demand  on  the  stock  of  4^4-3  magnitudes, 
made  by  this  determination  of  the  quartinormal,  is  N  +  2. 

Thus  the  total  number  of  net  demands,  being  N  for  the  tangent,  N  for  the 
binormal,  N+l  for  the  trinormal,  and  N  +  2  for  the  quartinormal,  is  4^  +  3,  the 
same  as  the  number  of  magnitudes  in  the  available  stock.  The  number  thus  is 
exactly  sufficient  to  satisfy  the  total  number  of  independent  demands. 

As  regards  the  actual  determinations,  the  combination  necessary  for  y'  (  —  /j) 
is  settled  from  the  beginning,  by  the  assignment  of  a  direction  of  the  geodesic. 
For  Z3,  Z4,  Z5,  the  sets  of  quantities  a,  j8,  y,  S  ;  A,  /z,  v,  m  ;  e,  77,  t,  co  ;  are  determined 
in  association  with  the  postulated  forms,  by  the  Frenet  equations 

*l'J?_£ 

dfs      a     p 

dkJ*_Y 
ds     r      a  ' 


in  which  Y  and  p  can  be  regarded  as  given  externally,  and  from  which  also  values 
of  a,  r,  K,  can  be  deduced. 
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Thus  there  is  established  the  property  that  the  three  selected  principal  lines 
of  the  domainal  geodesic  lie  within  the  tangent  block  of  the  domain. 

The  precise  determination  of  the  specific  coefficients  of  ft,  j/2,  y3,  y^  in  the 
expression  of  the  typical  direction-cosines  of  the  binormal,  the  trinomial,  and  the 
quartinormal,  will  now  be  effected. 

Binormal  of  a  geodesic  :  the  torsion. 

284.  For  the  typical  direction-cosine  13  of  the  binormal  of  a  geodesic,  the 
Frenet  equation  is 

Z3_y  ,  v,. 

—  —   —  T  JL       , 

a     p 
and  the  postulated  form  for  Z3,  belonging  to  a  domainal  geodesic,  is 

Z3 
Now  we  have 


E  y^y'  =  S  Vi  (yip'  +  yd  +  y**'  +  y/) 

=  Atlp'  +  Atoq'  +  Ai3r'  +  Aut'=u 
for  the  values  i=}9  2,  3,  4.    Also,  as  ^  yft=0,  we  have 


-  -  (  Jnj>'  4-  1,2?' 
for  the  same  range  of  values  of  i. 

Multiply  the  Frenet  equation  by  yi9  and  add  the  result  for  all  the  dimensions 
of  the  plenary  space  :  then 


holding  for  t=  1,  2,  3,  4.    Let 


the  corresponding  relations  connected  with  ul9  u2,  u3,  w4,  being 
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When  the  foregoing  equations  are  resolved  for  A,  /z,  v,  w,  they  give 


a     p      Q'    or     p     fi9    cr     p      R  '    a     p     £2* 
thus  determining  the  parameters  A,  /x,  v,  w,  in 


Let  these  values  of  the  parameters  be  now  substituted  in  the  postulated  value 
of  13,  and  let  the  result  be  compared  with  the  original  Frenet  equation 


or      p 

Because  y'—yip'+y^'^y^'^y^^  we  a*  °nce  i 

' 


a  result  which  will  often  be  used. 
Further,  we  have 


=~  (A,  B,  C,  D,  F,  G,  H,  L,M,Nl  vt,  v2,  v3>  «4)«. 


Now 

Avt+  Hv2+  G'tJg-f  Lv^= 

Hvt  H-  Bv2  +  Fv3  +  M ?;4 = 

(?V! 

i  V 
and  therefore 


= (a,  6,  c,  d,/, gr,  A,  l,m,n\ vvrv2,  t;3,  v4 


Squaring  the  Frenet  equation  in  the  form 

Y,_k  y' 

Y-*~P' 
adding  for  all  the  space-dimensions,  and  using  the  relation  2  W—O,  we  have 
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and  therefore 
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295 


an  equation  giving  a  value  for  the  torsion  of  a  domainal  geodesic,  the  circular 
curvature  being  known.    The  result  can  be  expressed  hi  the  equivalent  form 

A,  H,  G,  L,  Vl 

H,  B,  F,  M,  va 

G,  F,  C,  N,  v3 

L,  M,  N,  D,  vt 

Vi,  %  v3>  v4,  0 


Further,  we  have 


and  therefore 


+  r'v3 


-  ; 


But 


and  so  for  the  other  minors  of  the  second  order  in  Q.     Consequently 


an  expression  for  the  torsion  alone  ;  and  it  can  be  taken  in  the  equivalent  form 

A,  H,  G,  L,  ul9  v± 

H,  B,  F9  M,  u2,  v2 

G9  F9  C9  N,  u»  v, 

L,  M,  N,  A  t*4,  v, 

ul9  u29  w3,  w4,  0,  0 

Ex.   1.     The  verification,   that  the  directions  represented  analytically  by  the 
typical  direction-cosines 

with  the  foregoing  values  of  A,  ^,  v9  &9  are  at  right  angles  to  one  another,  is  immediate. 
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For 

X  V'k  =  2  (y\  P'  +  2/2?'  +  ft/  +  ff/)  (^iA  +  &J*  +  ft*"  +  ^4^) 


Now 


as  in  the  text  ;  and  therefore 

SA-o, 

thus  verifying  the  orthogonality. 

J&r.  2.  There  are  various  summations,  over  the  dimensions  of  the  plenary  space 
and  connected  with  the  domain,  which  are  placed  here  for  subsequent  reference,  the 
verifications  in  each  instance  being  direct  : 


o; 


(vii)  S»«y'=-SIMtj,ft}]; 

i; 

for  all  the  values  1,  2,  3,  4,  of  t.^',  fc. 

J?x.  3.    Defining  the  quantities  y(,  8,-,  6t,  ^,-,  by  the  equations 

y, 

8, 


so  that  we  have 

-p" 
with  like  values  for  q",  r",  t",  we  easily  verify  the  following  relations  : 


(iii)   - 
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Further,  as 

MM 
we  have 


for  all  the  values  /x  =  l,  2,  3,  4. 

•      *      d(l\    i 
Expression  for  -^  1-1  along  a  geodesic. 

*  J     ds\pj        y     y 


285.  From  the  formulae 


we  have 


hence,  on  multiplying  by  Y,  adding  for  all  the  space-dimensions,  and  using  the 
relations  £r?3=-0,  ^Y2=l,  ^Fy'=0,  it  follows  that 


A  value  of  y1"  has  been  obtained  in  the  form 

^'" 

where 


-  2/3 


Let  new  quantities  etjL9  Em,  obviously  of  the  third  order  in  the  parametric 
derivatives,  be  defined  by  the  relations 


obviously,  they  are  connected  by  the  equation 
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Then  we  have 


thus  expressing  the  arc-derivative  of  the  circular  curvature  of  a  domainal  geodesic, 
taken  along  the  geodesic,  apparently  as  a  quaternary  cubic  in  pf,  q',  /,  t'.  It  is 
to  be  noted  that,  though  rjijk  is  a  function  of  position  only,  Y  depends  upon 
the  direction-  variables  of  the  geodesic  :  hence  eijk  implicitly  involves  those 
direction-variables. 

We  had  quantities  ul9  w2,  w3,  w4,  derived  from  ^>jAp'2,  and  quantities 
^i>  %  v&  vi>  derived  from  ]>]  A  p'2  ;  it  is  necessary  to  have  quantities,  denoted 
by  wl9  wz,  w3)  w4,  and  derived  from  ^  emP'3>  according  to  the  definitions 

'= 


rt  4-  et4 
for  i=l,  2,  3,  4  ;  also  we  write 


for  values  of  i,  j,  =1,  2,  3,  4,  in  all  combinations,  independently  of  one  another. 
Then  we  have 


Next,  for  the  arc-derivatives  of  the  secondary  magnitudes  A,  we  use  the 
definition 

£ti 
so  that 


Now  (§  284,  Ex.  2,  vii) 
and 


We  substitute  for  the  magnitudes  Eijk  in  terms  of  the  magnitudes  etjk.  For  the 
full  expression  of  the  sum,  we  use  the  notation,  already  stated  (on  p.  296) 
for  quantities  ym,  8W,  0m,  ^m,  in  the  forms 
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and  we  have 


*  An  +  881,2  +  6tA}-3  +  </>tAJ4t 
>!  +  J  w  va  +  e,yv8  +  *«V4. 
As  the  last  line  cancels  the  term  arising  from  ^  y«^'>  it  follows  that 


reverting  to  the  Christoffel  symbols. 
Again,  we  have 

Vi 

and  therefore 


When  we  substitute  for  the  arc-derivatives  of  the  quantities  Aij9  the  aggregate  of 
terms  in  wzj 

the  terms  in  yy,  Sj9  0]9  <f>},  give  an  aggregate 


and  the  terms  in  yz-,  8f,  ^,  <£,-,  give  an  aggregate 

-n(S^i<)  +  8,.(^^2o;/)  +  0aX^/)+^ 
=  y<  v.  +  8t  v2  H-  OM  +  ^  v4. 
Hence,  when  substitution  is  effected, 


holding  for  all  the  values  i=l,  2,  3,  4. 

As  a  verification,  we  note  that,  by  taking 


we  have 

d    ] 


which  is  effectively  the  formal  value  for  the  left-hand  side. 
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Quantities  vl9  t;2,  v3,  t;4,  were  defined  (§  284)  by  the  equations 

v^a 
and  three  of  like  form,  so  that 

v-,     a        h 
aFQ*  +  Q 
Hence 


The  parametric  derivatives  of  a/f),  h/Q,  g/Q,  l/Q,  have  been  obtained  (§  268),  so 
that 


Is 


thus  the  last  five  lines  in  the  expression  for  -r  (7^)  become 
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Consequently,  we  have 

ds  \B)  =  Q  ^a 
Similarly  for  the  derivatives  of  v2,  t;3,  v4.    When  we  write 


f)2  =  A^j  -h  bw2 
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the  derivatives  of  v1?  v2,  v3,  v4,  are  given  in  the  scheme 
^  ifo  (B)  =  ^  "  ^^ 


Ex.  1  .     From  the  relation 
we  have,  by  differentiation, 

Vti  y 

Z-ivi1 


=-  -  (  Jp'  4-  ff  7'  -I  Or'  f  ZO  =-«!; 
and  therefore,  by  another  differentiation  along  the  geodesic  arc, 

S  2/i  F//  H-  S  2/i'  y/  =  -  -fa  =  -  (wi  +  ril'i  +  8i 
Also  we  have  had  (§  284,  Ex.  3,  iii) 

S  y  Vi'  =  -  (y\vi  +  Siv2  -'-  ^i  "a  +  #1^4)  : 
and  therefore 

SyiV"  =--«v 

Generally,  forj^l,  2,  3,  4,  we  have 


Further,  from 


we  deduce 
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Ex.  2.    From  the  relation 

i-F+*, 

o-  p 

we  have 


hence,  by  differentiation, 
Now 

because  of  the  relations 
and  therefore 

We  have 
where 

and  so  for  /z,  v,  w  ;  hence 

=  -  (Xwl  +  /Ltw>2  H-  vw%  +  tBW4). 
Consequently 

1  (/ /1\        1  ,          ,  1 


that  is, 

Note.     The  result  can  be  established  by  direct  differentiation  of 

Ex.  3.    Differentiating  the  relation 

a     p 
along  the  geodesic  arc,  we  have 
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Multiply  by  y',  and  add  for  all  the  space-dimensions  :  then 


Similarly  after  multiplication  by  Y  and  addition  :    after  multiplication  by  13  and 
addition  :  and  after  multiplication  by  Z4,  followed  by  addition  ;  we  successively  find 

" 


Ex.  4.     Obtain  the  results  : 


<P/1\    !/!_    1     1\ 
y     -df\a)     a  a2     r2'' 


Deduce  values  for  the  quantities 


Trinormal  of  a  geodesic  :  the  lilt. 

286.  As  the  trinormal  of  a  domainal  geodesic  UPS  in  the  tangent  block  of  the 
domain,  the  typical  direction-cosine  Z4  is  of  the  form 


where  a,  /?,  y,  8,  have  to  be  determined. 

The  trinormal  is  at  right  angles  to  the  tangent  to  the  geodesic,  so  that 

SA=0: 

that  is, 

a%  +  j3w2  +  yw3  4-  8w4  =  0. 

The  trinormal  is  at  right  angles  to  the  binormal  to  the  geodesic,  so  that  V  £3J4=:0  : 
or,  as 


and  as  the  condition  ^y'h=0  has  been  used,  the  new  condition  will  be  satisfied 
by  a  relation  V)  /4F'=0  ;  that  is,  by  §  284, 

X  (yia  +  y$  +  2/3V  +  2/48)  (»i  «i  +  2/2^2  +  2/3^3  +  2/4^4)  =  °? 

and  therefore,  by  the  definition  of  vl9  v2,  v3,  v4, 

3  +  8  V4  =  0. 
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Again,  as  always  for  a  geodesic  in  any  configuration,  the  transformed  Frenet 
equation  for  the  tilt  is  (§  8) 


In  this  equation,  substitute  the  postulated  value  of  Z4,  multiply  by  yl3  and  add 
for  all  the  like  equations  for  the  space-dimensions ;  then,  using  the  relations 
(§285,^.1) 


we  have 


Multiplying  by  y2,  j/3,  1/4,  and  proceeding  in  similar  fashion,  we  obtain,  in  the 
respective  instances,  the  equations 


(Ga 


-- 
as 


NB)=u3  --   - 
p 


T  08  \pj 

Thus  there  are  four  linear  non-homogeneous  equations  in  the  quantities  a,  j8,  y,  8  ; 
when  resolved,  they  give 

-a=0/-  (*)-$&' -wo* 

r  ds  \pj       l          l 

s~\  J     /     \ 

T  (Is  \p/ 


-  8  =Qt'  -7-  ( -  )  -  v4o-'  -  ?^4a 
T  ds  \pj 


so  that  the  parametric  expression  for  ?4  is  known. 

Let  these  equations,  which  give  the  values  of  a,  j8,  y,  8,  he  multiplied  by 
yl9  y2,  j/3, 1/4,  and  the  results  be  added  ;  thon  us 


the  result  becomes 

JQ  ,  d  (a\ 

T  ds  \p/ 


2 +  2/3 ^3 
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When  this  is  compared  with  the  foregoing  modified  Frenet  equation  for  Z4,  the 
equality  of  the  two  values  requires  the  relation 


l      1\         1, 

~2  +  ^  J  =  ~  £>  ( 


»  +  2/3^3  +  ft  Wt), 

which  therefore  can  be  regarded  as  providing  an  expression  for  Y",  analogous  in 
form  to  the  cited  expression  for  Y'. 

We  note  that  the  modified  Frenet  equation  for  ?4  can  be  taken  in  the  equivalent 
form  (§  8) 


J    -     y  ds\pj     *  V 

which  expresses  Y"  as  a  linear  combination  of  y',  Y,  /3,  Z4,  so  that  Y"  is  typical 
of  a  vector  lying  in  the  osculating  block  of  the  geodesic. 

We  can  obtain  an  expression  for  the  tilt.    By  the  value  of  Z4  which  has  been 
obtained,  it  follows  that 

/             '               11'   ff    /rr\              1 
!  _  _L  Y'  —  - (-)= I 

that  is, 


Let  this  equation  be  squared,  and  the  results  be  added  for  all  the  space-dimensions. 

As 


I/O  /O 

= i.5L!+P 

<72T2       (74         p4    ' 


the  new  left-hand  side 


The  new  right-hand  side 

1 


—  ( 


and  therefore 

1  1  rr'2       n'2 

As  covariantive  expressions  are  known  (§285)  for  a  /a2  and  p'/pz,   we  thus 
obtain  a  covariantive  expression  for  the  tilt. 
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Ex.  1.    (i)  When  the  values  obtained  for  a,  jS,  y,  8,  are  substituted  in  the  relation 

awj  +  0w2  +  yu3  +  8w4  =  0, 
as  given  in  the  text,  then,  because 


S  Ul  (aVl 

=  —  , 
p 


'  +w2q'  +WST'  +  w^t 
we  have 


so  that  the  condition  is  satisfied. 


(ii)  Let  the  values  obtained  for  a,  j8,  y,  8,  be  substituted  in  the  relation 

avl  +  ]8v2  +  yi;a  +  8v4  =  0, 
also  given  in  the  text.    Because 


the  relation  becomes 
Si  d 


0; 


and  therefore 

£ 


avi 


We  thus  have  the  geometrical  expression  of  a  covariant  of  the  system  of  concomitants. 
Note.    It  is  convenient  to  collect  the  results  of  this  type  thus  far  obtained,  being 


au^^-, 
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Ex.  2.    Let  the  relation 


be  squared,  and  let  the  results  be  added  for  all  the  space-dimensions.    Because 

and,  as  in  the  text 
we  find 


so  that 


.  3.     (i)  Let  the  relation 


be  multiplied  by  yf  ,  and  the  results  be  added  for  the  space-dimensions  ;  then 

"        - 


as  before  (§  285,  JSx.  1). 

(ii)  When  the  same  relation  is  multiplied  by  77^-  and  the  results  are  added  similarly, 
we  have 


(iii)  Lot  the  same  relation  be  multiplied  by  ytj  and  the  results  be  added  similarly. 
Because 

^  Tyti  -  Aii9     S  yfcyw  -  Alkru  +AskAij  -f  4^^  +  A^tj , 
we  find 

-[*,(4r<,  +  HAii+G@ii+  £*0) 


308  SECOND-ORDER  DERIVATIVE  OF  [CH.  XXIV. 

When  this  equation  is  taken  for^'  =  l,  2,  3,  4,  in  succession,  the  value  of  i  remaining 
the  same  ;  and  when  these  equations  are  multiplied  by  p',  #',  r',  t',  respectively,  and 
the  products  are  added  ;  we  find 


with  the  former  significance  (p.  296)  for  the  symbols  y,-,  8^,  6i9 
Ex.  4.     When  the  two  equations 


)ii 

are  combined,  by  taking  the  product  of  the  left-hand  sides  and  the  product  of  the 
right-hand  sides,  and  summing  for  the  space-dimensions,  we  have 

'       '      i 
cr       p  _  1    ^  j  -    - 

~~~*ZiAVlWl 


17    4-  VW5    +^    +V4^4)  =- 


in  accordance  with  the  result  in  §  285,  Ex.  2. 

Expression  for  -=-  (  -  )  along  a  geodesic. 
ds  \p/ 

287.  To  obtain  the  expression  for  the  magnitude  ,—  f  -  1  ,  which  will  be  taken 


in  the  form 

we  can  proceed  from 


by  arc-differentiation.    We  begin  by  obtaining  the  arc-derivative  of  the  general 
coefficient  clik,  the  value  of  which  (§  285)  is 

'«*=  X^wfc-  S  Iy*taO'*,  a}  +  Jya{ii,  a}  f  -4te{i;,  a}J. 

a 

The  value  of  Y7  is  (§  284) 


and  so 


•»«    r      a 
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when  the  values  of  Pijk,  Ql3k,  Rl3k,  Stjk,  as  given  in  §  279  in  terms  of  the  quantities 
{ijk,  1}  are  inserted,  we  find 


,  A}{tA,  a}] 


Also,  we  write 
and  therefore 


the  value  of  the  second  term  being  inserted. 
Next,  we  have  (§  285) 

JA 

'W       + 

for  all  values  of  m  and  n  ;  and  therefore 


which  is  a  portion  of  the  derivative  of  the  second  term  in  the  value  of  eijk) 

,  a}  H-  ekla{ij9  a}]Xi 


.a,  W{K,  a] 

Z     0 


^t  ^ 
Also,  we  have  (§  279) 

a~  {fa, <*}—  {fal,  a)+ £  [{??>  y}(&y> a)  +  {lk>  y}{jy> a)] 


-  Lv 

""  on  ^  a^ 

**•»*   m 

and  therefore 

"7        "'    t   -i         \          ~7        ™    tt  •        %          "7        (v    f  •  • 


which  is  the  remaining  portion  of  the  derivative  of  the  second  summation  in  the 
cited  expression  (§  285)  for  ei9k, 
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W  a}] 


,  a}] 


fa(W*,  jl) 


4-  ^Ja  (mi,  t7)  4-  Aja  (mi,  kl)  +  Jfra  (mi,  jZ)  +  Jfca  (m/,  il)]. 

Let  these  results  be  substituted  ;    then,  after  some  re-arrangement,  we  find  the 
value  of  6WJfc',  the  arc-derivative  of  eiik,  to  be  given  by 


-  2  ^  S  [e<fa  {./*>  «}  +  ejla{ki,  a}  +  efcZa{i>',  a}] 

Z  a 

a>  +  W  «  W 

a}  +  {*,  j8}{^;  a}] 
,  a}  +  07,  #{#,  a}J 
S 


^0  S  S  t)«a"«' 


.l  +  'Jm.^I  ~  2%1?mi  )] 


Also 


TT  (»»*')  =-<»* 

°*  m     n 


We  thus  have  the  separate  parts  of  the  derivative  of  the  magnitude 

6  ,    ,    , 

fijlj-i6''***'**' 

the  representative  term  in  the  arc-derivative  of  the  circular  curvature. 
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To  select  the  coefficient  of  x/ft/a^'x/  in  the  quantity 


we  have  two  sets  of  terms  :  viz.  those  arising  from  the  terms 


,    ekli'xk'xix{', 


and  those  arising  from 

'  '  - 


The  aggregate  coefficient  of  x^x^x^x^  account  being  taken  of  the  fact  that 
each  of  the  coefficients  eijk,  eikl,  eku*  elijy  has  its  numerical  coefficient  (which  is  6 
in  the  most  general  combination  when  i,  j,  k,  I,  are  different  from  one  another),  in 
the  latter  set  is 


+  ^tza  0'*,  «}  +  ejla  {ki,  a}  +  ekla{ij,  a}]. 

The  aggregate  coefficient  in  the  former  set,  with  the  same  account  of  the 
numerical  coefficient,  is 


-  12  2  [e^jk,  a}  +  eila{ki,  a}  +  ekla{ij,  a} 

a 

+  eika{il,  a}  +  ekia{jl,  a}  +  eiia{kl,  a}] 
jkl,  a}  +  Aia{kli,  a}  +  Aka{lij,  a}  +  lta{t;t,  a}] 


-242  S 


,  a. 


2 

+  O 
^ 

where  the  symbols  (j'&Z,  a,  j8)  and  (m,jkl)  have  the  significance 
O'H,  a,  J8)  =  tffc  a}{H,  j 


The  aggregate  of  terms,  arising  from  the  eighth,  ninth,  and  tenth  lines  in  the 
expression  for  eiik  on  p.  310,  and  from  the  corresponding  quantities  in  the 
expressions  for  ejkl'9  eku',  eu/,  proves  to  be  zero  ;  so  there  is  no  such  set  of  terms 
in  the  complete  aggregate. 


312  SECOND  DERIVATIVE  OF  CURVATURE  [CH.  XXIV. 

This  complete  aggregate  is  to  be  the  full  coefficient  of  the  combination 
'  in 

d* 


and  therefore  is  equal  to  24/^.j,  when  i,  j>,  A:,  /,  are  different  from  one  another  ; 
consequently 


',  a}  +  <Wy,  a} 

«}  +  eiia{U,  a}] 
{lij,  a)  +  lfa{#*,  a}] 


*  [{t  J,  a}tf*f  0}  +  (  j/,  a}{K, 


thus  giving  the  value  of  the  typical  coefficient  in  the  expression. 

Using  this  value  of/fj/.j  in  place  of  Fl}1fl,  which  is  equal  to  ^  Yy^i,  and  now 
using  6  as  the  summation-number  instead  of  I  in  the  former  expression  for  eijk', 
we  can  change  that  expression  to  the  form 


/  fa*aO'0>  a)  +  *k*a  \fi,  «}  +  e*ia{M>  °}] 

T  ~^r 


d        m       a 


It  is  to  be  remarked  that,  although  the  summations  for  integers  such  as  m,  a,  6, 
in  this  expression  are  implied  as  to  be  taken  only  for  the  values  1,  2,  3,  4,  because 
the  number  of  parameters  which  determine  position  in  the  domain  is  four,  the 
summations  can  equally  be  taken  (and  the  result  will  equally  apply)  for  a  general 
n-fold  amplitude  with  the  range  of  values  1,  2,  ...  ,  n. 

In  connection  with  the  last  statement,  it  may  also  be  remarked  that,  in  accord 
with  the  general  result  as  regards  eijk',  there  occurs  the  special  instance  when  the 
configuration  is  a  surface  in  homaloidal  triple  space  *. 

*  See  my  Lectures  on  Differential  Geometry,  §  41,  p.  59. 
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Quartinormal  of  a  geodesic ;  the  coil. 

288.  The  fourth  normal  (the  quartinormal)  of  a  domainal  geodesic  lies  in  the 
tangent  block  of  the  domain  ;  and  therefore  its  typical  direction-cosine  75  can  be 
expressed  in  the  form 

where  the  parameters  e,  77,  t,  o>,  to  be  determined,  are  the  same  for  all  the  direction - 
cosines  of  the  line. 

This  fourth  normal  is  at  right  angles  to  the  tangent  to  the  geodesic,  with  a 
typical  direction-cosine  y' ;  hence  ^l5y'=Q,  and  so 

€U±  -f  771*2  +  M3  +  cow4 = 0, 
because  ^]y'yj=ul. 

It  is  at  right  angles  to  the  binomial  of  the  geodesic,  with  a  typical  direction- 
sine  13  ;  hence  ^  Z6Z3=0,  that  is. 


cosine 


But  (§  284,  Ex.  2) 


for  «'=!,  2,  3,  4;   hence,  taking  account  of  the  first  condition,  this  condition 
connected  with  the  trinormal  becomes 

€V:  4-  77?;2  +  iv3  +  o;?;4  =  0. 

The  fourth  normal  is  at  right  angles  to  the  trinormal  of  the  geodesic,  with  a 
typical  direction-cosine  J4  ;  hence  ^Z6Z4=0,  that  is, 


But  (§  286) 


d 


for  i=l,  2,  3,  4 ;    hence,  taking  account  both  of  the  first  condition  and  of  the 
second  condition,  the  new  condition  becomes 

1          /      w  «»  4  * 

These  three  homogeneous  linear  relations  among  e,  77,  6,  o>,  can  be  resolved  ; 
and  they  give 

1    u9,   w«,   UA  \     -  1    w-n   ^»  Wi       1 


0> 


where  the  common  value  of  the  four  quantities  can  be  determined  from  the 
condition 


314 
Hence 


and  therefore 
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b,  /,  m 
f,  c,  n 
w,  n,  d 


auiwi>  2 

Now  we  have  established  the  relations 


When  these  values  are  substituted  for  the  several  constituents,  the  determinant 
is  found  to  be 


and  therefore 


The  values  of  €,  77,  t,  w,  now  are  known ;  and  thus  the  expression  for  /6 
becomes 

&, 


Wl9     W2,     W3,     W 

giving  the  direction-cosines  of  the  quartinormal. 

As  yet,  no  use  (explicit  or  implicit)  has  been  made  of  the  Frenet  equation 
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for  the  direction  of  the  quartinormal  and  the  magnitude  of  the  coil.   Differentiating 
the  relation 


which  (§  8)  effectively  is  the  Frenet  equation  for  the  trinormal,  and  using  the 
Frenet  equations 

/c     r '     3      r     o-  '  a    p  p 

we  have,  after  re-arrangements, 

V,,,        IR       .    -,       d 


which  really  is  the  Frenet  system  adapted  (§  8)  to  a  geodesic  in  any  configuration, 
Y  taking  the  place  of  12. 

Other  forms  can  be  given  to  this  expression  for  Y"'.  It  can  be  used  at  once 
to  derive  a  covariantive  expression  for  the  coil.  Multiplying  by  Z5,  summing  for 
all  the  equations,  and  using  the  relations 


we  have 


V;  Y'"  =  —. 

^    5  (7TK 


Now  multiply  the  foregoing  determinantal  equation  for  Z5  throughout  by  Y'", 
and  use  the  last  result.    We  had 


so  that,  differentiating  the  former,  we  have 


V 

or  using  a  symbol  zh  such  that 

__dwi 

Zi:=z~ds"7lWl" 
we  have 
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Hence 


COIL  OF  A  GEODESIC 


[CH.  XXIV. 


Ex.  1.  As  regards  the  quantity  zt-  (for  t  =  l,  2,  3,  4),  it  is  convenient  to  introduce 
magnitudes  z,,  analogous  to  the  magnitudes  vt  of  §  284  and  wt  of  §  285,  and  defined 
by  the  relations 

Then  it  is  easy  to  verify  that,  for  all  the  values  1,  2,  3,  4,  of  the  numeral  j,  we  have 

fl^Y^W-     w  -8w  -dw.-<t>wi 
ds  \iQ/      ;      3 

analogous  to  the  like  results  for  i"j,  f2,  f3,  f4. 
A>.  2.     We  have 


V 


Now 


tit 

xk  xl  i 


But  we  cannot  infer  that  the  quantities 

2'-???/"* 

for  i  =  1,  2,  3,  4,  are  zero ;   their  values  depend  linearly  upon  the  Kiernann  four-index 
symbols,  and  they  are  not  used  in  the  immediately  succeeding  investigations. 
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289.  The  preceding  equation  connecting  /5  and  Y"'  can  be  written  in  the 
slightly  modified  form 

l  d 


p      a  \p 

Multiply  the  equation  throughout  by  y^  and  add  for  the  system.    As  the  sum  of 
the  right-hand  sides 


the  result  is  to  give 


-4«   - 


d  /  1  \      ,  I'd1  /IN       11        ,  d2 


d    I 


11     ,  d2  /i\i 

-arl}-  f  <&  (p)  1 

A     il     ^2  AVl 

)-  If"  *  lil    ) 
/    WT^          as2\p/J 


holding  for  j  =  l,  2,  3,  4.     Consequently 


€ 
OTK 


+  aa^^  +  AJ*-(^-JL 


_  _ 

~  P      «         ~ 


/1\        Jd2  /IN      11       ,^2/l\         1 
W  +  V  IS2  W  ~  or2/  ~  r  d>  V  ~  ~  fi 


"v   f'~"  w~~fl' 

thus  providing  explicit  values  of  e,  77,  t,  cu,  the  domainal  parameters  in  159  after 
the  substitution  of  the  values  of  a,  j8,  y,  S,  the  domainal  parameters  in  Z4,  and  the 
values  of  A,  //,,  v,  w,  the  domainal  parameters  in  ?3. 

The  results,  which  thus  express  zl9  z2,  z3,  54,  may  also  be  used  to  obtain  values 
of  zl9  z2,  z3,  24,  of  a  modified  form.  In  the  results,  let  the  values  of  €,  77,  t,  o>,  as 
obtained  in  §  288,  be  inserted,  so  that 

*.=  I        ^  14-nrr-l—    |  +  A<<  _  ^       ^^ 

with  similar  expressions  for  ga,  z3,  54.     We  have  (§§  284,  286) 
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a  p 

1  d  fa\ 

T  ds  \pj 

hence,  multiplying  the  equations  for  the  quantities  zt  by  A9  H9  G9  L,  respectively, 


and  adding,  we  obtain  the  result 

A,    H,    G,    L 


!,      M2, 


V3,      Vt 


+  CTT-T- 


1    (7 


where 


,        ff,         ff, 


__ 

"~pr2 


V  =  r*  +  ^r 


ds' 


The  general  result  is,  for  i—  1,  2,  3,  4, 
1  a 


From  these  values,  two  inferences  can  be  made.  In  the  first  place,  let  the 
four  relations,  giving  6,  77,  i,  00,  be  multiplied  by  yl9  y2,  y^  y4,  respectively,  and 
the  products  be  added ;  then,  when  regard  is  paid  to  the  postulated  forms  of 
/3,  /4,  Z5,  we  find 

k      ,      d  f  I 


/rf2/l\      11        ,rf2/l\ 
\ds*  (a)  ~"^}'y  ds*  (p) 


I  ,    . 

=  -  o  (y& + y*z* + 2/3*3 + 2/4*4)- 
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Next,  let  this  relation  be  compared  with  the  later  form  of  relation  connecting 
Z6  and  F'"  ;  and  then  it  appears  that  we  have  the  equation 

*"'+  (£+?)  y'-3y  (£+£)  =  -5 

We  have  already  had  the  relations 


Of  these  three  relations,  the  expression  for  Y"  can  be  deduced  from  the  expres- 
sion for  Yf  by  differentiation,  and  the  expression  for  Y"r  can  be  deduced  from  the 
expression  for  Y"  also  by  differentiation  ;  but  this  actual  verification  of  these 
statements  requires  the  use  of  later  results  connected  (§297)  with  the  partial 
differential  equations  of  the  second  order  satisfied  by  the  point-coordinates  of 
position  in  the  domain. 

Some  covariants  and  their  geometrical  significance. 

290.  Various  inferences,  concerning  concomitants  of  the  whole  system  of 
quantics,  can  be  derived  from  the  last  form  of  expression  for  l&. 

(i)  Multiply  the  equation  by  «/',  and  add  the  products  for  all  the  dimensions  of 
the  plenary  space  :  then,  as 

we  have 


Q  S  MflP'+^'  +  ^sr'  +  ^O^^ 


a  result  already  established. 

(ii)  Multiply  the  equation  by  Z3,  and  add  the  products  as  before  :  then 


Now  (§  284) 

so  that  the  right-hand  side 


O"  ^r-\  /      -  v       C7   1^ 
p  & 
T  d2    /I 
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and  therefore 

1  v 

a  covariant  of  the  system. 

(iii)  Multiply  the  equation  by  /4,  and  add  the  products  as  before  :  then 


It  was  proved  (§  286)  that 

1  d 


and  therefore 


— 
ds\pd*\p 


Consequently,  after  a  slight  transformation, 

I  v       -  d  /'^  rf2  (l\    d  f1}  ®  (l\    l  d  (  l\ 

Q  2/^1-^.  \~)  -fa  (-)  +  &,  U  d^  W  +ar  di,  W  ' 


a  result  which  can  also  be  derived  by  differentiation  from  the  earlier  equation 
(§286) 


(iv)  Multiply  the  equation  by  Z5,  and  add  the  products  as  before  :  then 


Now 

and  therefore 


From  this  result,  we  can  proceed  in  two  ways. 
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In  the  first  way,  we  substitute  for  €  the  value  (§  288) 
Q*  _    u2,    u^    u 

°*T  *>»       %       V 

and  the  corresponding  values  for  77,  i,  o> ;  then,  after  a  slight  reduction,  we  find 


in  accordance  with  the  equation  already  obtained  (p.  316). 
In  the  second  way,  we  substitute  for  e  the  value  (p.  317) 


i\ 


1 


and  the  corresponding  values  for  ij,  t,  o>  ;    and,  again  after  some  reduction, 
we  find 


This  last  expression  for  the  concomitant  2  azi 
squaring  the  equation 


system  can  be  obtained  by 


and  adding  for  all  the  dimensions  of  the  plenary  space,  using  the  relations  affecting 
the  sums  of  the  squares,  and  the  sums  of  the  products  in  pairs,  of  the  typical 
direction-cosines  ?/,  i!3,  Z4,  Z5,  of  principal  lines  of  the  domainal  geodesic. 
We  thus  have  the  geometrical  values  of  the  concomitants 


similar  to  the  earlier  expressions  (p.  314)  for 


291.  Corresponding  results  may  be  deduced  similarly  from  the  equation  in  }"" 
which  is 


F.l.G.  II. 
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(i)  Let  the  equation  be  multiplied  by  yiy  and  the  results  be  added  for  all 
the  dimensions  of  the  plenary  space  ;  then  we  have 


in  accordance  with  an  earlier  result. 

(ii)  Let  the  equation  be  multiplied  by  Y,  and  the  results  be  added  similarly ; 
then 


which  can  be  derived  solely  from  the  Frenet  equations  adapted  to  a  geodesic  in 
any  amplitude. 

(iii)  Let  the  equation  be  multiplied  by  V,  and  the  results  be  added  similarly. 
Now 

£y,Y'=-v,, 

for  all  the  values  of  i  ;  and  we  therefore  have 


But 


y'2_  l.J 

i  '" 


so  that 

/       / 

^  p*     cr3 ' 

consequently 

or,  because  (§  286,  Ex.  2) 


we  have 

it  f<*  It  '2/1  1   \  2  1 

VV'V'»-       f    4-9^          a    4.9"          ^4     M 

^yy     -~p»  +  V~~cr'  +  -d~ai~^  +  a3/      a 
Sul)stituting  these  values,  we  find 


in  accordance  with  the  result  already  (p.  320)  obtained. 
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(iv)  Let  the  equation  be  multiplied  by  Y",  and  the  results  be  added  similarly. 
Now 

for  all  the  values  of  i  ;  and 


i  *(i\,d(i\*  m  d  m*  /i\ 

~OTds\<rr)+ds\p)ds*\p)     <fo  W  rfs*  W 


When  these  values  are  substituted,  we  find 


in  accordance  with  an  earlier  result. 


(v)  Let  the  equation  be  multiplied  by  Y'"  arid  the  results  be  added  similarly  : 
or  let  the  equation  be  squared  and  the  results  be  added.  By  either  process,  we 
find  (after  the  necessary  respective  reductions,  and  substituting  the  value  already 
obtained  for  V  a^2) 


which  also  can  be  deduced  from  the  Frenet  equations  adapted  to  a  geodesic. 

(vi)  Let  the  equation  be  multiplied  by  y^  and  the  products  be  added  similarly 
for  all  the  dimensions  of  the  plenary  space.    Now  we  have  had  (§  285,  Ex.  3) 


among  others  ;  hence 


=  - 

=  -  (y^i  +  8^2  +  8^  +  fat) 
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Likewise  for  multiplication  by  y2',  by  y3',   by  y£  ;    the  general  result,  for 
i=l,2,3,  4,  is 


Establish  the  relations  : 


and  shew  that,  for  any  value  of  m, 


1 


where  l//o2,  l//?3,  l/p4,  ...  ,  are  the  successive  curvatures  in  the  Frenet  equation  next 
in  rank  after  the  circular  curvature. 

(All  these  relations  hold  for  a  geodesic  in  a  general  amplitude.) 

Parametric  curves  of  the  domain  and  gremial  lines  of  a  domainal  geodesic. 
292,  There    are   two    sets    of  leading   lines  in  the  tangent  block  of  the 
domain.     One  of  the  sets  is  composed  of  the  tangents  to  the  four  parametric 
curves ;    the    typical    direction-cosines    of   the    four    lines    arc    respectively 

yiA~*9  2/2^~%  2/3^~%  y*D~*-  The  other  set  is  constituted  by  four  of  the 
principal  lines  of  a  domainal  geodesic,  being  the  tangent,  the  binormal,  the 
trinormal,  and  the  quartinormal ;  the  typical  direction-cosines  of  these  four  lines 
are  respectively  ?/,  Z3,  74,  15. 

Each  set  of  four  cosines  is  expressible  linearly  in  terms  of  the  other  set.  The 
linear  expressions  for  y' ',  /3,  /4,  ?53  in  terms  of  yl9  y2,  y3,  y^  have  been  given  in 
preceding  sections.  The  corresponding  linear  expressions  for  yl9  y2t  y3,  y^ 
in  terms  of  y',  Z3,  14>  15,  are  given  by  the  comprehensive  formula  (for  i=  1,  2,  3,  4) 


llf,  A2l,  Afry 

ult     u2,     u3> 


3,         ^4 
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which  admits  of  easy  verification,  by  taking  the  respective  sums 


and  inserting  the  established  values  of  these  sums. 

Principal  values  and  principal  directions  of  the  circular  curvature  of  geodesies. 

293.  As  the  results  will  be  required  later,  consider  the  principal  values  of  the 
circular  curvature  of  domainal  geodesies,  whether  the  complete  aggregate  be 
taken,  or  the  aggregate  touching  a  domainal  region  be  taken,  or  the  aggregate 
touching  a  domainal  surface  be  taken. 

We  have  (§  281),  for  all  geodesies,  the  relations 


dp'\p 

(i)  When  we  take  the  complete  aggregate  of  all  domainal  geodesies,  the  only 
condition  imposed  on  the  direction-  variables  is 


Accordingly,  the  principal  values  are  to  be  obtained  by  making  1/p  a  maximum 
or  a  minimum,  for  all  sets  of  variables  p',  ?',  r',  /',  subject  to  this  single  condition. 
The  critical  equations  are 

^=Tut,     (1=1,2,3,4), 
P 

the  value  of  the  multiplier  T  being  undetermined  in  the  formation  of  the  critical 
equations.  Multiplying  the  four  equations  by  p',  q',  r',  t',  respectively,  and  adding, 
we  have 


and  therefore  the  critical  equations  are 


u^  u2  u3  Ui 

Vl=-,    V2=-,    ^-,     ,4==-. 

It  follows  that,  at  any  point  on  a  domainal  geodesic  which  there  touches  one  of 
the  principal  directions  (that  is,  directions  of  principal  circular  curvature),  the 
torsion  of  the  domainal  geodesic  vanishes  (§  284).  To  the  general  result,  we  shall 
return  later. 

(ii)  When  we  take  the  aggregate  of  the  domainal  geodesies  which  touch  a 
parametric  region  e(p,  y,  r,  £)=0,  two  conditions  are  imposed  on  the  direction- 
variables,  being 
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Accordingly,  the  critical  equations  for  the  principal  values  of  the  circular  curvature 
of  domainal  geodesies  touching  the  region  are 


for  i=l,  2,  3,  4,  the  multipliers  T  and  W  being  left  undetermined  in  the  formation 
of  the  critical  equations. 

First,  multiply  the  four  equations  by  p',  q',  r',  l',  and  add  :  then,  when  account 
is  taken  of  the  limiting  conditions  affecting  the  direction-variables,  the  result 
becomes 


so  that  the  equations  are 


p 

Next,  proceeding  from  this  modified  form,  we  have 


Now 


and  therefore 

-2=      P  *n  , 

giving  a  value  of  W  ;  and  thus  the  four  equations  are 

f;=l||+l€t 

fort  =1,2,  3,  4. 

One  inference  is  immediate.     We  have 

1  1 

but  ^a€12=i2en2,  and 

2  0€iWi = i2  (fj^'  +  €25'  +  €3r'  4-  €4i') = 0, 
and  therefore 


it  being  remembered  that  the  directions  now  are  the  principal  directions  of  circular 
curvature  of  the  domainal  geodesies  which  originate  in  the  region  e(j>,  q,  r,  £)=0. 
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(iii)  When  we  take  the  aggregate  of  domainal  geodesies,  which  originate  in  an 
assigned  superficial  orientation  in  the  domain,  we  represent  this  orientation  as  the 
intersection  of  two  given  parametric  regions 


Let  /  denote  the  inclination  of  the  regions  ;  and  let  dn  and  dv  denote  domainal 
small  arcs  along  the  domainal  normals  to  €=0  and  t=0  respectively  ;  then 


There  now  are  three  conditions  imposed  on  the  direction-  variables  p',  </',  /,  tf  ; 
and  thus  the  critical  equations  for  principal  values  of  circular  curvature  among 
the  domainal  geodesies  in  the  specified  superficial  orientation  are  found  to  be 

vk  =  -  uk+  Xek  +  jjit,k,     (k=l  ,  2,  3,  4), 
P 

where  the  multipliers  A  and  /z  still  have  to  be  found. 
From  these  equations,  we  have 

S  ai'i€i= 
or,  as  ^aM1€1=fi(€1p'  +  €27'  +  €3/  +  €4^)  =  0,  the  equation  is 


!~  Aen-h  ^^cos7. 

Similarly,  we  find 

J    ^  ,  7 

~rT  ,.j  ai\i^  —  \€n  cos  /  +JLU,,. 


The  co  variants  ^  avl€l  and  ^  aVj^tj  are  connected  with  the  torsion  of  geodesies 
in  a  domainal  region  (Chap.  XXVIII)  ;  thus  the  multipliers  A  and  p  may  be 
regarded  as  definite.  The  directions,  occurring  in  these  equations,  are  the  principal 
directions  of  circular  curvature  for  the  selected  domainal  geodesies  ;  and  they  are 
distinct  from  the  principal  directions  in  the  earlier  aggregate. 

Ex.  1.     Verify  the  relation 

A2  €n2  +  2Xu,cn  i,  cos  /  +  /i2  1,2  =  _j  . 

o* 

Ex.  2.  In  the  result  as  obtained,  the  orientation  at  0  is  assigned  as  the  superficial 
intersection  of  parametric  regions  €=0  and  t=0  passing  through  0.  The  orientation 
may  also  be  assigned  by  a  set  of  orientation  -variables  s^,  s31,  s12,  $14,  $21,  x^,  so  that  a 
direction  pr,  q',  r',  tf,  in  the  orientation  satisfies  two  independent  equations 


's3l  +  r's12  =  0,     2/s24  +  ?'s41  +  J'sJ2  =  0, 
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and  two  similar  (but  not  independent)  relations.    Let  Vt  and  F*  be  defined  by  the 
expressions 

Vi  =  V,  Slf  +  Va%  4-  V98Bf  +  V4*4t  , 


then  it  can  be  proved  that  the  principal  directions  of  the  circular  curvature  of  domainal 
geodesies,  which  originate  in  the  orientation  specified  by  the  variables  st;,  are  given  by 
the  equations 


for  i  =  l,  2,  3,  4,  only  two  of  the  four  equations  constituting  an  independent  pair  of 
equations  ;  and  they  are  to  be  combined  with  the  two  independent  relations  between 
the  direction-variables  and  the  orientation-variables. 


CHAPTER  XXV 


GEODESICS  IN  A  FREE  DOMAIN  :   NON-GREMIAL  PROPERTIES 

Fifth  normal  (quintinormal)  of  a  dotnainal  geodesic :  thejlfth  curvature. 

294.  Thus  far,  the  curvatures  of  a  domainal  geodesic,  which  have  been  con- 
sidered in  addition  to  the  (prime)  circular  curvature,  are  the  gremial  curvatures 
associated  with  principal  lines  lying  within  the  tangent  block  of  the  domain. 
We  now  proceed  to  initiate  the  consideration  of  the  non-gremial  curvatures  of 
the  domainal  geodesic ;  the  principal  lines  associated  with  these  have  direction- 
cosines  typically  denoted  by  l^  for  values  ^ = 6,  7,  . . .  ,  N,  in  succession,  N  denoting 
the  number  of  dimensions  of  the  plenary  space. 

The  typical  direction-cosine  lb  of  the  quartinormal  has  been  obtained  in  the 
form 


aV 


2/3,    2/4 


U19 


1*2  > 


W 


2, 


|  yt,  «!,  VL  Wj 


with  an  abbreviated  notation  for  the  determinant.     Differentiating  along  the 
geodesic,  and  using  the  Frenet  equation,  we  have 


5cfe 


Now 


d, 
ds 


-f  S{ ( 


^ffi-*|« 

ltfc 

12M2  +  02M3  +  ^ 
^-h  S2W2  +  #2 


where  the  summation-symbol  $  implies  summation  for  the  three  terms  which  arise 
from  the  determinant  by  the  cyclical  interchanges  of  the  suffixes  2,  3,  4  ;  and  the 
right-hand  side  can  be  expressed  in  the  form 
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Also,  we  have 

« 
and  therefore 
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w 


Similarly  for  the  other  like  terms  in  the  summation  in  the  equation  for  Zft  ;   and 
therefore 


/6  d  I  1  \       /4 

72rps      5  ds  \a2T/     <72T/c 


-fi" 


Ex.    Verify  the  relations 


3.      "4 

3.      "4 


t/,,      t/2, 


^2'       03 


Next,  with  the  notation 


for  i=  1,  2,  3,  4,  we  have 


and,  generally, 


'  =  VllP'  +  2/12?'  +  2/13*-'  +  2/14*' 
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Thus  the  first  term  and  the  third  term  in  the  foregoing  equation  combine  ;  and 
we  have 


The  second  term  on  the  right-hand  side  can  be  evaluated.    By  the  results  in 
§  292,  there  are  four  relations  of  the  form 

A 


In  this  second  term,  let  these  values  of  yl9  y2,  <y3,  y4,  be  substituted,  and  the  result 
be  arranged  as  a  linear  combination  in  y',  /3,  £4,  ?5.  The  total  coefficient  of  y'  in 
|yi>  7yi»  ?7i»  «i|  becomes 

I  «*!,«!,  t?!,  2x1=0. 

The  total  coefficient  of  Z3 


=  0. 


The  total  coefficient  of  Z4,  similarly, 


by  the  expression  for  the  coil  found  in  §  288.    The  total  coefficient  of  /5  in  the 
determinant  |  yl9  iil}  vl9  zl  |,  after  the  substitutions, 


In  §  288,  the  relation 


was  obtained  ;  and  therefore 


ft,    2/3,    2/4 


V1}        112, 


,    H9     G9     L 


u±  -  Vi\  +  Wwl  -  Z-L), 

by  the  result  on  p.  318,  with  the  determinate  values  of  J7,  F,  W,  there  given. 
Generally,  we  have  (for  i=l,  2,  3,  4) 
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the  value  of  W  being  given  by 


Hence 


[CH.  XXV. 


I  2  '52/1,  %,  «i,  %  I  =  Ferric  I  fi'i,  wl5  Vj,  ?!  |  ; 


and  the  value  of  the  determinant  on  the  right-hand  side  has  been  obtained  in 
§  288  as  fl*/a3T2/c  ;  therefore 


Consequently,  we  have 


The  final  form  of  the  expression  for  the  typical  direction-cosine  1B  thus  becomes 


=       * 


U19 


Once  more  using  the  values  of  e,  77,  t,  o>,  we  can  state  the  result  also  in  the  form 


In  connection  with  these  quantities  ^i,  ^2>  ^a?  ^4?  we  recall  the  equation  for 
the  circular  curvature  and  the  direction  of  the  prime  normal  in  the  form 

y 

- 

Magnitudes  of  rank  five. 

295.  At  this  stage,  we  introduce  magnitudes  Xii9  connected  with  the  direction- 
cosines  of  the  fifth  normal  in  the  same  manner  as  the  secondary  magnitudes  A^ 
are  connected  with  the  direction-cosines  of  the  prime  normal.  They  are  defined 
by  the  equation 


for  all  the  combinations  i,  j,  ~l,  2,  3,  4  ;  and  we  write 


for  i=  1,  2,  3,  4.    Then  we  have 
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and  the  quantities  e,  77,  i,  co,  are  expressible  in  terms  of  earlier  magnitudes  already 
used,  while  their  coefficients,  being  of  the  type 


also  are  expressible  in  terms  of  magnitudes  already  used. 

Moreover,  an  expression  for  the  fifth  curvature  l/p5  is  obtainable  in  the  form 

—  2=2foi€  +  W?  +  W+-w)8» 
Ps 

also  expressible  in  terms  of  the  same  magnitudes. 
Evidently 

&  =  2  *•  fa*?' 
for  all  the  values  of  i.     Further 


=---2^=0, 

p 

by  the  properties  of  the  geodesic.    This  relation,  among  the  quantities  £,  is  of 
persistent  recurrence  ;  an  equivalent  form  is 

2  2  *«*/*/=<>. 

i      ) 

Again,  multiplying  the  equation 

I* 

—  =The  +  172-17  +  1731  -I- 

Ps 
throughout  by  1B  and  adding  the  results,  we  have 


and  an  equivalent  form,  obtained  by  substituting  the  values  of  e,  ?/,  i,  cu,  from 

§  288,  is 

0*_       fl.       f,,       ^       ^4 


The  foregoing  value  for  l/p5  can  also  be  derived  simply  as  follows.  As  the 
principal  line,  connected  with  the  curvature  l//o5  of  the  domainal  geodesic  and 
having  Z6  for  its  typical  direction-cosine,  is  orthogonal  to  the  first  five  principal 
lines  of  the  geodesic  which  have  y',  7,  Z3,  Z4,  Z5,  for  their  typical  direction-cosines, 
it  is  orthogonal  to  the  tangent  block  of  the  domain  :  hence  the  relations 
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are  satisfied,  for  i=l,  2,  3,  4.    Differentiating  the  relation  for  i=l  along  the 
geodesic  arc,  we  have 


Now 

and  therefore 


Also,  as  the  principal  line  of  the  domainal  geodesic,  with  J7  as  its  typical  direction- 
cosine,  is  orthogonal  to  all  the  principal  lines  of  the  geodesic  earlier  in  rank,  it  is 
orthogonal  to  the  tangent  block  of  the  domain,  and  so  is  at  right  angles  to  every 
direction  in  that  block  ;  hence 

i>,f7  =  0, 

for  j~l,  2,  3,  1.     Thus  the  equation  becomes 


-f  fft 
s 

and  similarly  i 

fa= 

P5 


Multiply  these  equations  by  e,  7^,  t,  to,  respectively,  and  add  the  four  results  ; 
then,  as  ^J  Ae1—  ^  l^=  1,  we  have 


the  result  already  established. 

Moreover,  resolving  the  equations  for  the  four  quantities  e,  77,  i,  o>,  we  have 
the  relations 


-* 

P5 
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and  we  therefore  also  have 

—=-( 

thus  providing  another  covariantive  expression  for  the  fifth  curvature. 

Magnitudes  of  rank  greater  than  jive. 
296.  Again,  we  have  the  relations 

Sy^°> 

for  i^l,  2,  3,  4,  where  m=6,  7,  ...  ,  N,  and  lm  is  the  typical  direction-cosine  of  the 
wth  principal  line. 

For  all  values  of  m  >  6,  we  have 


while,  for  such  values, 

consequently 

Now 

y/ 
and  therefore 

for  all  the  values  of  i=l,  2,  3,  4,  and  for  values  of  m  greater  than  6,  while,  for 
those  values  of  i, 

^^6=^, 

the  non-  vanishing  quantities  £  being  subject  to  the  relation 

fiP'  +  f«?'  +  6»r'  +  f/=0. 
The  relation 

p'^ViL  +  y'^riJn*  »V  V^m  +  f'  V^/^o 
is  satisfied,  being  merely  the  equivalent  of  V)  y/m=0. 
We  note  that  the  relation 

iXk=o, 

for  i=  1,  2,  3,  4,  is  satisfied  for  all  values  of  m  except  m=2  and  m=Q  ;   while 


being  two  exceptions  which  are  of  fundamental  importance. 

Partial  differential  equations  of  the  second  order  satisfied  by  space-coordinates. 

297.  We  can  now  construct  some  partial  differential  equations  which  formally 
appear  to  be  of  the  second  order  and  are  satisfied  by  the  space-  variables  of  any 
point  in  the  domain. 
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For  the  general  frame  of  coordinate  axes  in  the  plenary  homaloidal  space  of 
the  domain,  we  can  substitute  the  orthogonal  frame  of  any  particular  geodesic 
drawn  in  a  domainal  direction  p',  q',  /,  £'.  Also  within  this  orthogonal  frame,  we 
can  substitute,  for  the  tangent,  the  binormal,  the  trinormal,  and  the  quartinormal 
of  the  geodesic,  the  directions  of  the  four  parametric  curves  in  the  tangent  block 
of  the  domain  ;  and  in  this  modified  frame,  all  the  axes  other  than  those  four 
directions  remain  orthogonal  to  one  another,  while  each  of  these  axes  is  at  right 
angles  to  each  of  the  four  directions. 

To  this  modified  frame,  any  directed  quantity  can  be  referred  ;  and  an  expres- 
sion for  the  quantity  can  be  obtained  linearly,  in  terms  of  typical  direction- 
cosines  and  appropriate  coefficients.  Thus  for  any  magnitude  connected  with  a 
typical  variable  y,  the  appropriate  typical  direction-cosines  now  are  yly  y2,  ys,  y\, 
together  with  Y,  76,  77,  ...  ,  1N,  the  latter  belonging  to  the  axes  in  the  modified 
frame  which  have  remained  principal  lines  of  the  geodesic.  Consider,  for  instance, 
a  quantity  such  as  yu,  connected  with  the  variable  y  typical  of  a  space-position  ; 
for  all  the  variables  of  this  position,  there  is  a  relation 


2/11  =  ?/!< 

where  the  coefficients  a,  /?,  are  the  same  through  the  set  of  quantities  yn,  and 
have  to  be  determined  for  the  set.    There  are  equations 

Sry,=o,   £ky,=o, 

the  summations  being  taken  over  all  the  space-dimensions,  and  the  equations 
holding  for  all  values  of  m  ^  6  and  for  i=  1,  2,  3,  4.    By  earlier  results, 


for  the  same  values  of  i,  so  that 

«l  =  Al»       a2^il>       a3= 

Similarly,  owing  also  to  the  further  relations 

S  Km  =  <> 

we  have 

j8,=  S^n= 
The  magnitude 

2/u  -  yiAj  -  y,  J  w 
has  been  denoted  by  ytj  ;  so  that,  for  the  instance  considered, 


In  the  same  way,  proceeding  for  all  the  magnitudes  77^,  we  have  equations 

^-yl,,4-z6(^)6-f/7(^)7+...+«^(ft^. 

Further,  we  have  had  quantities  X13  defined  by  the  equation 
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so  that  we  can  take,  as  a  preliminary  form  of  partial  differential  equation  satisfied 


Obviously 
for  all  the  values  m=7,  ... ,  N.     As 

Vi  ~  VtlP'  +  ^2?'  +  ^13^  +  T?^. 

we  have 


for  all  these  values  of  m.    Accordingly,  take  the  foregoing  equation  for  j  =  1  ,  "2,  3, 
multiply  by  y',  q'9  r',  /',  for  the  respective  values  of  j,  and  add  :  then,  as 


with  the  earlier  notation,  it  follows  that 


holding  for  all  the  values  i—1,  2,  3,  4. 

These  equations  can  be  regarded  as  the  definite  form  of  partial  differential 
equations  satisfied  by  the  space-coordinates  of  a  point  on  the  domainal  geodesic 
in  the  direction  p'9  q',  /,  /'. 

Before  discussing  certain  analytical  combinations  of  these  quantities  77,,  we 
note  that,  as 


for  all  the  values  of  k,  —  1  ,  2,  3,  4,  we  have 


for  all  the  values  of  i  and  Jc  :  or  the  quantities  77^  for  the  different  quantities  77  and 
any  the  same  value  of  i,  are  the  spatial  components  of  a  magnitude  E19  which  is 
orthogonal  to  the  tangent  block  of  the  domain  and  which  therefore  lies  in  a  homa- 
loid  orthogonal  to  this  block.  The  form  of  the  partial  equations  shews  that  the 
direction  of  E,-  lies  in  a  plane  through  the  prime  normal  and  the  fifth  normal  of  the 
domainal  geodesic  ;  and  therefore  all  the  four  magnitudes  E,,  for  «-=!,  2,  3,  1.  lie 
in  this  same  plane  which,  connected  with  a  domainal  geodesic,  is  orthogonal  to  the 
domain.  We  shall  return  later  to  this  result  ;  meanwhile,  we  note  the  property 


°*    Ps 

F.I.O.  II. 
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Quadratic  combinations  of  the  non-gremial  magnitudes  77. 

298.  The  sums  of  the  quadratic  combinations  of  the  four  typical  quantities 
^u  ^2>  ^3>  *?4»  ^e  sums  being  taken  over  the  dimensions  of  the  plenary  space, 
satisfy  certain  relations  ultimately  based  upon  the  aggregate  of  equations 


To  express  these  sums  of  quadratic  combinations,  we  write 

e.^SV'V110 

for  all  the  values  of  i  and  j,  independently  of  one  another,  with  the  space- 
summation  for  m=  1  .....  N.    The  quantity  c^c^  -  ctV2,  being  equal  to 


taken  for  the  space-summations  m,  n,  —  1,  ...  ,  N,  is  essentially  a  positive  quantity, 
when  not  zero.  We  therefore  introduce  magnitudes  mtj  such  that 

mtj  =  (ct,c,,-ct*)*, 

assigning  a  positive  value  to  the  radical,  and  assuming  j  >  i  for  the  quantities 
mtj,  because  the  value  of  the  radical  is  here  unaltered  by  the  interchange  of  i  &ndj, 
while  mkk~Q.  Manifestly 


and  therefore  every  determinant  of  the  form 


('ja  j      C;0  J      Cjy 


for  all  values  of  i,  jy  k,  and  of  a,  j8,  y,  from  the  range  1,  2,  3,  4,  must  vanish  :  while 
the  first  minors  of  such  a  determinant  do  not  vanish.  Accordingly,  for  the 
determinant 


every  first  minor  vanishes,  while  the  second  minors  do  not  vanish ;  and  there 
are  algebraical  identities  among  these  second  minors.  To  obtain  these  identities, 
we  introduce  angles  0X,  02>  #3*  #4>  with  the  definitions 

tV = cj  cos  0, ,     £  =  c«*  sin  ^  ; 
and  for  the  cationical  case  of  reference,  we  shall  assume 


Then 


ciy  =  v, 


cos  (0t  -  Of)9 
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and  therefore,  with  all  these  assumptions, 

-  *»„=  (c%icu)*  sin  (Ot  -  0,). 
Further, 

V&  ~  *>i£,  =  (ctl  c,,)*  sin  (0,  -  0,)  =  w,,, 
when  I  >  i. 

Now  let  numbers  i,  j,  A;,  I,  be  selected  *  from  the  range  1,  2,  3,  4,  such  that 


Then  we  have 


It  follows  that  all  the  second  minors  of  the  vanishing  determinant  of  four  rows 
can  be  expressed  in  terms  of  the  six  diagonal  minors  w12,  w13,  m14,  w23,  m24,  w34  ; 
and,  because  of  the  manifest  identity 


(C12C34  ""  C13C24)  +  (C13C24  ~"  c14C2a)  +  (C14C23  "~  C12C34/  =  ^J 

these  six  minors  are  themselves  subject  to  the  condition 


The  full  expression  of  all  the  second  minors  of  the  determinant  of  four  rows  in 
terms  of  these  diagonal  minors  is 


C12    —^12 

^12^13   I  ^22^13  ~~  ^12^23  ==  ""^12^23 

4  =     m12m14  I  ,  c22c14  -  c12c24  =  -  m12m24  L 

m!3^14j  C22C34~C23C24=        ^23W24  J 

C33C12  ~ 
C33C14  ~ 
C33C24  "*  C23C34~  ~  W23^34  J  C44C23  ~  C24C34r:r: 


~  mum2Z  t  • 
C13  ^24  ~  C14  C23  =       mi2  W34  J 

*  The  selection  is  the  same  as  is  adopted  in  connection  with  the  Riemann  four-index 
symbols  in  §  16. 
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The  formal  comparison  of  these  twenty-one  minors,  with  the  twenty-one  Eiemann 
four-index  symbols  of  §  16,  is  obvious  from  the  formulae 

(aft  y&)=  2  foayifoa 


whore  there  are  no  limitations  of  inequality  among  a,  ft  y,  8,  while  the  integers 
i,j,  A%  /,  are  subject  to  the  inequalities  i  ^j,  i  <  Z,  j  <  /<*.  In  fact,  the  Riemann 
syml)ols  are  connected  with  quantities  277<tfr?y8>  ^e  ^-combinations  are 
similarly  connected  with  the  quantities  (^  '^a' 


Linear  relations  among  the  magnitudes  77. 
299.  Again,  owing  to  the  typical  relations 

^*=JX  +  /8£i 
for  i~2,  3,  4,  there  are  the  conditions 

II  *?2>  i?3,  ^4  ||=0,     ||  7?3,  7)4,  r;x  11=0,     ||  7y4,  v)l9  ij2  11=0,     ||  7719  773,  773  11=0, 
holding  among  the  magnitudes  77.    Accordingly,  there  are  equations  of  the  type 


there  being  one  such  equation  for  all  the  magnitudes  7jl9  7?2,  773,  corresponding  to 
the  different  space-variables  with  coefficients  E,  P,  Q,  the  same  throughout.  To 
determine  these  coefficients  E,  P,  Q,  we  multiply  by  7?t  and  add  for  all  the  space- 
dimensions  :  then  multiply  by  7j2  and  add  again  for  all  the  space-dimensions. 
Thus 

ficK=Pcn  +  Qen,     Ec^Pc-K  \  (foai 
so  that 


V(C11^22""^12  J1^^  (^11^23  — 

that  is,  by  the  preceding  relations, 


and  thus  the  foregoing  typical  equation  is 

3  =  0. 


Similarly  for  typical  equations  connecting  each  group  of  three  from  the  four 
quantities  ;  the  complete  set  is 
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it  being  remembered  that,  under  the  adopted  convention,  we  use  positive  quan- 
tities ml}  such  that  i  <j.  Also,  these  four  equations  are  equivalent  to  only  two 
linearly  independent  equations,  because 


Further,  in  an  equation  such  as  the  first  of  them,  let  the  values  77,.= 
be  substituted  ;  then  we  have 


Y  (mmvl  -  m13v2  +  ml2v3)  +  16  (m23£  x  -  w13£2  +  *n12f  8)  =0, 

holding  for  each  of  the  space-dimensions.    Multiply  by  Y  and  add  the  results  : 
then 

W&23  Wl 

and  so 


The  complete  sets  of  formal  relations,  thus  derived  from  the  foregoing  four 
equations,  are 

—  0 

2  v4  =  0 

-  ^14^3  +  ^13^4  —  0 


-^13^2  +  ^12^3  =0 


each  set  containing  only  two  linearly  independent  relations  because 


Expression  for  the  fifth  curvature. 
300.  Next,  the  relation 


has  been  established  ;  in  it,  let  the  values 


(for  i=  1,  2,  3,  4)  be  substituted,  so  that  we  have 

cn  V  sin  ^i  +  C22*9f/  (sin  ^i  cos  (^2  -  ^i)  +  cos  ^i  sin  (#2 
-I-  c33*r'  {sin  0J  cos  (03  -  0X)  +  cos  0X  sin  (03  - 
+  c44«  I'  {sin  0X  cos  (04  -  0J  +  cos  0X  sin  (04  -  0X)}  =  0. 
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On  the  left-hand  side,  the  coefficient  of  sin  6l 


[CH.  xxv. 


(cnc22)« 


(cuc33)' 


but,  from  the  definitions  of  ctj, 

+  r,4/'  = 


V      Y 

=  2.%- 

=  —  =  -0^0080!  J 

P    P 

and  thus  the  selected  aggregate  of  terms  involving  sin  0l 

=    cos  flt  sin  0t. 
P 

On  the  same  left-hand  side,  the  coefficient  of  cos  6l 


~c*q'7r7\*+c**1' 


Thus  the  equation  becomes 

cos01sin#1  +  c11~ 


Now,  in  general,  cos  6^  does  not  vanish  ;  hence,  as 

&  =  <!„*  sin  0!, 
the  equation  is 


cos     = 


The  value  of  £2  is  obtained  similarly  by  making  02  (instead  of  0!)  the  dominating 
angle  in  the  analysis  :  likewise  for  £3  and  £4.    The  full  set  of  values  is 


P 

*?= 

P" 

f»= 

P" 

£= 

P" 


H-  m34r' 
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We  can  verify  at  once  that,  in  virtue  of  the  relation 


343 


these  values  satisfy  the  set  of  four  equations,  linear  in  £x,  £2,  £,,  |4,  obtained  in 
§299. 

By  means  of  these  values  of  £1$  £2,  £3,  |4,  we  can  modify  the  expression  of  the 
fifth  curvature  of  the  domainal  geodesic  in  the  equation  (§  295) 

fl,       £.,       &,       £4 


Let  the  determinant  be  expanded  in  terms  of  second  minors,  so  that  it  will  consist 
of  six  terms  each  of  which  is  the  product  of  two  second  minors.  In  a  term,  such 
as 


the  minor  in  the  second  factor  is 
i»    fa    ^~ 


and  we  have  established  (§  299)  the  equations 


so  that 


because 


Hence  the  selected  term  becomes 


w12 


^—  0, 


'  =  -  • 

p 


Similarly  for  the  other  five  terms  :  the  final  result  is 


'J4 


'24 
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Ex.    As  illustrations  of  the  analysis,  it  is  convenient  to  adduce  the  values  of 
certain  concomitants  of  the  system  involving  the  magnitudes  f-l9  £2»  £3,  £4- 
We  have  had  the  relations  (§§  289,  291) 


-  (A 

<JTK 

where 

1  1      ft    C      fl    /     \^  ////-I  n    /         / 

/)T2       OTT  ds   [     ds\p'  I   '  <T          (TT        T2  '  T          T  ' 

and  therefore 


or,  generally  for  i'  =  l,  2,  3,  4, 


As 


we  have 


when  the  values  of  f/,   F,   IF  are  substituted.     The  result  can  be  obtained  more 
immediately  ;  for 


and  so  for  the  other  combinations  :  hence 


by  the  condition  attaching  to  the  quantities  ft,  ^2,  ^3,  £4. 
Next,  we  have  had  the  results  (§§  288,  290) 


and  therefore 

•^-^o^-pU    ^ 

=0, 
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on  substitution  and  reduction  :  that  is, 

£>i£i=o. 

Proceeding  in  the  same  way,  and  using  results  already  established,  we  find 


az* 


From  these  forms,  in  combination  with  the  forms  of  the  similar  concomitants 
obtained  earlier,  many  concomitants  can  be-  constructed  and  their  geometrical  values 
can  be  deduced. 

Locus  of  centres  of  circular  curvature  of  concurrent  geodesies. 
301,  One  of  the  configurations,  non-gremial  to  the  domain,  is  the  locus  of  the 
centres  of  circular  curvature  of  concurrent  geodesies.  As  each  centre  lies  on 
the  prime  normal  of  its  geodesic,  this  line  being  orthogonal  to  the  tangent  block, 
the  locus  in  question  must  lie  in  the  homaloid  orthogonal  to  the  tangent  block  : 
and  one  form  of  the  equations  of  the  orthogonal  homaloid  is 

But  the  character  of  the  locus  is  affected  by  the  dimensional  extent  of  the  homa- 
loidal  plenary  space  of  the  domain. 

When  the  domain  is  primary,  so  that  the  plenary  space  is  quintuple,  the 
orthogonal  homaloid  is  simply  the  unique  line  which  is  normal  to  the  domain  at 
a  point  and  is  the  direction  of  the  prime  normals  of  all  the  domainal  geodesies 
through  the  point.  Definite  parts  of  this  normal  constitute  the  range  of  the 
centres  of  circular  curvature  ;  but  it  is  not  a  locus  in  the  customary  sense,  as  a 
single  point  of  the  range  can  be  the  centre  of  circular  curvature  for  an  unlimited 
number  of  domainal  geodesies. 

When  a  domain  is  not  primary,  the  direction  of  a  prime  normal  of  a  domainal 
geodesic  depends  partly  upon  the  direction  of  the  geodesic.  Let  the  direction- 
variables  of  the  geodesic  be  p',  q',  r',  t' ',  as  usual ;  and  let  yc  be  the  typical  space- 
variable  of  the  centre  of  circular  curvature  of  the  geodesic,  so  that  we  have 

and  therefore 


there  being  as  many  such  equations  as  there  are  dimensions  in  the  plenary  space. 
The  character  of  the  locus  of  the  centre  of  circular  curvature  depends  upon  the 
number  of  these  dimensions.  The  locus  always  lies  in  the  orthogonal  homaloid  of 
the  region.  All  the  directions,  typified  by  the  quantities  77^-,  lie  in  the  homaloid, 
because  the  equations 
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are  satisfied  for  all  values  of  ?',  j,  k  ;  and  there  are  ten  such  quantities  77^.  When 
the  plenary  space  is  sextuple,  the  orthogonal  homaloid  is  a  plane  ;  thus  only  two 
of  the  ten  directions,  typified  by  77^,  can  be  taken  as  independent,  and  the  required 
locus  is  a  curve  in  this  orthogonal  plane.  When  the  plenary  space  is  septuple,  the 
orthogonal  homaloid  of  the  domain  is  a  flat  :  then  only  three  of  the  ten  directions, 
typified  by  77,,,  can  be  taken  as  independent,  and  the  required  locus  lies  in  this 
orthogonal  flat.  When  the  plenary  space  is  octuple,  the  orthogonal  homaloid  is  a 
block  ;  four  of  the  directions,  typified  by  77^,  can  be  taken  as  independent,  and 
the  required  locus  lies  in  this  orthogonal  block.  And  so  on  :  the  three  specified 
cases  will  be  considered  in  turn. 

Moreover,  it  will  appear  that  there  is  not  a  proper  locus  of  the  centre  of  cir- 
cular curvature  when  the  plenary  space  is  sextuple  or  septuple.  When  the  plenary 
space  is  sextuple,  a  proper  locus  is  provided  only  for  a  set  of  geodesies  originating 
in  any  superficial  orientation  in  the  domain.  When  the  plenary  space  is  septuple, 
a  proper  locus  is  provided  only  for  a  set  of  geodesies  originating  either  in  any 
superficial  orientation  or  in  any  regional  orientation  in  the  domain. 

The  centre-locus  wJien  the  plenary  space,  is  sextuple. 

302.  When  the  plenary  homaloidal  space  of  the  domain  is  sextuple,  the  ortho- 
gonal homaloid  of  the  domain  is  a  plane.  As  a  plane  can  contain  only  two  organi- 
cally independent  directions,  we  take  the  directions,  typified  by  77U  and  7712 
respectively,  to  be  axes  of  reference  in  the  plane.  Let  x,  z,  be  coordinates  of  any 
centre  of  circular  curvature,  referred  to  those  axes  ;  then,  writing 


cos  w, 
where  co  denotes  the  inclination  of  the  axes,  we  have 

a*  (  f  +  z  cos  w)  = 


with  the  relation 

jc2  \-  2xz  cos  a*  +  z2 — p2. 
Let 

X=**'~    '          *      *    b* 

i 
then 


z^Z,  -nJ-'-py=  2  iu-=  2  fo 

where  the  inner  summation  on  the  right-hand  side  is  over  the  four  parameters  and 
the  outer  summation  is  over  the  six  space- variables.  Also  there  is  the  permanent 
arc-relation.  Thus  there  are  three  equations  involving  the  four  quantities 
p'>  ?'}  r'>  £'•  It  follows  that,  if  no  distinction  is  made  between  real  and  complex 
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quantities,  every  point  in  the  plane  is  a  centre  for  an  infinitude  of  concurrent 
geodesies  whose  tangents  at  0  constitute  a  conical  surface  :  in  real  geometry,  there 
might  be  ranges  in  the  plane  to  the  points  of  which  no  real  geodesies  correspond. 
But,  in  the  absence  of  relations  reducing  the  number  of  independent  magnitudes 
among  p',  q',  /,  £',  there  is  no  proper  locus.  If  only  one  condition  is  imposed, 
still  there  is  no  locus  :  every  point  of  the  plane  is  potentially  a  centre  for  a 
finite  number  of  geodesies  concurrent  in  0. 

In  order  that  elimination  of  the  direction-variables  may  become  possible,  there 
must  be  only  a  couple  of  independent  quantities  in  the  elimination  ;  accordingly, 
two  conditions  must  be  imposed  upon  the  magnitudes  p',  q',  r',  t'.  The  simplest 
instance  occurs  when  the  directions,  of  the  geodesies  considered,  originate  in  a 
superficial  orientation  which  itself  may  be  arbitrary.  Such  an  orientation  is 
provided  by  the  assignment  of  two  different  arbitrary  directions,  represented 
by  direction-variables  p',  q',  r',  t',  and  P',  Q'9  R',  T'  ;  and  then  any  direction 
P'>  4  '>  f  '9  £'>  lyuig  in  this  orientation,  has  its  variables  represented  by  four 
equations  of  the  form 


where  A  and  /z  are  parameters  in  the  four  equations  such  that 

A2  +  2A/xcose-hju2=l, 
€  denoting  the  angle  between  the  assumed  directions.    We  now  have 


and  the  equations,  for  the  determination  of  the  locus,  become 


x=  2  ('hi  *  )  =  A»A'0+ 2 


where  E0,  F0)  6?0,  eQ,  /0,  g0,  are  quantities  belonging  solely  to  the  quantities 
determining  the  assumed  orientation,  and  are  unaffected  by  the  parameters 
A  and  p,  determining  the  direction- variables  of  any  geodesic. 
The  elimination  is  simple.     Let 


17= 


G0-X 
-  Zcose,   g0-  Z 


fo~ 


EQ  ~  A  ,       GQ  —  A 
60  —   £J)        <70  —   Z 

where  U,  V,  W,  manifestly  are  linear  non-homogeneous  functions  of  X  and  Z ; 
then  the  required  eliminant  is 

an  equation  of  the  form 
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But 

v_ 


#2  +  2xz  cos  o>  4-  z2  '  #2  4-  2#2  cos  aj  +  z2' 

and  therefore  the  equation  represents  a  lemniscate  curve  in  the  orthogonal  plane 
of  the  domain,  the  plenary  space  being  sextuple. 

Ex.  Investigate  the  possibility  of  a  conic-locus  arising  (i),  as  the  intersection  of 
two  orthogonal  planes  at  consecutive  points  of  the  domainal  geodesies,  originating  in 
an  assigned  orientation,  the  plenary  space  being  sextuple  :  and  (ii),  as  the  inverse 
pedal  of  the  foregoing  lemniscate  curve. 

The  centre-locus  when  the  plenary  space  is  septuple. 

303.  When  the  plenary  homaloidal  space  of  the  domain  is  septuple,  so  that 
any  centre-locus  must  lie  in  a  flat  (being  the  orthogonal  homaloid  of  the  domain), 
there  are  three  organically  independent  directions  in  that  flat.  We  assume  three 
directions,  typified  by  rjll9  rjl2,  ^13)  as  constituting  three  directions  of  reference  in 
that  flat  ;  and  we  denote  by  u,  v,  w,  the  coordinates  of  any  centre  of  circular 
curvature  of  a  domainal  geodesic,  referred  to  these  axes  ;  so  that,  if  we  take 


>     8=  ^  ^11^13=  (ca)   cos  ™> 


/,  m,  w,  being  the  angles  between  the  axes  in  pairs,  we  have 

Up2  =  aY  (u  +  v  cos  n  4-  id  cos  m)  =  ^  ^n  (yc  -  2/)» 
Vp2—  b*(wcos  n  +  ii  +  wcos  I)  =^^12(^0-  y)> 
Wp2  ~  c¥  (u  cos  m  -h  v  cos  l+w)  —  ^j  rj^  (yc  —  y), 

while 

p2  —  u2  +  v2  4-  w2  -f  "2vw  cos  Z  -f  2wil  cos  m  +  2uv  cos  w 

We  thus  have 


Y 

-  y)  =  ^  i?u  - 


_ 

w  = 


where  the  inner  summation  on  the  right-hand  side  is  taken  over  the  quadratic 
combinations  of  the  direction-variables  p',  q',  /,  t'9  and  the  outer  summation  is 
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taken  over  the  seven  dimensions  of  the  plenary  homaloidal  space.    Also  there  is 
the  permanent  arc-relation 


Thus  there  are  four  equations,  in  all,  involving  four  quantities  p',  ql  ',  r',  /',  not 
homogeneously.  Unless  at  least  one  other  relation  should  subsist  among  the  four 
quantities,  elimination  of  all  four  is  impossible  :  in  that  event,  there  is  no  proper 
locus  of  the  centre  of  circular  curvature  of  all  the  domainal  geodesies  through  a 
point  of  the  domain,  because  every  point  of  the  flat  is  potentially  a  centre. 

But  elimination  becomes  possible  if  either  two  relations,  or  only  one  relation, 
be  imposed  upon  p'9  q',  /,  I'.  When  two  such  relations  are  imposed,  the  eliminant 
consists  of  two  equations  involving  u,  v,  w,  and  positional  magnitudes  of  the 
domain  ;  hence  the  locus  consists  of  a  skew  curve  (the  intersection  of  two  surfaces) 
in  the  orthogonal  flat  of  the  domain.  When  only  a  single  relation  is  imposed,  the 
eliminant  consists  of  a  single  equation  involving  u,  v,  w,  and  positional  magnitudes 
of  the  domain  ;  the  locus  then  is  a  surface  in  the  orthogonal  flat. 

(i)  When  two  restricting  relations  exist,  consider  the  instance  which  arises 
when  the  aggregate  of  retained  geodesies  have  directions  originating  in  a  super- 
ficial orientation  in  the  domain.  Such  an  orientation  in  arbitrary  choice  can  be 
regarded  as  determinate  by  the  assignment  of  two  arbitrary  directions  in  the 
domain.  When  the  direction-  variables  of  these  two  directions  are  p',  q',  r',  t', 
and  P',  Qr,  R,  T',  respectively,  then  any  direction  in  the  superficial  orientation 
thus  determined  can  be  represented  by  direction-variables 


with  like  values  for  q',  /,  /'.     When  these  values  are  inserted,  the  foregoing 
equations  for  the  centre  of  circular  curvature  can  be  expressed  in  the  forms 


while  the  form  of  the  permanent  arc-relation  now  is 


with  evident  significance  for  the  various  symbols  A,  H<  B. 

To  obtain  the  locus,  it  now  suffices  to  eliminate  the  two  parametric  quantities 
A  and  /x  between  the  four  equations.  One  eliminant  equation  is  obtainable  after 
resolving  the  first  three  of  the  equations  for  A2,  A/z,  ^2  ;  it  has  the  form 


u,  V  ,  w 


H 


12  9 


U, 

•"!» 


W 

-"2 


W 


B,    B, 


lt, 
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Another  eliminant  equation  manifestly  is 

U,   A,,    H,,   B,     =0. 

W,   A,,    Hz,   B, 

\  A  JJ  T> 

-1?      ^0   >      "0   >      -°0 

Owing  to  the  homogeneity  of  the  first  eliminant  equation  in  the  quantities  U,  V,  W, 
with  a  common  denominator  factor  p2,  it  becomes  a  homogeneous  equation  of 
the  second  degree  in  the  coordinates  u,  v,  w  :  that  is,  it  represents  a  quadric  cone 
with  its  vertex  at  the  originating  point  0  of  the  domain.  The  second  equation 
represents  a  sphere  through  0,  Both  the  cone  and  the  sphere  lie  in  the  orthogonal 
flat  of  the  domain.  Hence  the  locus  is  a  skew  quartic  curve  lying  in  the  flat ; 
and  it  is  the  locus  of  the  centres  of  circular  curvature  of  domainal  geodesies  the 
directions  of  which  originate  in  a  superficial  orientation  lying  in  the  domain. 

(ii)  As  a  simple  instance  in  which  a  single  restricting  condition  is  imposed 
upon  the  range  of  variation  of  the  variables  p',  q',  r',  t',  consider  the  effect  of  the 
requirement  that  every  domainal  geodesic  through  0  shall  touch  a  parametric 
region  0(p,  q}  r,  t)—Q,  so  that 


Effectively,  this  can  be  stated  as  a  condition  that  the  directions  of  the  domainal 
geodesies  shall  originate  in   a   regional   orientation  with   orientation-variables 

^1,  02'  63*  #4- 

The  variables  p',  q',  r'  ',  t'  ',  have  now  to  be  eliminated  between  this  condition, 
the  three  equations  expressing  U,  V,  W,  and  the  permanent  arc-equation.  We 
can  use  the  earlier  analysis  of  §  257,  after  a  preliminary  modification  of  removing 
the  quantity  t'  by  means  of  the  orientation-condition.  When  we  substitute 

'' 


we  have 

V=Q1,    V=Q»    W=Q3, 

while  the  permanent  arc-relation  becomes 

00=1, 

where  <?,,  Q2,  Q3,  Q0,  are  homogeneous  quadratic  forms  in  p',  q',  r'  ;  and  therefore 
we  have  to  eliminate  p',  q',  r',  between  the  three  equations 

(A^-AJO,  B^B.U,  C.-O.U,  Fi-FJB,  G,-  G0U,  H,  -  H,U  fip',  q',  r')2=0, 
(At-  A0V,  B2-  B0V,  <72-  C0V,  l\-  F0V,  Gz-  G0V,  Ht- 
(A3-A0W,  B3-B0W,  C3-C0W,  F3-F0W,  G3-G0W,  H9- 
which  are  homogeneous  and  quadratic  in  p',  q',  r'. 
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The  detailed  process  of  elimination  is  the  same  as  that  used  (I.e.)  for  the  deter- 
mination of  the  locus  of  the  centre  of  circular  curvature  of  regional  geodesies  when 
the  plenary  space  of  the  region  is  sextuple.  The  eliminant  required  is  of  the  type 

-\  fan  JU»  Jit  A 

---    = 


where 

pz  -  u2  +  v2  +  w2  +  2vw  cos  I  •}  (2wu  cos  m  +  2uv  cos  r*, 

and  for  i—  0,  1,  2,  3,  4,  the  symbol  E1  denotes  a  function  of  u,  v,  w,  homogeneous 
and  of  degree  i  in  the  coordinates  u,  v,  w. 

Hence  the  locus  is  a  surface,  lying  in  the  orthogonal  flat  of  the  domain  ;  the 
surface  is  of  degree  eight,  and  it  has  a  conical  point  (real  or  imaginary)  of  the 
fourth  order  at  0.  It  is  the  locus  of  the  centres  of  circular  curvature  of  domainal 
geodesies  through  0,  the  directions  of  which  either  are  tangential  to  a  region 
containing  the  point  0  or  originate  in  the  regional  orientation  at  that  initial 
point. 

The  centre-locus  when  the  plenary  space  is  octuple. 

304.  Similarly,  when  the  plenary  homaloidal  space  of  the  domain  is  octuple, 
there  is  a  locus  of  centres  of  circular  curvatures  of  domainal  geodesies  through  a 
point  0.  The  locus  arises  through  the  complete  aggregate  of  these  geodesies  in  all 
the  possible  directions  through  0  ;  it  lies  in  the  block,  which  is  orthogonal  to  the 
domain  ;  and,  being  represented  by  a  single  equation,  it  represents  a  region  in 
that  orthogonal  block,  that  is,  a  primary  region. 

Four  directions,  organically  independent  of  one  another,  appertain  to  the 
orientation  of  the  block.  We  assume  that  four  such  directions  can  be  taken 
along  lines  typified  by  four  of  the  ten  magnitudes  r)tj  ;  and  we  assume  them  to 
belong  to  the  magnitudes  7?n,  rj22,  yy33,  7?44.  We  write 

Cr/>2=(2^n2)*(wH-i;  cos  12  +  w  cos  13  +  z  cos  14)  —^T]ii(yc-y), 
F/>2=  (^  v]^Y(u  cos  12  +  £4-  w  cos  23  +  2  cos  24)  ~  V)  ^22(2/0  -  ?/)> 
13-f  ?"cos23-hw?  +  5cos  34)  ~  S^aa^"^)' 
14+  v  cos  21-1-  w;  cos  34  +  5)  —  S^O^-y)* 
where  u,  v,  w,  z,  denote  the  coordinates  of  a  centre  of  circular  curvature  referred 
to  the  chosen  axes  in  the  orthogonal  block,  where  cos  ij  denotes  the  inclination  of 
the  directions  typified  by  ??,-t-  and  rj1})  and  where 


s  12 

+  %uz  cos  14  +  2vz  cos  24  +  2wz  cos  34. 
Moreover,  the  permanent  arc-relation  is 
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To  obtain  the  equation  representing  the  centre-locus,  we  have  to  eliminate 
p',  q'9  r',  t',  among  these  five  equations.  It  will  consist  of  a  single  relation  between 
u,  v,  iv,  z,  the  coordinates  relative  to  the  axes  in  the  Mock  orthogonal  to  the 
domain,  the  other  quantities  occurring  in  the  relation  being  solely  positional 
magnitudes  of  the  domain.  Hence  the  centre-locus  is  a  region  in  that  block  ;  and 
it  is  the  locus  of  the  centres  of  circular  curvature  of  all  the  domainal  geodesies 
passing  through  the  initial  point  0. 

The  eliminant  obviously  can  be  taken  as  the  eliminant  of  the  equations 


which  are  homogeneous  in  the  four  magnitudes  p',  </',  /,  /',  with  i,  j-=  1,  2,  3,  i. 
There  appears  to  be  no  reasonably  simple  process  for  the  formation  of  the  eliminant 
in  specific  explicit  terms.  The  general  theory  of  elimination  indicates  that  the 
ultimate  equation  is  of  degree  sixteen  in  the  coordinates  u,  ?",  w,  5,  and  that 
the  region  thus  represented  has  a  conical  point  of  degree  eight  at  the  initial 
point  0  of  the  region. 

As  a  corollary,  it  can  be  inferred  that,  when  the  plenary  space  of  the  domain 
has  more  than  eight  dimensions,  the  locus  of  the  centres  of  circular  curvature  of 
the  concurrent  domainal  geodesies  still  is  a  primary  region  in  a  block  determined 
by  leading  lines,  the  directions  of  which  are  typified  by  7jn,  rj22,  7/33,  r;44 ;  its  degree, 
and  its  nature  at  0,  are  the  same  as  when  the  plenary  space  of  the  domain  is 
octuple. 

Ex.  Determine,  for  any  plonary  space  of  more  than  seven  dimensions,  the 
centre-locus  of  concurrent  domainal  geodesies  which  originate  either  in  a  superficial 
orientation  or  in  a  regional  orientation. 


CHAPTER  XXVI 


GEODESIC  TRIANGLES  :  SPHERICITY  OF  A  DOMAIN  IN  A  SUPERFICIAL  ORIENTATION. 

Sphericity  of  a  domain  in  a  superficial  orientation. 

305.  The  expression  for  the  Riemann  measure  of  the  superficial  curvature  in 
any  orientation  is  obtained  by  means  of  geodesic  surfaces  in  the  configuration. 
We  therefore,  as  in  §  270,  take  two  directions  represented  by  the  variables 
#/>  %z>  X3>  X4,'>  an(l  zi>  Z2>  zs>  Z4>  in  ^he  domain  ;  if  pr,  q',  /,  t',  be  the  variables 
for  any  other  direction  which  lies  in  the  orientation  defined  by  the  two  directions, 
we  have  * 


P 


t' 


that  is, 


Consequently,  for  the  domainal  arcs  on  the  geodesic  surface  at  0  in  the  domain, 
the  permanent  arc-relation  ^jAp'2=I,  on  the  elimination  of/  and  t',  becomes 


where 


4-  2 


F  —A 


*12 

I     . 


22 


2331 


1 

7~~o(^  33  S3l    +  ^ 


When  these  values  arc  substituted  in  the  magnitude  EG  -  JP2,  and  the  expression 
is  reduced  by  means  of  the  relation 


we  find 


summed  for  values  of  i,  j,  k,  I,  from  the  range  of  these  values  that  are  admissible. 
Again,  the  geodesies  at  0  on  the  geodesic  surface  are  actually  the  domainal 

*  A  different  process,  applicable  to  a  general  amplitude,  has  been  given  in  §  117. 

F.I.O.II.  Z 
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geodesies  in  the  respective  possible  directions  ;  so  that  the  magnitude  of  the 
circular  curvature  and  the  direction-cosines  of  the  prime  normal  for  a  superficial 
geodesic  are  the  same,  respectively,  as  for  the  domainal  geodesic  in  the  assigned 
direction.  For  the  latter,  we  have 


and  therefore,  when  we  take  account  of  the  values  of  r'  and  t'  which  require  the 
domainal  geodesic  to  lie  in  the  surface,  we  have 

~ 
the  right-hand  side  being  derived  from  ^J  ??ii?>'2  by  the  substitutions 


The  analysis  for  the  construction  of  E,  F,  G,  manifestly  leads  to  the  values 
°f  ^ii>  *?i2»  ^22>  by  *he  substitution  of  r)aft  for  Aa$,  for  all  the  values  of 
a,  j8,  =1,  2,  3,  4  ;  and  therefore 


When  this  result  is  summed  for  all  the  dimensions  of  the  plenary  space,  we  have 


on  introducing  the  four-index  symbols. 

But  for  the  surface,  the  Riemann  measure  of  curvature,  being  its  sphericity  K, 
is  given  by  (§  113) 


and  this  measure  for  the  geodesic  surface  is  defined  as  the  measure  for  the  domain 
in  the  orientation  of  the  surface.  Accordingly,  the  sphericity  of  the  domain,  in 
the  orientation  defined  by  the  variables  .v12,  $23,  s31,  s14,  .<?24,  ,S'34,  is  equal  to 


IT* 

The  quantities  of  the  type  ^  ^     —  PiP)'  • 

1         J  K 

306.  In  the  discussion,  alike  of  small  geodesic  triangles  in  a  domain  and  of 
parallel  geodesies,  certain  combinations  of  quantities  such  as 


continually  recur,  the  variables  £'  and  %  being  similar  to  the  variables  #'. 
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In  §  23,  we  obtained  the  parametric  derivatives  of  the  Christoffel  symbols  in 
the  form 


valid  for  all  values  of  a,  /?,  y,  p.    Denoting  the  geodesic  direction-variables  by 
'•*•$'  9  we  therefore  have 


+  Q  S  I)  « 

The  result  holds  for  a  general  amplitude.  When  it  is  used  for  a  domain,  we 
denote  by  pk',  yfc',  rkf,  //,  the  direction-  variables  of  the  domainal  geodesic  along 
which  the  arc-differentiation  ds^  is  effected  :  further,  by  pt'9  qt'9  /•/,  //,  and 
PJ'>  ^3  '>  f/'  ^j'j  the  direction-variables  of  any  two  directions,  which  may  be  the 
same  as  one  another  or  be  distinct.  Also,  we  denote  the  quantity 


with  a  corresponding  notation  for  the  like  quantities  involving  derivatives  of 
A,  9,0.    Then 


S  r  (  AS- 

where  the  variables  x'  are  yfc',  g-fc',  rk',  tk',  the  variables  2'  are  the  variables 
Pt>  <li,  ri>  f'i,  and  the  variables  u'  are  the  variables  p,',  q}',  r,',  t,',  while  the 
symbols  (VJ/\*Ptn')  tear  the  significance 
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for  all  values  of  <f>  and  m,  and 


In  the  expression  for 


the  first  term  is  (dwopi'pipk'))  the  coefficients  in  the  next  four  lines  involving 
single  summations  are  2^i02?m',  and  a28  takes  the  place  of  ais  in  the  sixth  line. 
Similarly  we  obtain  the  expressions  for 


It  will  be  found  convenient  to  have  the  whole  quantity  in  the  sixth  line,  involv- 
ing quadruple  summation,  set  out  in  somewhat  longer  form.  For  this  purpose,  we 
write 

for  all  values  of  a  and  /?,  where 


sap  and  ^a/3  being  orientation-variables  of  different  orientations.    Also  we  write 

(y8)w=  S  S  (r8'  "0)^,   (y8)to=  S  X)  (yS,  aft^, 

a        /3  a       ^ 

^  (*,  */)=?/  (W  )  w  +  ?/  («)  w  +  r/  (^)7CJ  +  «/  (W),/, 
for  all  values  of  i,  j,  k,  where  manifestly  (yS)ifc=  -  (ySJ^j  and  (yS)3/..—  -  (yS)/0. 

(77-1  Y  V         \ 

,—  0  i  ^  0  j  '  )   be 
a5^  X     X    / 

denoted  by  -     C71?  we  have 


The  corresponding  portions  in  the  expressions  for 


respectively  are  denoted  by 

77  7"7  77 

3i2^2'    S^^3'    3i3^ 

where 

^A=S«*M[^(».*;)+^I. 

M 
for  all  the  values  A=  1,  2,  3,  4,  and  aA/J  is  the  minor  of  A^  in 
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Further,  as  for  the  similar  single  summations  and  double  summations  which 
arose  in  connection  with  a  region  (§§  172,  212),  we  introduce  symbols  under  the 
definitions 


ft  = 


9t  = 


A, - 


where  the  summations  in  the  last  three  groups  of  magnitudes  are  similar  to  those 
in  a.f,  ]8,-,  yi;  8,  ;  and,  for  the  double  summations, 

«.  ?/  +  ft?/ 


Manifestly 

- 

Y,,=  ~Pi 

Then  the  results  become 


,t  +  y,   ,fc 


X  *  X  J')= 


(ds    X  *  X  V  "( 


The  numbers  i,  j,  k,  may  be  different  from  one  another,  or  equalities  may  subsist 
among  them  ;  in  the  latter  event,  simplifications  occur  in  the  expressions  of  the 
quantities  Ul9  Z72,  £73,  £/4. 
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si       ...     ir-^dAjj    f       ^-^  TJ~-^  a,  AJJ     t    r 
Quanta  ^  -j-fp,  ,    ^  ^  -d~  Pi  p,  . 

307.  In  connection  with  the  same  investigations  concerning  small  geodesic 
triangles  and  adjacent  parallel  geodesies,  we  require  similar  combinations,  of  the 
first  and  the  second  arc-derivatives  of  the  primary  magnitudes  Aih  with  sets  of 
direction-  variables  for  directions  not  along  the  geodesic. 

In  addition  to  the  abbreviating  symbols  already  used,  we  use  (for  the  domain) 
the  definitions  (§  31)  of  wx,  w2,  u3,  ?/4,  so  that 

V'>=4p/+//S/+tfr/  +  Lt/ 


Also,  with  the  convention 


we  define  quantities  PM,  Q^  J?M,  7^,  by  the  relations,  for  a=  1  ,  2,  3,  4, 

P  —  1    ^    f  V  W  r     r  'r  '/•  '^ 

9-r      *—  '  ^  ^      Pv        ^    v 


with  the  implied  assumption  that,  in  Pa,  Qa,  Ra,  «Sfa,  the  direction-variables  x'  are 

?',  ?',  r',  t'. 
Now  (§  208) 


for  all  values  of  A,  /*,  e.    Hence  as 


and  as  we  shall  take  the  quantities  xe'  (for  the  values  of  e)  to  be  p',  q',  r',  t',  we  have 


n  =  2  ^H+ 

as       as 
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t,H  \  JG 


Consequently 

,dA       ,AH       ,dG       ,dL 
*-*+*'  *,+**,-"'*, 
H8,,+  GS,,+  l#l 
,rf^       ,dM 


,ift?       ,«ZF        ,«K7       ,dN 

Pi  j-  +  3i-j-  +ri  T-  +  ('   j- 
^  J*     - 


,  T~     1i   j~     r*    j-       -i    7  - 
dSj         ds}          ds,         ds, 

-  (  Lyit  +  M§t}  +  NStJ  +  Df 
and  also 


vD), 


308.  We  shall  also  require  quantities  of  the  type 


\D), 
dN 
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both  when  p{',  qt',  r{',  t/,  and  p}',  q/,  rj,  </,  denote  different  directions  and  when 
they  denote  the  same  direction.    Now 

*  x  '*  '+  V  dA*»  x  " 
X°  Xf  +  ?  ~tee  x'  ' 

where  a1/,  a-2',  x3',  xt',  as  before  denote  the  direction-variables  of  the  geodesic. 
We  had 


and  therefore 


{/f*,  AJ] 
a}[4Aft{/a, 


The  parametric  derivatives  of  {pA,  a}  and  {^/i,  a}  are  known  (as  found  in  §  306), 
and  are  to  be  substituted  on  the  right-hand  side. 

With  these  values,  the  second  arc-derivatives  of  the  primary  magnitudes 
assume  the  forms 


4   2 


•>„     Of\   „    /,-    ' 

'  •"  •  ' 


•f48(/>a 
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(H  Ps  +  BQ3  +  FR3  +  MS3)  +   (GPZ  +  FQZ  +  CRZ  +  NR3) 


+MK) 
+FX  +MX)  +  2i,(Gp+FT]  +CX  +NX) 


+Mv) 

...    ...  .       .    d*G(    #Aa\      ,d*H(    &AU\         , 

wrth  similar  expressions  for  -^  {=-^  J  and  ^  (^=-^2  J  ;  and 


- 

+      (APt+HQt+GRt+LSt)+ 


+  28  (Aa  +H£  46^  +i/c)   +2a(Z^  +  7lf|  +^  +DK) 
+Hr,  +GX  +LX 


+  2v 

,,     •    -,  .       e  u        , 

with  similar  expressions  for  -^  (  =  -fir)  and 

Then,  with  the  notation  of  §  306  for  the  significance  of  the  symbols  s^  and 
<(1p  as  the  orientation-variables,  framed  by  the  combination  of  the  direction 
Pk,  2s',  r*,  tk',  with  the  directions  pt',  q,',  rt',  «,',  and  p,',  q,',  r,',  t,',  respectively, 
we  have 

v  ->     r->  ">  A        ,      , 


'  V)  +  «3<'>(0300?V  V)  -t-  M4 

2  (^1,  .  .  .  ,  D  %  yAi,  SAl,  ^tt,  <£,„  j^  yj.,,  Sfc3,  ^w,  <£w) 


holding  for  values  ofi,j,  k,  that  may  be  different  from  one  another  or  may  be  the 
same  in  any  combinations. 
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When  i  and  j  are  the  same,  the  orientation-  variables  s  and  t  are  the  same  ; 
and  then  the  first  line  becomes 


which  (except  as  to  a  factor)  is  the  Riemann  measure  of  curvature  of  the  domain 
(§305)  in  the  superficial  orientation  defined  by  the  variables  su/3.  If  k—i,  the 
variables  sa/3  vanish  ;  if  k~j>  the  variables  tap  vanish  ;  in  either  of  these  events, 
the  first  line  vanishes. 

309.  In  the  immediately  preceding  formula,  the  second  arc-derivatives  of  the 
primary  magnitudes  (as,  initially,  the  second  arc-derivatives  of  the  parameters)  are 
effected  along  the  same  domainal  geodesic  in  each  instance.  Another  formula  of 
the  same  type  is  required  for  the  evaluation  of  certain  expressions  connected  with 


the  parallelism  of  geodesies  :    it  involves  second  arc-derivatives,  such  as  -=  —  7—  . 

df>  \ds  2 

taken  concurrently  along  different  geodesies.  So  far  as  immediate  applications 
are  concerned,  the  fundamental  necessity  is  a  knowledge  of  the  changes  in  the 
direction-variables  of  a  set  of  domainal  geodesies,  drawn  parallel  to  one  geodesic 
G2  at  various  points  along  a  different  geodesic  Gl9  which  serves  as  a  basic  line  of 
reference.  The  complete  expression  of  those  direction-  variables  depends  on  the  law 
of  parallelism  adopted.  But  all  the  diverse  laws  suggested  have  one  rudimentary 
property  in  common  which,  for  any  direction-variables  at  a  point  along  Gl  for  a 
geodesic  parallel  to  G2,  provides  the  same  first  two  terms,  being  the  finite  part 
and  the  part  which  is  of  the  first  order  in  the  length  of  the  arc-distance  along  6^. 
Thus  if  d$i  denote  an  element  of  arc  along  Cr,  ,  the  direction-  variables  of  which 
at  0  are  j?/,  q^,  /*/,  t±  ;  if  G2  ")e  a  different  domainal  geodesic  through  0  with 
direction-  variables  p2,  q2,  r2',  12  ;  and  if  through  a  point  P  on  Gl  near  0,  the 
small  geodesic  arc  OP  being  denoted  by  x9  a  geodesic  be  drawn  parallel  to  G2 
under  any  of  the  suggested  laws  of  parallelism,  a  direction  variable  P2  of  this 
new  geodesic  is  given  by 


where  0(P2)  is  an  aggregate  of  terms  of  the  second  and  higher  orders,  the  form  of 

dp/ 
0  (P2)  depending  upon  the  particular  law  adopted  .    If  then  we  define  j~  as  given  by 


we  have 


with  the  preceding  notation  ;  and  similarly,  under  this  convention, 
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We  likewise  can  take  6?2  as  a  basic  geodesic  and  can  draw,  through  successive 
points  Q  along  Gz,  domainal  geodesies  parallel  to  6^.  Let  the  direction- variables 
of  a  geodesic,  thus  drawn  through  Q,  be  denoted  by  P/,  ()/,  Rt'9  T/,  and  let  the 
small  arc  OQ  be  denoted  by  y  ;  then  we  have 


where  0(Pl)9  like  0(P2),  is  an  aggregate  of  terms  of  the  second  and  higher  order  in 
small  quantities,  its  precise  form  depending  on  the  law  of  parallelism  adopted. 

dp*' 
If,  as  before,  we  define  a  quantity       -  as  given  by 


we  have 


and  similarly 


Hence,  with  this  definition  of  successive  differentiations,  the  geodesies  6^  and 
6r2  t)eing  organically  independent  of  one  another,  we  have 


where  z  is  any  one  of  the  domainal  parameters.    It  follows  that,  if  0  denote  any 
function  solely  of  position  in  the  domain,  we  have 


But  this  commutative  quality  of  operations  is  restricted  solely  to  two  such 
differentiations,  each  of  the  first  order  :  it  does  not  extend  to  higher  orders.  Thus, 
with  the  foregoing  formulae,  we  can  establish  a  result 

d 


and  so  for  other  instances. 

After  these  explanations,  and  using  the  earlier  analysis  of  §  308,  it  will  be 
sufficient  to  state  the  result.  We  denote  four  arc-derivatives  by  direction-  variables 
z/,  z/,  z,/,  z/,  for  z=py  q,  r,  t,  and  the  elements  of  arcs  by  dsh  ds}9  dsk,  dst  ;  we 
denote  orientation-variables,  sa/3  from  directions  dxk  and  dst,  5u/3  from  directions 
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dst  and  dst,  tap  from  directions  d$k  and  dsit  and  t^  from  directions  dst  and  efo^ 
Then  we  have 


the  summations  in  the  last  four  lines  being  over  the  four  quantities  u^x\  w2(A) 
MS(A),  i/4(A),  each  with  its  appropriate  factor  as  in  the  formula  at  the  end  of  §  308. 


Small  geodesic  triangles  in  a  domain. 

310.  To  consider  the  form  of  a  domain  in  the  vicinity  of  a  point  0,  we 
draw  two  geodesies,  OA  in  a  direction  p^,  q±,  r/,  «/,  and  OB  in  a  direction 
P*>  <I2>  r*>  t*  ;  along  OA  we  take  a  small  arc  Of/,  =&, 
and  along  05  we  take  a  small  arc  OF,  —y,  where  a;  and  j/ 
are  small  quantities  of  the  same  order  ;  and  we  join  UV 
by  a  domainal  geodesic  SUVT.  The  direction- variables  of 
the  geodesic  UV9  at  U  in  the  direction  UV,  are  denoted 
by  //,  g',  r ',  t',  and  we  shall  find  it  convenient  to  take 


"  —  <o  i  ^>  o 

where^,  g0',  r0',  £0',  are  finite,  while  P,  #,  /?,  T,  are  small 
quantities.    The  arc-length  of  the  portion  UV  of  the  geodesic  is  denoted  by  w, 
and  we  shall  find  it  convenient  to  take 

w=w+W, 

where  w  definitely  is  of  the  same  order  of  small  quantities  as  x  and  y,  while  W 
will  be  proved  to  be  of  the  third  order  of  small  quantities. 

To  investigate  the  nature  of  the  domain  near  0,  we  use  the  obvious  property 
that  a  point  V  can  be  reached,  either  by  a  direct  geodesic  path  OF  or  by  a  broken 
geodesic  path  made  up  of  geodesic  arcs  OU  and  UV  ;  and  the  values  of  the  para- 
meters at  F  must  be  the  same,  by  the  two  paths.  Earlier  investigations,  for  a 
surface  and  a  region  respectively,  have  indicated  that  quantities  of  the  third  order 
must  be  retained  and  are  sufficient  in  the  initial  stages.  Thus  the  value  of  the 
^-parameter  at  F,  when  that  position  is  attained  by  the  path  OF, 
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and,  when  the  position  is  attained  by  the  path  OF  and  UV,  its  value  is 

=  p  +  xpj  +  Iflfy,"  +  fyPpi"  +  ... 
+  wp'  +  %w2p"  +%w3p'"  +  ...  , 

where,  in  estimating  p"  and  p'",  it  must  be  remembered  that  these  magnitudes 
belong  to  the  geodesic  UV  at  V.  The  equality  at  V  of  the  two  values  of  p 
therefore  gives  an  equation 


up  to  the  third  order  of  small  quantities  inclusive  ;   and,  similarly,  the  equality 
at  F  of  the  respective  values  of  q,  r,  t,  gives  the  similar  equations 


Of 

We  require  to  make  approximations,  up  to  the  third  order  of  small  quantities 
inclusive,  to  the  values  of  all  the  quantities  on  the  left-hand  sides  of  these  equations. 

(i)  Let  the  foregoing  values  be  substituted  for  p',  q',  r',  t',  and  w,  with  the 
further  limitation 


which  implies  that  p0',  g^',  r0',  t0',  arc  the  variables  of  a  direction  *  through  0.  All 
the  magnitudes  involving  x2,  y2,  x3,  y3,  w2,  w39  are  of  the  second  order  or  higher  ; 
as  also,  in  fact,  is  part  of  w  ;  hence,  equating  terms  of  the  first  order  in  the  four 
equations,  we  have 


We  denote  by  12  the  angle  UOV  measured  positively  from  OU  to  OF  ;  then  10 
similarly  will  be  an  approximation  to  the  angle  AUV,  and  20  similarly  will  be  an 
approximation  to  the  angle  BVT,  both  measured  positively.  Thus 

cos  12  =  ^ Apipz,    cos  10  —  ^J AP^PQ,    cos 20  —  ^ AP^PQ  ; 

the  angles  IT  - 10,  20,  are  approximations  to  the  internal  angles  U,  F,  of  the 
geodesic  triangle  OZ7F,  the  angle  0  being  12.  We  easily  find 

w2 — x2  +  y2  -  2xy  cos  12, 
w=^y  cos  20  -a?  cos  10,    x—y  cos  12- wcos  10,    y~#cos  12-f  t^cos2(), 

x  __  y  _  w 

sin  20    sin  10    sin  12 

being  relations  of  a  plane  triangle  with  linear  sides  x,  y,  u\  and  angles 
12,  7r-Io,  20. 

*  It  will  appear  that  a  domainal  geodesic  in  this  direction  is  parallel  to  the  geodesic 
UV  at  U,  the  parallelism  being  estimated  along  OUA. 
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(ii)  For  the  next  approximation,  we  retain  terms  of  the  second  order  of  small 
quantities  ;  and  therefore,  as  p',  qf,  r',  t'}  are  multiplied  by  w  on  the  left-hand 
side,  we  can  regard  P,  Q,  R,  T,  in  the  values 


as  being  of  the  first  order  for  this  approximation  ;  also,  W  can  be  regarded  as  of 
the  second  order. 

The  values  p',  q',  r',  t',  are  the  accurate  values  of  the  direction-variables  of 
the  geodesic  U  V  at  U  :  thus,  in  the  expression 


we  must  take  the  values  of  the  magnitudes  JT^-  at  U.  These  differ  from  their 
values  at  0  by  small  quantities  of  the  first  and  higher  orders  ;  here,  they  are 
multiplied  by  w2,  itself  already  of  the  second  and  higher  orders  ;  consequently, 
in  the  second-order  approximation,  we  can  take 


w=w,    (rtJ)L:=rtJ9   P'^PQ,    q'=qQ',    r'^rQ\    i'=tQ', 

in  the  right-hand  side,  and  therefore,  for  the  present  purpose, 


The  term  involving  w*  can  be  neglected,  here  ;  and 

wp'  =  (W  -}- 


the  term  WP  being  of  the  third  order  and  consequently  also  negligible.     Thus 
the  second-order  approximations  give  the  relations 


Jw  V  ~ 


Wr0' 

Wt0' 
But 


with  the  former  notation  ;  and  so  the  first  equation  becomes 
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Similarly  the  other  three  equations  become 


Also,  account  has  to  be  taken  of  the  fact  that  p',  q',  r',  t',  are  direction-variables 
at  the  point  U  in  the  domain,  so  that  the  permanent  arc-relation 


must  be  satisfied  ;  and  here,  for  the  present  approximation,  it  is  sufficient  to  take 
account  of  small  quantities  of  the  first  order.    Now 

A  dA 

AH  =  A  +  x    -  , 
ds^ 

up  to  the  first  order  ;  while,  up  to  the  same  order, 


and  so  on.    Tho  arc-relation  thus  becomes,  to  the  first  order, 

u3WR  f  w4«»r}=l. 


But  ^,A0p0'2-l  ;  and  taking  e  =  (),  i=0,j=\,  in  the  value  obtained  (§  307)  for 
S  j  "  P»Pi'  wc 


the  arc-relation  therefore  requires  a  condition 


Let  the  four  earlier  equations  be  multiplied  by  ?i,(0),  i/2(0),  u^°\  w4(0),  respectively, 
and  the  results  be  added  ;  when  the  last  condition  is  used,  as  well  as  the  relation 

v°  w  +  "«<o  v  +  ^(o)  v  +  ^(o)  v  -  :L;  ^  =  i  , 

we  find 

Tf-0, 

that  is,  up  to  the  second  order  of  small  quantities. 

Hence  W  is  of  the  third  order  of  small  quantities  at  least  :  we  shall  use  the 
symbol  to  denote  the  part  of  the  accurate  value  which  actually  is  of  the  third 
order.  Also,  when  this  inference  is  used  in  connection  with  the  four  equations,  we 
have 


368  THIRD-ORDER  [CH.  XXVI. 

accurately  up  to  the  first  order  inclusive.    Accordingly,  we  may  write 


where  W  is  of  the  third  order,  and  P0,  Q0,  R0,  T0,  are  of  the  second  order. 
It  may  be  noted,  in  passing,  that  the  relations 


satisfy  the  primary  conditions  (§380)  that  the  geodesic  at  £7,  with  direction- 
cosines  jt>',  q',  /,  £',  should  be  parallel  to  the  geodesic  at  0,  with  direction-cosines 
Po'>  ?o'>  ro'>  V>  the  parallelism  being  estimated  relative  to  the  geodesic  OUA. 

(iii)  For  approximations  up  to  the  third  order  of  small  quantities  inclusive,  we 
neglect  all  quantities  in  the  four  parameter-equations  which  are  of  order  higher 
than  three,  and  we  neglect  all  quantities  in  the  permanent  arc-relation  at  U  which 
are  of  order  higher  than  two.  Moreover,  as  the  terms  of  the  first  order  in  the 
equations  have  balanced,  and  likewise  the  terms  of  the  second  order,  we  need  now 
retain  only  terms  of  the  third  order  in  the  parameter-equations  ;  and,  similarly,  we 
retain  only  terms  of  the  second  order  in  the  arc-relation. 

We  have 


and  therefore  the  terms  in  the  ^-equation  to  be  retained  from  the  quantity  wp' 


In  the  term  %w2p",  the  quantity  w2,  =(w+  W)2,  is  equal  to  w2,  up  to  the  third 
order  inclusive.    The  quantity  p"  is  to  be  taken  at  U  ;  and  therefore 


accurately.  But  p"  is  multiplied  by  w2,  so  that  we  need  take  only  its  terms  of  the 
first  order  of  small  quantities,  in  order  to  obtain  the  third-order  approximation. 
Now,  to  this  first  order, 

'' 


and  similarly  for  the  other  combinations  ;  hence  the  terms  to  be  retained  in  -  p" 
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By  taking  i=^=rO,  Jk=l,  in  the  result  of  §  306,  we  have 

S  ^~l  Po'2  =  ( AooPo'V)  +  2  (a0yio  +  jSoSio  +  7(Ao + ^o<Aio)  +  ^  ^ ' 
^""^  tt^j  '-'••»« 

where,  in  the  present  instance, 


Consequently,  the  terms  of  the  third  order  in  the  ^-equation,  to  be  retained  out  of 
the  term  %w2p", 

V)  +  Jj  £  "iiA  (°>  1 

In  the  term  \w*<p'"  the  quantity  w*,  =  (w  +  W)3,  is  equal  to  w3,  up  to  the  third 
order  inclusive.    The  quantity  p'"  is  to  be  taken  at  Z7,  and  therefore 


accurately.     But  p"'  is  multiplied  by  w3,  so  that  we  need  retain  only  the  finite 
terms  in  order  to  obtain  the  third-order  approximation.    Thus 


for  this  approximation  ;  and  the  whole  contribution  of  the  term 

= 

Now 


and  therefore  the  terms,  to  be  retained  out  of  JuPp'", 


When  these  values  are  inserted  in  the  ^-equation,  to  obtain  the  third-order 
approximation,  it  becomes 


But 

and  therefore  the  equation  is 


2A 
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Similarly,  the  equations  connected  with  the  other  three  parameters  of  the 
domain  become 


0, 10)}, 

"  QO    7  A  V"fy*x*M W>   10)1  > 


Wt0'  +w[2'0+t*»(<PM0^ft'»)]=S{o^M(0,  10)}. 


It  remains  to  take  account  of  the  corresponding  approximation  to  be  derived 
from  the  arc-relation 


at  U  ;  and,  here,  we  require  the  second-order  terms.  The  finite  terms  have 
balanced  ;  the  first-order  terms  likewise  have  balanced  ;  and  we  therefore  need 
retain  only  the  actual  terms  of  the  second  order  on  the  left-hand  side.  Now,  up 
to  this  order  inclusive, 

dA    1 


and  therefore  the  terms  to  be  retained  provide  the  condition 


In  this  equation,  the  terms  arising  out  of  the  first  line 


For  the  terms  in  the  second  line,  the  coefficient  of  -  2x2 

,dA        ,m       ,dG       ,dL 

&-+ftsi+f«i,-+<'a 

,dH       ,dB       ,dF      , 


,d£        ,d^         dC      ,dN\ 
,dL        ,dM      ,dN      ,dD 


The  values  of  the  coefficients  of  y01,  S01,  Sol,  ^01)  are  derived  from  the  results  in 
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§  307  by  taking  i=0,  y=l  ;  when  these  values  are  substituted,  the  aggregate  of 
the  second  line  in  the  equation 


Sol  +  YI  $0 


The  coefficient  of  2«2  in  the  third  line  is  obtained  from  the  value  of 


in  §  308  by  taking  i—j^  0,  k=l  ;  the  variables  s  and  t  in  that  expression  are  the 
same;  and  we  use  the  variables  stt/3,  with  the  directions  p0r,  </0',  r0',  t0't  and 
Pi'>  ?i'>  ri'»  'i'>  ^n  ^ 


and  like  expressions  for  %,  %,  ,^24,  514.     The  actual  value  of  the  coefficient  in 
question 


When  all  these  values  are  inserted  in  the  condition  that  emerges  from  the 
second-order  approximation  in  the  arc-relation,  it  can  be  expressed  in  the  form 


311.  Thus  there  arc  five  relations,  composed  of  this  condition  and  of  the  four 
equations  arising  out  of  the  four  parameters,  for  the  determination  of  the  five 
quantities  W,  P0,  Q0,  R0,  S0.  Let  the  four  parametric  equations  be  multiplied 
by  w/0',  M2<0>,  M3(0),  M4<0),  respectively,  and  the  sums  be  added  ;  on  using  the 
condition  from  the  arc-relation,  and  also  the  further  relation 

+  "4(°  V  =  S  ^0/2=  1, 


372 
we  find 
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r0'J5r,(<),  10)  +  CMO,  10)}. 


But  (§  306) 


and,  for  all  subscripts,  we  have 


consequently,  the  right-hand  side  of  the  equation  in  W  is  zero,  and  we  have 


Also 


and  so  for  the  other  orientation- variables,  these  variables  £12,  £23,  ^31,  £u,  |24,  ^34, 
now  being  the  orientation-variables  for  an  orientation  determined  by  the  two 
directions  QUA  and  OFJ5  at  0.  Hence 


The  Riemann  measure  of  curvature  of  the  domain,  denoted  by  K,  has  been 
expressed  (§  305)  in  the  form 


K= 


,  j  (Aay  ApS  —  Aa6 
and  the  denominator  in  K 

=  (  S  ^i'2)  (^2'2)  -  (  £  ^>i  W)2  -  sin^  12, 

where  12  is  the  angle  AOB  between  the  directions  p^,  j1/,  r/,  ^',  and  p2',  q^,  r2',  /2', 
in  the  domain.  Accordingly,  we  have 

W=-~    /foysin212, 
bw 

accurately  up  to  the  third  order  of  small  quantities  ;  and  so,  up  to  this  order 
inclusive,  the  length  of  the  third  side  of  the  geodesic  triangle  UOV,  which  has 
sides  of  lengths  x  and  y  at  an  inclination  12,  is 
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where 

w*=  x2  +  y2  -  2xy  cos  12. 

If  we  denote  by  p  the  perpendicular  drawn  from  the  vertex  to  the  base  of  ,» 
plane  triangle,  with  linear  sides  x  and  y  including  an  angle  12,  (alternatively  denoted 
by  e),  the  foregoing  expression  for  the  length  of  the  third  side  of  the  geodesic 
triangle  becomes 


w  being  the  length  of  the  third  side  of  the  plane  triangle. 

Further,  when  the  value  of  W  is  substituted  in  the  equations  derived  through 
the  parameters,  we  have 

%in2e  +  K.^(0,  12)}, 


60-  -  2*2(4oo7>o  V2)  +  ko'#sm2  €  +       ^{<*M09  12)}, 


+t^ 

+  i'o'*^*  Sin2e  +  |§  SK^O,  12)}  ; 

and  the  direction-  variables  of  the  domainal  geodesic  UV,o,iU  in  the  direction  UV, 
are 


V'  =  PQ  ~  zyoi  +  ^o,     <1  =  ?</  -  ^§01  +  Q^     r'  =  ^  -  xSol  +  7?0,     t'  =  (0'  - 
where 


The  direction-  variables  of  the  same  domainal  geodesic  UV,  at  V  in  the  direction 
VU,  are 


where 


'«8m«e  +  ^  V  {«2,A',(0,  21)}, 
A'  ^  8in»e  +  ^  S  {^^(0,  21)}, 


with  the  same  significance  for  the  actual  symbols  w,  p0',  ry0',  r0',  /0',  as  before. 
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Small  geodesic  triangle  and  the  sphericity  of  the  domain. 

312.  To  complete  the  elements  of  the  geodesic  triangle  UOV9  we  require  a 
knowledge  of  the  internal  angles  at  U  and  V  ;  we  denote  these  angles  by  U  and 
V  respectively. 

The  direction-variables  of  the  geodesic  QUA  at  U  in  the  direction  UA  are  of 
the  type 


up  to  the  second  order  of  small  quantities  inclusive,  while  those  of  the  geodesic 
SUVT  at  U  in  the  direction  UV  are  of  the  type 


with  the  foregoing  significance  of  the  quantities  P0,  also  Tip  to  the  second  order  of 
small  quantities.  Moreover,  the  angle  U  is  estimated  at  the  place  U,  where  the 
values  of  the  primary  magnitudes  are  of  the  form 

dA     ,  2d*A 
'V*  ~+'*x  rf*2> 

Ivn  j  U/f>  j 

again  up  to  the  second  order  of  small  quantities.    Hence 
-cos  U  —  cosAUV 


and  having  regard  to  the  magnitudes  involved,  we  can  deduce  the  value  of  cos  U 
to  the  second  order  of  small  quantities. 

The  finite  terms  on  the  right-hand  side,  together, 


which  we  shall  write  -  cos  Z70,  so  that 

I70=7r-iO; 
and  Z70  is  the  finite  part  of  U. 

The  terms,  of  the  first  order  of  small  quantities,  are  the  complete  coefficient  of 
x  in  the  expression  for  cos  U  and  therefore  are  xZ,  where 


The  value  of  the  first  term  in  Z  is  derived  from  the  formula  for  V]  ]>j  -j    pe'pi  m 
§  307,  by  making  e=0,  i=  1  —jt  and  therefore  } 


i"-u4<°V 

ml/, 
w 
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that  is,  Z  vanishes.    Thus  the  terms  of  the  first  order  of  small  quantities  in  the 
expression  for  cos  V  disappear. 

The  aggregate  of  the  terms  of  the  second  order  of  small  quantities  in  the 
expression  for  -  cos  U 


For  the  first  of  the  six  sums,  we  have  (by  §  307) 


+  y1uI(0>+  £iW2(0)  +  fc«,< 
+  BjU^V  +  87^2«»  -}  w1«8««+ 


The  second  term  in  the  first  line  of  the  expression  for  -  cos  U  is  left  unmodified. 
For  the  sum  in  the  third  term  of  that  first  line,  we  have  (again  by  §  307) 


+  Bol(-Hp1"~Bq1"  -FrS-MlS  +  faV+wV  +Xi«3( 

+  ^«r  -  Oft"  -  ^i"  -  (V  -  MI"  +  yi«i(1)+  ^2(1)  +«AAa)  + 

"lM4(t  'J 


+  W4<1  >  ( 

For  the  present,  the  first  term  in  the  second  line  of  the  expression  for  -  cos  U 
is  left  unaltered.  For  the  coefficient  of  \x*  in  the  second  term  in  that  second 
line,  we  have 

-  v°  v"  +  W"  +  «3(o  v  +  <  v 
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Finally,  for  the  coefficient  of  \xz  in  the  third  term  in  the  second  line  of  the 
expression  for  -  cos  U,  we  use  the  result  of  §  308,  making  i=0,  j—  1,  k=  I,  so  that 
all  the  variables  (^  vanish  ;  and  we  have 


2«,  (i  >{aiyol  +  jSA 

.  4 


Let  these  values  of  the  various  sets  of  terms  be  substituted  in  the  foregoing 
aggregate  of  terms  of  the  second  order,  which  (to  that  order  of  small  quantities) 
is  equal  to  -  cos  U  +  cos  U0  ;  then,  after  reduction,  we  find 

-  cos  U  +  cos  U0=^  ^Pi'Po 

+  MV1  \rmp&*)  +  «2(1)(4oo?0  V2)  +  "a"  ^iOoPoW)  +  «4°  ^MoPoW))  • 

Let  the  values  of  the  magnitudes  /'„,  QQ,  /?0,  $0,  be  inserted  in  the  first  summation 
on  the  right-hand  side.  The  terms  involving  quantities  of  the  type  .T300 
disappear.  The  aggregate  of  terms  involving  K 


—  -  J  K  —  sin2  €  cos  U0  : 
w4 

or,  as 

x  sin  e  =  w  sin  F0,    y  sin  e  =  ^  sin  C70, 

this  aggregate  of  terms 

=  -  \Kxy  sin  ?70  sin  V0  cos  ?70. 
Finally,  the  aggregate  of  terms  involving  the  quantities  /^(O,  10) 


or,  when  the  values  of  A'M(0,  10)  are  inserted  and  the  terms  are  collected,  this 
aggregate 
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with  the  former  notation  for  the  orientation-  variables  £aj3  of  the  orientation  of  the 
domain  at  0.    When  the  Riemann  measure  K  is  introduced,  this  becomes 

xi/% 

=  \~  K  sin2  e—  \Kxy  sin  e  sin  f/0. 
w 

Thus  the  equation  becomes 

-  cos  U+  cos  U0=^Kxy  sin  e  sin  U0~^Kxy  sin  U0  sin  V0  cos  UQ, 

accurate  up  to  the  second  order  of  small  quantities  inclusive. 

It  follows  that  U  -  t/o  is  a  small  quantity,  the  most  significant  part  of  which 
is  of  the  second  order  ;  and  therefore,  as 

cos  U  -  cos  E70=  -  (U  -  t/0)  sin  UQ 
up  to  this  second  order  of  small  quantities,  we  obtain 

U  -  U0=^Kxy  sin  c  -  J  Kxy  cos  C70  sin  F0, 

as  giving  the  most  important  term  in  U  -  f/0,  for  a  small  geodesic  triangle  in  the 
domain. 

We  immediately  infer  the  corresponding  result 

V  -  VQ—lKxy  sin  e  -  %Kxy  cos  F0  sin  £/0. 

Now  the  angles  of  this  small  geodesic  triangle  are  e,  U,  V  ;  and,  for  a  domain 
as  for  a  region,  we  use  the  phrase  angular  excess  of  a  geodesic  triangle  to  denote  the 
excess  of  the  sum  of  the  angles  of  the  geodesic  triangle  over  the  sum  of  the  angles 
of  a  plane  rectilinear  triangle.  Thus  the  angular  excess  of  the  geodesic  triangle 


—  2  \K  xy  sin  e, 

because  e+  J70-f  T70—  TT  ;  and  therefore  it  follows  that  the  area  of  the  small 
geodesic  triangle  in  the  domain 

—     (angular  excess  of  the  triangle). 

Having  regard  to  the  corresponding  property  of  a  sphere  in  triple  homaloidal 
space,  we  call  K  the  sphericity  ;  or  the  Riemann  measure  of  curvature  of  the 
domain  in  any  orientation  is  the  sphericity  of  the  domain  in  that  orientation. 

In  this  result,  the  quantity  K  denotes  the  Riemann  measure,  at  0,  of  the 
superficial  curvature  of  the  domain  estimated  in  the  orientation  at  0  determined 
by  the  directions  of  the  two  domainal  geodesies  QUA  and  OVB.  The  sphericity 
is  a  variable  magnitude  depending  upon  position  in  the  domain  as  well  as  upon 
orientation  at  any  position.  At  C7,  for  an  orientation  determined  by  the  directions 
of  the  two  geodesies  UA  and  UV,  there  is  a  double  variation  from  0.  Were  the 
orientation  at  U  the  same  as  at  0,  the  magnitude  of  K  at  U  would  differ  from  its 
value  at  0  by  an  amount,  the  most  significant  part  of  which  is  a  small  quantity  of 


378  PRINCIPAL  [CH.  XXVI. 

the  first  order.  But,  as  will  appear  later  (§  381 ),  the  orientation  at  U  differs  from 
the  orientation  at  0  ;  the  domainal  geodesic  UV  meets,  in  U  and  in  F,  the  surface 
which  is  geodesic  at  0  to  the  domain,  but  it  does  not  lie  in  that  surface  ;  and  thus 
the  surface,  which  (through  the  directions  UA  and  UV)  is  geodesic  to  the  domain 
at  U,  is  not  the  same  as  the  surface  VOU  which  is  geodesic  to  the  domain  at  0. 
The  differences  are  small  magnitudes,  because  the  domainal  geodesic  triangle  UOV 
is  small ;  and  they  do  not  enter  into  the  obtained  expression  for  the  angular 
excess  of  the  domainal  geodesic  triangle,  because  ultimately  only  the  most  signi- 
ficant term  in  that  excess  has  been  retained. 

Should  the  approximations  be  carried  further,  to  the  next  order  of  small 
quantities,  such  differences  would  appear  in  the  results.  Even  without  further 
approximations,  the  matter  has  to  be  considered  in  connection  with  the  parallelism 
of  geodesies  in  the  domain  (Chapter  XXXII). 

Principal  values  and  principal  orientations  of  the  sphericity  at  any  place. 
313.  To  find  the  maximum  and  the  minimum  values  of  the  sphericity  of  a 
domain  at  a  place  0,  among  those  which  are  provided  by  all  the  possible  superficial 
orientations  of  the  domain,  we  make  K,  where 

a  maximum  or  a  minimum  for  all  the  variables  sl},  which  are  subject  to  the  organic 
condition 

i=j7=; 

and  to  the  identical  relation 

the  existence  of  the  latter  affecting  the  possible  forms  of  K  which  are  equal  to 
one  another. 

There  are  six  critical  equations  *  : 

dK     ndU  dK     ^dU 

^—  =t/— — 


a#  _e  5U  dK 

9%      9s31 

dK    „  dU 


*  If  we  had  to  deal  with  mixed  concomitants  of  the  system,  involving  line- variables, 
surface-variables,  and  region-variables,  the  critical  equations  would  have  a  different 
form.  Utilising  Lie's  method  of  continuous  groups,  we  should  obtain  the  small 
variations  of  the  variables  stj  consequent  upon  the  general  continuous  variations  of 
the  magnitudes  of  the  type  p',  the  general  continuous  variations  of  the  magnitudes  of 
the  region-variables  being  contragredient  to  those  of  the  line- variables.  Where  the  only 
variables,  which  occur,  are  the  surface-variables,  it  is  sufficient  to  proceed  as  in  the  text. 
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where  0  and  p  are  multipliers  left  undetermined  in  the  construction  of  the  critical 
equations. 

The  value  of  6  can  be  obtained  at  once.  Multiply  the  six  equations  by 
•V23>  53i>  5i2>  <9i4>  524>  f934>  respectively,  and  add  the  products  :  when  account  is  taken 
of  the  conditions  and  of  the  value  of  K,  the  result  is 

A.  —  i/, 

so  that  the  quantity  //,  remains  for  consideration. 

The  persistence  of  the  identical  relation  allows  a  magnitude,  which  involves 
the  surface-variables,  to  assume  a  variety  of  expressions,  apparently  distinct  in 
form,  intrinsically  equivalent  in  value.  Thus  a  quantity  such  as  K  can  have  the 
form 

K  +  A(,923514  +  ^rs24-i.,v12534), 

where.  A  is  entirely  arbitrary,  without  altering  its  value.  To  avoid  the  lack  of 
rlefinitcness  in  form,  it  is  convenient  to  choose  that  form  of  a  quantity  S  which 
satisfies  the  universal  covariantivc  differential  equation 


A 

i      „        _   j  __      ___   ~Q  • 

s233.s-14    3»31(teM    9*12^34 
and  the  form,  thus  selected,  is  taken  to  be  central  form  of  reference  for  the  value. 
It  happens  that  7v  satisfies  the  equation,  because 

(23,  14)  -I-  (81,  24)  +  (12,  34)  =0, 
and  that  U  also  satisfies  the  equation,  because  the  relation 


is  satisfied  identically. 

Accordingly,  we  can  take  K  -f  A($23.v14  f  *3i  $24  +  ^12*34)  as  ^ne  f°rm  instead  of  A' 
without  affecting  the  value  of  the  sphericity,  where  A  is  quite  arbitrary,  though 
free  from  the  variables  $„•  ;  and  in  this  form,  the  critical  equations  for  the 
maximum  or  the  minimum  of  the  sphericity  become 

dK     .  r  dU 


with  five  others  of  the  same  type.    As  A  is  an  arbitrary  quantity  at  our  disposal, 
we  choose  A—  jit  ;  and  now  the  critical  equations  are 

«  i»E 

dstj        dslt 

for  all  the  six  significant  combinations  of  i  and  j. 

The  six  equations  are  homogeneous  and  linear  in  the  six  variables  stj.     It 
follows  that  K  is  determined  by  the  sextic  equation 
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the  coefficient  of  /i6  in  which  is  Q3  ;  and  therefore  there  are  six  principal  values 
of  the  sphericity  of  the  domain. 

Moreover,  each  principal  value  of  the  sphericity  belongs  to  a  particular  orienta- 
tion ;  and  therefore  the  domain  has  six  principal  orientations.  Any  two  of  these 
superficial  orientations  are  perpendicular  to  one  another ;  for  if  si}  denote  the 
variables  for  a  principal  value  Kl9  and  if  ttj  denote  them  for  a  principal  value  A'2, 
we  have 

V,   i*_A-  V,   ^-o 

-"'       Al-^"         ' 


^      dK          x^      dU 

2j  $ij   -,- A  2  JJ  St}  —      —  0. 


But 


and  therefore 

^  (ij.  */)*,/„  =  (),     ^  {(y,  AVh^/u}-0, 

the  second  of  which  inferences  shews  that  the  superficial  orientations  stj  and  ttj 
are  perpendicular. 

The  six  principal  orientations  determine  four  principal  lines  which  are  ortho- 
gonal to  one  another,  the  whole  set  constituting  an  orthogonal  system  of  coordinate 
axes  and  coordinate  planes  within  the  tangent  block  of  the  domain. 

Before  proceeding  further  with  the  properties  of  the  sphericity  in  a  domain, 
we  require  the  properties  of  regions  (especially  geodesic  regions)  and  of  surfaces 
(especially  geodesic  surfaces). 


CHAPTER  XXVTI 

REGIONS  IN  A  DOMAIN  :    GEODESIC  REGIONS 

Parametric  region  :  its  tangent  fiat. 

314.  When  a  region  is  wholly  contained  in  a  domain,  one  simple  analytical 
representation  of  the  region  is  provided  by  a  single  relation 


between  the  parameters  of  the  domain,  as  in  §  209.  We  shall  now  consider  some 
of  the  properties  of  such  a  region,  not  now  regarded  as  a  configuration  in  the 
plenary  homaloidal  space  of  the  domain,  but  regarded  as  a  configuration  within 
the  domain. 

Any  direction  in  the  region,  being  a  direction 


in  the  domain  with  increments  restricting  the  range  to  the  region,  must  have 
these  increments  subject  to  the  relation 

()—  £j  dp  +  €2  dq  -f  e3  dr  +  e4  dt. 

Consequently,  any  point  on  the  line  through  0  in  the  specified  direction  is  given 
by  the  typical  equation 

y-y=0dy 

where 


that  is,  the  parameters  A,  JLI,  v,  K,  are  subject  to  the  condition 

€x  A  4-  e2ju  +  e3vH-  e4/c  =  0. 

Now  the  equations,  typified  by  the  foregoing  equation  in  y-y,  are  those  of  a  triple 
homaloidal  space,  that  is,  of  a  flat  ;  it  is  the  locus  of  lines  through  0  touching  the 
part  of  the  domain  given  by  the  region,  and  therefore  it  is  the  tangent  flat  of  the 
region.  The  equations  of  the  tangent  flat  are  typified  by 


the  four  parameters  in  which  are  subject  to  the  single  condition 

€l  X  4-  e2/i  -f  €3  v  +  £4/c  =  0. 
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Let  a  perpendicular,  of  length  77  and  of  direction-cosines  typified  by  Y0,  be 
drawn  upon  this  tangent  flat  from  a  point  Q  of  the  region,  with  coordinates 
fi>  £2*  •••  >  typified  by  £,  near  0  and  at  a  small  arc-distance  8  along  a  regional 
curve  OQ  ;  and  let  the  foot  of  this  perpendicular  be  the  point  with  the  foregoing 
typical  coordinate  y.  Then 


and 


Because  the  line  thus  drawn  is  perpendicular  to  the  tangent  flat,  the  length  of 
the  line  will  be  obtained  by  selecting  the  values  of  A,  /z,  v,  K,  which  will  secure  a 
minimum  value  of  /72,  these  values  of  A,  /*,  i>,  /c,  being  subject  to  the  foregoing 
condition.  Hence  the  critical  equations  are 


^  (£  -  (y  +  A^i 

for  i=l,  2,  3,  4,  where  Q  is  a  multiplier  left  undetermined  in  the  construction  of 
the  critical  equations. 

In  the  first  place,  the  equations  can  be  written  in  the  form 


and  therefore 


or,  as  2/iA-f  j/a/x  +  y3/*  +  y3v  is  the  direction  in  the  flat,  the  perpendicular  is  at  right 
angles  to  that  direction. 

Again,  the  equations  can  be  transformed  so  as  to  become,  for  i=l,  2,  3,  4, 


Now,  for  the  point  Q  in  the  region  near  0,  we  have 


where  the  unexpressed  terms  contain  powers  of  8  higher  than  the  second,  and 
where  y0"  implies  continued  arc-derivation  along  the  curve  drawn  in  the  region  in 
the  direction  y'.  We  have 


and  therefore  the  coefficient  of  8  in  the  value  of  V  {y^g- 


Again,  denoting  by  pQ",  <70",  r0",  t0",  the  second  variations  of  the  domainal  para- 
meters taken  along  the  regional  curve,  we  have 
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with  the  customary  convention  xk'=p',  q',  r',  t',  according  as  i=l,  2,  3,  4.    Hence 
the  coefficient  of  J8a  in  the  value  of  ]>)  {j/<(|  -  y)} 


J 

Consequently,  when  powers  of  8  higher  than  the  second  are  neglected,  the  equa- 
tions become,  for  i=l,  2,  3,  4, 

Alt[X  -  j/S  -  i8«0>0"  +  £       (JV,  V)}] 


3l["-r'8  -  i8«{r0"+ 


When  the  four  equations  arc  resolved,  they  give 
X-p'S  -  £S2{K'+  (rrta;/*t')}=  - 


«€4), 


Now  the  j>araraeters  A,  /LC,  v,  /c,  are  subject  to  the  condition 

€XA+  €2/x+  €31^  +€4/c=:0  ; 
and  the  direction  p't  q't  r',  t',  touches  the  region  €(p,  q,  r,  0~0,  so  that 


Hence,  when  the  four  resolved  equations  are  multiplied  by  el,  e.2,  e:i,  e4,  and  the 
products  are  added,  we  find 


where 
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As  the  second  arc-derivations  are  effected  along  a  curve  lying  in  the  region 

we  have 


and  therefore,  with  the  symbols  defined  in  §  269  by 

€jk  =  €jk  -  €l-T,fc  ~  **A)k  -  €a@jk  - 

we  have 

-^ 

Also  (§  209), 
and  therefore 

«=  -*n 

€n      j       k 

thus  a  value  for  the  undetermined  quantity  Q  is  obtained. 

Consequently,  the  values  of  A,  /z,  v9  /c,  Q,  can  be  regarded  as  known,  up  to  the 
second  order  of  small  quantities.    Now 

Yon=  £  -  (0  +  0i  A  +  02/x  -{-  03v  +  04*) 


when  powers  of  8  higher  than  the  second  are  omitted.  When  the  values  of 
A,  /x,  v,  K,  are  substituted  in  0iA  +  02/x4-03v  +  04/c,  the  term  involving  the  first 
power  of  8 


the  term  involving  S2  has,  for  the  coefficient  of  ^82,  the  quantity 


;  v;  (ert*>»')}+y4[«,,"  +  v  v  ( 

j     ^  j      ^* 


dp        do        dr         dt 


and  the  term  involving  Q 


fltJ 

by  the  formulae  in  §  269,  where  -     is  the  typical  direction-cosine  of  the  domainal 
normal  to  the  region.     Hence 

,"+  D  ^  (^,*^V)} 

j      k 

"  +  V  V  (<P,kx,'xk')}]  +  Qend^  . 
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Along  the  curve  in  the  region,  in  the  direction  p,  qr,  /,  tf,  we  have 


so  that  the  coefficient  o 


,    ,     Y 


where  Y  is  the  typical  direction-cosine  and  p  is  the  radius  of  curvature  of  the 
domainal  geodesic  in  the  direction  p',  g',  r',  t'.    We  write 


and  shall  obtain  later  (§  316)  the  significance  of  this  quantity  y  ;   and  thus  the 
equation  for  77  becomes 


Let  the  limit  of  the  magnitude  2/7/S2,  as  8  diminishes  to  zero,  be  denoted  by 
]//o0;  then 

y*=Y+±dym 

pQ     p      y  dn  ' 

Geodesies  in  a  domainal  region. 
315.  To  obtain  the  intrinsic  equations  of  geodesies  of  a  region 

*(y,j,  r,  0=0 
contained  in  the  domain,  we  have  to  make  the  integral 


a  minimum,  for  all  values  of  p,  q,  r,  t,  subject  to  the  parametric  equation  e—  0 
defining  the  region.  There  are  four  critical  equations  which,  after  the  customary 
march  of  the  analysis,  can  be  expressed  in  the  form 


p     +  i=  =      en  , 

9"  + 
rt"  + 


K.I.  O.  II. 
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with  the  notation  of  §  269,  the  quantity  W  being  the  multiplier  left  undetermined 
in  the  construction  of  the  critical  equations  ;  while  the  quantities  pc",  qe",  rf",  t€", 
are  the  second  arc-derivatives  of  the  parameters  along  the  geodesic  of  the 
region  e  =  0  drawn  in  the  direction  pf,  q',  r',  t'. 

To  obtain  W  ,  we  take  the  second  arc-derivative  along  a  regional  direction,  so 
that 


c8.       c4f  ^/-, 

with  the  convention  xt'=p',  q',  /,  t',  according  as  i=l,  2,  3,  4.  Let  the  four 
intrinsic  equations  of  regional  geodesies  in  the  domain  be  multiplied  by  el?  e2,  e3,  €4, 
respectively,  and  let  the  products  be  added  ;  then  with  the  definitions  of  the 
quantities  €Jk  on  p.  254,  the  resulting  relation,  by  the  use  of  the  second  derivative  of 
the  e-equation,  becomes 


dp        <fy 


dr        dt 

"7~     '    ^4.    T~ 


or  if  we  write,  as  iu  §  314, 


we  have 


1 

V 


The  significance  of  y  will  be  determined  later  (p.  388) ;   meanwhile,  the  intrinsic 
equations  of  a  regional  geodesic  in  the  domain  become 

,"+vrll'/a-1-'/p 

u          ydn 


the  quantities  -/  ,    ~,    7-,    ,-,  being  the  direction- variables  of  the  domainal 
dn    dn    dn    dn 

normal  to  the  region. 


316]  DOMAINAL  FLEXURE  387 

These  equations,  apparently  four  in  number,  amount  to  only  two  independent 
equations,  additional  to  the  equation 


of  the  region  and  to  the  permanent  domainal  equation 


each  of  which  can  be  regarded  as  a  permanent  integral  of  the  intrinsic  equations  of 
the  geodesies  of  the  region  e=0  in  the  domain. 


Domainal  flexure,  of  a  regional  geodesic. 

316.  We  define  the  domainal  flexure  of  a  regional  geodesic  in  the  domain  as  its 
arc-rate  of  deviation  from  the  domainal  geodesic  drawn  in  the  same  direction,  the 
two  geodesies  thus  touching  one  another. 

Along  the  domainal  geodesic  through  p',  </',  /,  t'9  at  0,  take  a  point  P  at  a 
small  arc-distance  8  from  0  ;  and  along  the  regional  geodesic  in  the  same  direction, 
take  a  point  Q  at  an  equal  small  arc-distance  S  from  0.  The  desired  result  can  be 
obtained  in  two  ways  :  by  orbicular  representation  :  and  by  space-deviation. 

The  directions  of  the  two  geodesies  at  0  are  the  same  :  their  common  typical 
direction-cosine  is  y'.  At  P,  the  typical  direction-cosine  of  the  domainal  geodesic 
is  y'  h#"S,  when  squares  and  higher  powers  of  8  are  neglected  ;  and  at  Q,  the 
typical  direction-cosine  of  the  regional  geodosic  is  y'  -f  y£"8,  to  the  same  approxima- 
tion. Hence,  in  an  orbicular  representation  (that  is,  in  a  configuration  Y)  y'2=l)t 
the  components  of  the  deviation  of  the  regional  geodesic  from  the  domainal 
geodesic  are  typified  by 


Let  l/ye  denote  the  magnitude  of  the  domainal  flexure,  and  let  Y  temporarily 
denote  the  typical  direction-cosine  of  the  deviation,  so  that,  as  the  deviation,  by 
definition,  is  connected  with  the  flexure  by  the  relation 


we  have 


But 


=  ~  (deviation), 
y€    o 


y"  =  S  ^  y*s/a*'  +  VIP* 
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and  therefore 

=   yi(p"-p")+yt(<i"-<i")+y*(rf"-r")+yt(tt-t") 


_  1  /    dp        dq        dr_        ^\__^ 
As  this  equation  is  typical,  we  have 


as  typical  of  all  the  direction-cosines  :  that  is,  the  direction  of  the  domainal 
flexure  of  a  regional  geodesic  is  along  the  line  of  the  domainal  normal  to  the 
region.  We  also  have 

11          1 


and  therefore  the  quantity     ,  in  the  intrinsic  equations  of  a  regional  geodesic,  is 
the  domainal  flexure  of  that  geodesic.    We  thus  have 

..      ,.     F     1  du 


Let  Y€  denote  the  typical  direction-cosine  of  the  radius  of  circular  curvature  of 
the  regional  geodesic  and  l//>€  denote  the  magnitude  of  that  circular  curvature,  so 
that 

y.'>c=vf. 

Also  we  have  y"p—  Y,  for  the  domainal  geodesic  in  the  same  direction^',  q',  r'9  1'  ; 
and  therefore 

!•=!+!  ?y. 

PC     p     ycdn' 

There  is  another  mode  of  obtaining  the  same  result  without  reference  to  the 
orbicular  representation,  though  ultimately  using  the  same  analysis.  The  typical 
space-coordinate  of  the  point  P  on  the  domainal  geodesic  is 


when  powers  of  S  higher  than  the  second  are  neglected  ;  and,  to  the  same  order  of 
approximation,  the  typical  space-coordinate  of  the  point  Q  on  the  regional  geodesic 
is 
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Hence  the  typical  component  of  the  space-deviation  of  the  regional  geodesic  from 
the  domainal  geodesic  at  points  P  and  Q,  at  an  equal  arc-distance  8  from  0,  is 


Let  the  space-deviation  be  denoted  by  V,  and  the  typical  direction-cosine  of  its 
direction  be  denoted  by  Y  ;  then 


8«=2y€V, 

and  therefore 


the  same  central  equation  as  before,  leading  to  the  general  characteristic  relation 


P€        P       7e<ln 

Various  inferences  can  be  derived  from  this  general  relation. 

(i)  In  the  first  place,  the  domainal  normal  to  the  region  lies  within  the  tangent 
block  of  the  domain  ;  the  prime  normal  of  a  domainal  geodesic  is  orthogonal  to 
the  block,  and  is  therefore  at  right  angles  to  every  direction  in  the  block  ;  hence 


- 
dn      • 

As  ^]Ye2=l,   ^r2=1,   "Sl-^)  =1,  it  follows  that  the  circular  curvature 

\dnj 

of  the  domainal  geodesic  is  connected  with  the  circular  curvature  and  the  domainal 
flexure  of  the  regional  geodesic  by  the  equation 

l      1 


(ii)  In  the  next  place,  it  now  appears  that  the  quantity  y  in  §  314  is  the  same 
as  this  radius  of  domainal  flexure  of  the  regional  geodesic.  Hence  a  comparison  of 
the  results  yields  the  relation 

VT      V 

o_  i  f 

PQ         PC   ' 

typical  of  all  the  directions  :  that  is, 


It  therefore  follows  that  the  limiting  position  of  the  perpendicular,  drawn  from  Q 
upon  the  tangent  flat  at  0  to  the  region,  coincides  (as  the  small  arc  QO  tends  to 
zero  when  Q  draws  near  to  0)  with  the  direction  of  the  prime  normal  of  the  regional 
geodesic  drawn  in  the  direction  OQ. 
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(iii)  Further,  the  relations 


r«  Y, 


=0 


are  satisfied  by  the  direction-cosines  of  the  prime  normal  of  the  regional  geodesic, 
of  the  radius  of  domainal  flexure  of  that  geodesic,  and  of  the  prime  normal  of  the 
domainal  geodesic  ;  and  therefore  these  three  directions  lie  in  one  plane.  The 
last  two  are  perpendicular  to  one  another  :  hence,  if  0  denote  the  angle  between 
the  prime  normals  of  the  geodesies,  we  have 


Consequently,  we  have  the  relations 


fe=  Y  cos  0+  5^  sin  0, 

CW 

1     cos  Ji    sin  0 

_ .    '_  _| >__ 

p*~  P    '   y* 


all  derivable  from  the  equation 


F 


82. 


A  simple  geometrical  construction  is  immediate.  In  the  plane  containing  the 
two  prime  normals  of  the  geodesies  and  the  radius  of 
domainal  flexure  of  the  regional  geodesic,  let  OC 
represent  (in  magnitude  and  direction)  the  radius  of 
circular  curvature  of  the  domainal  geodesic  ;  and  let 
Of\  represent  (also  in  magnitude  and  direction)  the 
radius  of  domainal  flexure  of  the  regional  geodesic  : 
thus  the  angle  COF€  is  a  right  angle.  Let  a  perpen- 
dicular  00  f  be  drawn  on  the  line  CF€  ;  then  OC€ 
represents  (in  magnitude  and  direction)  the  radius  of  circular  curvature  of  the 
regional  geodesic. 

317.  We  shall  require  a  knowledge  of  the  angles  between  the  gremial  principal 
lines  of  a  domainal  geodesic  touching  a  region,  and  the  domainal  normal  of 
the  region  (that  is,  the  direction  of  the  radius  of  domainal  flexure  of  all  regional 
geodesies  at  a  point). 

(i)  The  typical  direction-cosine  of  this  normal  is  ~  .  The  tangent  of  the 
domainal  geodesic  is  in  the  same  direction  as  that  of  the  regional  geodesic,  and 
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therefore  it  is  at  right  angles  to  the  domainal  normal :  we  easily  verify  the  analy- 
tical condition 


dn~^"'<Zn      ' 

The  prime  normal  of  the  domainal  geodesic  is  orthogonal  to  the  tangent  block 
of  the  domain,  and  therefore  is  at  right  angles  to  every  direction  within  the  block. 
One  such  direction  is  the  domainal  normal,  and  therefore  the  prime  normal  of  the 
domainal  geodesic  is  at  right  angles  to  the  direction  of  the  radius  of  domainal 
flexure  of  the  regional  geodesic  in  the  same  direction.  The  analytical  relation  is 


at  once  verified. 

(ii)  Let  #3  denote  the  angle  between  the  domainal  normal  and  the  binomial  of 
the  domainal  geodesic  touching  the  region,  the  direction- variables  of  the  geodesic 
being  //,  q',  /,  /' ;  then 


*dn* 

Now  (§  284) 

'3 =  ^2/1  ~t~  ^2/2 + vy*  + ' 

where 

X__p'     f\      p_q'    v2      v    r'    v3      w    t'    $4 
a     p"  Q9     a^'p^T*9     a"  p~~Q9     o^p~£>9 

while 

dy         dp         dq         dr         dt 

Hence 

dt 


\.  ^     ^      A  rr          ~          T 

cos ^3-^1  A  [A-jl  +H/-  +  G-.  +L  ,- 
dn        dn        dn        dn 


or,  as 
we  have 


which  accordingly  gives  the  inclination  between  the  domainal  normal  and  the 
binormal  of  a  domainal  geodesic  touching  the  region  €=0.  It  also  assigns  a 
geometrical  significance  to  the  concomitant  ^av^. 


392  GREMIAL  LINES  OF  A  [OH.  xxvil. 

If,  in  particular,  the  direction  of  the  domainal  geodesic  be  one  of  the  principal 
directions  which  (p.  326)  provide  a  maximum  or  a  minimum  among  the  values  of 
the  circular  curvatures,  then 


that  is,  the  binomial  of  the  domainal  geodesic  in  question  lies  along  the  domainal 
normal  and  therefore  coincides  (in  direction)  with  the  radius  of  domainal  flexure 
of  the  regional  geodesic  drawn  in  the  same  direction. 

(iii)  Let  ^4  denote  the  angle  between  the  trinomial  of  the  domainal  geodesic 
touching  the  region  and  the  domainal  normal  to  the  region  ;  then 

V*,  dy 


Now  (§  286) 

ii 

the  values  of  a,  /?,  y,  8,  being  determinate  ;  and  therefore 

^  ^  /     A    dP  TF    d</  ,1    &T  T     ^  \ 

4-=N  aL4  r  +  H-i  +U~i  +  L~r 

*     —  '     \    dn        dn       dn       dn] 


— 


But  (Lc.) 

a       ,  d 


with  corresponding  values  for  /?,  y,  8  ;  also  €±p'  +  €2q'  -f-  e3r'  4-  e4£'  =  0  ;  and  therefore 


so  that 


We  thus  have  an  expression  for  cos  #4  and,  concurrently,  a  geometrical  significance 
for  the  covariant 


i  d  m 

rrC°S  Xt=  ~dS  (a) 


(iv)  Let  #5  denote  the  angle  between  the  quartinormal  of  the  domainal  geodesic 
touching  the  region  and  the  domainal  normal  of  the  region  ;  then 
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Now  (§  288) 

^o2/l  +  W2+^3  +  ^2/4> 

the  values  *  of  €0,  17,  i,  o>,  being  determinate  ;  and  therefore 

v  A      /  *  dp     rrdq     „  dr     r  dt 

IlXU/  +  tfv  +  tfT-  +  Ii  •,- 

^      \    dn        dn       dn       dn 
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When  the  values  of  the  coefficients  in.  /5  are  substituted,  we  have  an  expression 
for  cos  X5  in  the  form 


r.     By  using  the  values  of  the  coefficients  in  Z5  as  given  in  §  289,  shew  that 
1  \  ( d?  /I  \       1  )  I    ^ 


This  result,  and  the  result  in  the  text,  provide  the  geometrical  significance  of  two 
concomitants  of  the  complete  system. 

318.  Now  consider  the  tangent  flat  of  the  domainal  region  and  the  domainal 
normal  to  the  region.  The  flat  naturally  possesses  three  leading  lines,  which  may 
be  taken  to  be  the  directions  of  the  three  parametric  curves,  connected  with  the 
variations  of  the  parameters  p,  q,  r,  as  retained  in  §  332  to  be  the  parameters  of 
the  domainal  region  ;  and  the  domainal  normal  is  at  right  angles  to  each  of  these 
three  directions.  Hence  the  four  directions,  thus  constituted,  are  four  directionally 
independent  lines  :  they  lie,  all  of  them,  in  the  tangent  block  of  the  region  ;  and 
therefore  they  are  directionally  equivalent  to  any  set  of  four  leading  lines  in 
that  block.  But  four  such  lines  are  provided  by  the  tangent,  the  binormal,  the 
trinomial,  and  the  quartinormal  of  any  domainal  geodesic  :  and  therefore,  in  the 
present  connection,  by  the  specified  four  principal  lines  of  a  domainal  geodesic 
touching  the  region.  Accordingly,  the  typical  quantities 

dy 
2/i  >  2/2>  2/3>  ^    > 

must  be  linearly  expressible  in  terms  of  the  typical  direction-cosines  y',  ?3,  /4,  Z5, 
the  coefficients  in  each  individual  set  being  the  same  throughout  the  members  of 
the  set. 


*  To  avoid  possible  confusion  with  the  functional  symbol  €  of  the  region,  e0 
substituted  here  for  the  symbol  €  of  §  288. 


s 
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Expressions  for  yl,  y%<  y3,  in  terms  of  y',  Z3,  Z4,  /5,  have  already  been  given 
(§  292).  There  is  no  change  in  the  form  of  the  expressions  when  the  domainal 
geodesic  touches  the  region  £  —  0;  there  is,  however,  the  limitation  on  the 
variations  of  p',  q',  /,  t  ',  due  to  the  condition 


which  does  not  affect  the  form  of  the  expressions. 

ffqj 

In  order  to  represent  ,--  linearly  in  a  like  form,  we  assume 
an 


where  P,  Q,  R,  S,  are  the  same  for  all  the  equations  of  which  this  relation  is  typical. 
Manifestly 


that  is, 

P=0,     Q 

where  the  values  of  cos  ^3,  cos  ^4,  cos  ^5,  are  to  be  regarded  as  known. 

Consequently,  the  values  of  y},  y2,  y3,  remain  as  obtained  in  §  292  ;   and  we 

have 

dv    . 

dn=    C°S  Xa:f 
with  the  foregoing  values  of  the  cosines. 


Pmwijxil  values  of  domainal  linear  flexure  :   principal  directions  of 
flexure,  in  a  region. 

319.  The  domainal  flexure  of  a  regional  geodesic,  drawn  in  the  direction 
•p',  q',  r',  /',  touching  the  region  in  the  domain,  is  given  by 


these  direction-  variables  x'  (~pf,  q',  rf,  tf)  being  such  as  to  satisfy 


This  flexure  has  principal  directions  and  principal  values,  associated  with 
the  maximum  and  minimum  values  of  l/yc  and  the  directions  determining 
those  values.  To  determine  these  values  and  directions,  we  have  to  make  the 
expression 


a  maximum  or  a  minimum,  among  the  values  obtainable  through  quantities 
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p'9  g',  r',  t',  satisfying  the  two  conditions.    When,  in  accordance  with  the  notation 
of  p.  255,  we  write 

'  +  *3*r/  +  tilt', 


for  i=l,  2,  3,  4,  the  critical  equations  are 


for  the  same  values  of  i,  the  quantities  A  and  \L  being  left  undetermined  in  the 
formation  of  these  critical  equations.  Let  these  be  multiplied  by  j/,  </'  ',  r  ',  £', 
respectively,  and  the  products  be  added  ;  then  we  have 


Thus  the  four  equations  become 


€n 

- 


for  i=  1,  2,  3,  4  ;  and  there  is,  in  addition,  the  relation 


There  are  therefore  five  equations,  linear  and  homogeneous  in  the  five  quantities 
]/,  qf,  r',  //,  fji  ;  when  these  are  eliminated,  they  lead  to  the  cubic  equation 


6,3 


*4  > 


Let  A1  denote  the  determinant 


23  €33, 


similar  to  Q  when  represented  in  the  form 

\A,  B,  C\  7)|; 

and  let  cit  denote  the  minor  of  €ty  in  J?,  as  al}  denotes  the  minor  of  Atj  in 
term  in  the  foregoing  equation  independent  of  l/yc  is 


the  term  involving  l/y€3  is 


3.    The 
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which  is  equal  to 

-Q€-"-- 
n3' 

€  /€    \2 

and  the  coefficients  of  •--  and  of    ~—  )   respectively  are 

n  \y«/ 


where  61  and  02  denote  symbolical  operators  such  that 


Hence  the  equation  has  the  form 


which  accordingly  gives  the  principal  values  of  l/y€,  the  domainal  flexure  of 
regional  geodesies. 

The  direction-  variables  of  the  principal  directions  are  then  given  by  the  three 
equations 


combined  with  the  permanent  relation  ^Ap/2~  I. 

(i)  The  cubic  equation  can  be  expressed  simply,  when  the  quaternary  quad- 

ratics ^  ^  AJJeXj'xk'  and  ^  ^  €jkxj'xk  a^e  expressed  in  umbral  notation.    For 

j     &  j     ^• 

this  purpose,  let 

-f-  <73/  -!  a4/'  ---       agxt'9 


with  umbral  significance  for  the  quantities  aiy  such  that 

V  V  A    r'r  '  —  a  /2  —  /)  ,2  —  r  /2 

__^  ^j^-jl^}  +k  ~ax    —UJT       "cjc'  » 

where  the  symbols  5,  c,  are  equivalent  to  the  symbol  a.    Also  let 

«x'  =  ?lP'  +  ^  +  W'  +  ^4^  =  ^  W, 

with  umbral  significance  for  the  quantities  et9  such  that 


where  the  symbols/,  (7,  are  equivalent  to  the  symbols  P.    Then  the  cubic  equation 
is  expressible  in  the  umbral  form 

S(*/^)«  +  i-*(g/5€)«+i€V^ 
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the  quantity  (efge)  denoting  the  umbral  determinant 


-  7          - 

e3>     J3>      93>      €3 


and  so  for  the  other  like  quantities,  where  e1?  e2,  e3,  €4,  are  not  umbral. 

It  follows  that,  as  there  are  three  principal  values  of  yf,  there  are  three  regional 
measures  of  domainal  flexure  of  geodesies.  We  take  these  to  be  El9  E2,  E3,  defined 
by  the  equations 


7s7i 
and  the  values  of  these  three  regional  measures  are  given  by 


(ii)  Further,  there  are  three  principal  directions  of  domainal  flexure  in  the 
region,  belonging  respectively  to  the  three  principal  values  of  that  domainal 
flexure.  Let  any  two  of  such  principal  directions  have  #/,  a?2',  #3',  #/  ;  and 
z/,  z2'y  z3',  24'  ;  for  their  direction-variables  ;  with  l/]8e  and  /xls  l/8€  and  p29 
respectively  for  the  corresponding  values  of  the  domainal  flexures  and  of  the 
quantity  /LI.  Then  we  have 


(for  i=  1  ,  2,  3,  4)  in  connection  with  the  first  direction,  and 


(for  the  same  values  of  i)  in  connection  with  the  second  direction.  When  the 
equations  for  the  first  direction  are  multiplied  by  z/,  z2',  z3',  z4',  respectively,  and 
the  results  are  added,  then 


*'/**^ 


and  when  the  equations  for  the  second  direction  are  multiplied  by  jr^',  x2'.  x3\  a;4', 
respectively,  and  the  results  are  added,  then 
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Now,  in  a  general  configuration  subject  to  no  special  intrinsic  conditions,  the 
principal  domainal  flexures  at  any  point  of  a  region  are  unequal,  so  that  j8e  and  S€ 
are  unequal ;  we  therefore  have 


The  second  of  these  inferences  shews  that  the  selected  directions  are  at  right 
angles — a  conclusion  which  establishes  the  stated  property.  The  first  of  them  is 
a  relation  satisfied  by  any  two  of  the  principal  directions  of  domainal  flexure  in 
the  region. 

The  three  principal  directions  in  the  region,  which  provide  the  principal 
domainal  flexures  of  regional  geodesies,  make  an  orthogonal  set  of  lines  within 
the  tangent  flat  of  the  region  ;  when  combined  with  the  domainal  normal  to  the 
region,  they  constitute  an  orthogonal  set  of  lines  within  the  tangent  block  of  the 
domain.  Also,  we  note  that,  along  any  one  of  the  three  principal  directions  of 
domainal  flexure  of  regional  geodesies,  the  equations 

^,       €2,       €3,       €4       =0 


'i,    w2,    u3,    u 
are  satisfied. 

Ex.     Prove  that  the  value  of  /z,  to  be  associated  with  a  principal  direction,  satisfies 
the  equations 

1     v^       .          .1          l^-o 


320.  The  preceding  results,  as  regards  principal  directions  and  magnitudes  of 
domainal  linear  flexure  of  regional  geodesies,  can  be  expressed  in  a  different  (but 
equivalent)  form.  Instead  of  retaining  the  relation 

€l  p'  +  €2q'  -f  €3/4-64^—0 

concurrently  with  the  other  relations,  and  thus  maintaining  a  symmetry  among 
p't  <i  i  r'9  *',  we  use  it  to  eliminate  one  of  the  direction-variables  $'.    Then  if 


and,  for  all  values  ofi,j,  —  1,  2,  3, 


the  permanent  relation  for  arcs  in  the  direction  p',  q'  ,  /,  (now  the  direction- 
variables  in  the  modified  expressions)  in  the  region  is 
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while  the  domainal  flexure  of  the  regional  geodesic  in  that  direction  is  given  by 

is  p'r'  +  2iJ2,7  V  +  W2- 


The  principal  values  of  the  domainal  flexure  of  geodesies  are  the  roots  of  the 
cubic  equation 


'hi  +  ~  ^o»     ^12  +  -  #o>     *713  +  -  G0 


i?13  + 


7/23+ 


=  0. 


The  inferences,  connected  with  this  result,  follow  as  before. 

Superficial  measures  of  dominal  flexure. 

321.  The  preceding  investigation  provides  the  measures  of  linear  domainal 
flexure  of  a  region.  There  are  also  superficial  measures  of  the  domainal  flexure 
of  regional  geodesies  ;  and  they  arise  in  the  same  way  as  the  superficial  measures 
of  curvature  of  a  region  in  a  plenary  quadruple  homaloidal  space  *. 

Consider  a  superficial  orientation  in  the  region.  It  may  be  constructed  by 
means  of  two  domainal  directions  touching  the  region  ;  when  the  variables  of  these 
directions  are  #•/,  x2',  #3',  #4',  and  £/,  z2',  23',  24',  there  are  orientation- 
variables  sl}  as  in  §  270.  Or  it  may  be  provided  as  the  intersection  of  the  parametric 
region  e  =  0  with  another  parametric  region  v(p,  y,  r,  t)=();  and  then  there  are 
orientation-variables  itj 


the  relations  between  the  two  sets  of  variables  (when  they  represent  the  same 
orientation)  being  given  on  p.  257. 

To  obtain  the  maximum  and  the  minimum  values  of  the  domainal  flexure 
of  regional  geodesies  which,  in  direction,  originate  in  the  specified  superficial 
orientation,  we  have  to  make  the  quaternary  quadratic 


which    is   the   value   of    —€n/y€,    a   maximum   or  a  minimum  for  values  of 
P'>  (l  '>  ^'y  t',  satisfying  the  three  conditions 


/  +  €ar/  l"€4^  —  0, 

*G.F.D..  vol.  ii,  §§  31  8-323. 
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The  critical  equations  for  the  maximum  or  minimum  are 

et  +  0Ui  -h  Aet-  4-  pvi  =  0, 

for  t=l,  2,  3,  4,  the  values  of  the  multipliers  0,  A,  p,  being  undetermined  in  the 
formation  of  the  critical  equations. 

The  value  of  6  is  at  once  obtainable.    We  multiply  the  four  equations  by 
p',  q',  r',  t  ',  and  add  the  products  :  the  result  is 


on  using  the  conditions.    Thus  there  are  four  equations 


and  these  are  linear  and  homogeneous  in  the  six  quantities  pr,  q',  r',  t',  A,  p,  ;  also 
there  are  the  two  conditions 

*iP'  +  V/  +  €3/  +  e/  =  0,    vtf'  +  u2?'  +  v3r'  +  vj  =  0, 

likewise  linear.    When  the  six  magnitudes  are  eliminated  determinantally  among 
the  six  equations,  we  have 


I     T*  ^ 


23 


',       *24- 


y* 
£« 


j  +  -  6f,    e23+  - 


3>     y3 


-       ,   €n  r          r      j_  €«  71/f        -       i   €"  AT  ;       i    €«    f)  tf  t. 

€14  H Z/,      €04+       IV-l  j     €34 H jtv  ,      €44  H -*/,  €4,  U4 

y.              y€              yc  yf 

^3             ,  ^4            ,  0,  0 

^3             ,  «4             >  0»        0 


*2  » 


manifestly  a  quadratic  equation  in  y€.    When  expressed  in  expanded  form,  the 
equation  has  the  form 


~' 


where  only  the  ratios  of  the  superficial  variables  occur.    The  coefficient  of  e,,2/yt2  is 
sin2  o>,  where  a>  is  the  angle  between  the  two  guiding  directions  in  the  orientation  ; 
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and  it  can  be  made  unity  if  the  orientation- variables  are  taken  in  their  canonical 
form  (§  270). 

Thus  there  are  two  principal  values  of  the  domainal  flexure  of  those  regional 
geodesies  which  originate  in  any  superficial  orientation  in  the  region ;  and  there 
are  corresponding  principal  directions  of  such  flexure  in  the  orientation.  These 
two  directions  are  at  right  angles.  Denoting  their  direction-variables  by 
Piy  9i9  ri9  ti9  arl(l  P%  9  </2'>  r%>  t%9  respectively,  we  have,  on  multiplying  the 
equations  for  the  first  direction  by  /;2',  q2',  r%,  t2',  and  adding, 


that  is, 


Similarly,  multiplying  the  equations  for  the  second  direction  by  /;/,  #/,  /*/, 
and  adding,  we  have 


Hence  ^Api'p2'^Q,  as  the  principal  domainal  flexures  arc  unequal  in  general: 
consequently  the  two  principal  directions  are  at  right  angles. 

Manifestly  there  are  two  measures  of  domainal  flexure  of  regional  geodesies 
originating  in  the  orientation,  being  the  product  and  the  sum  of  the  principal 
domain  flexures  for  the  orientation.  They  correspond  to  Gauss's  measures  of 
curvature  of  a  surface  in  triple  homaloidal  space  :  and  they  can  be  denoted 
by  Ks  and  H8,  where 


*kl 


Moreover,  there  are  principal  values  of  these  measures,  defined  as  the  maximum 
and  the  minimum  of  Ks  and  of  Hs  respectively,  among  all  the  values  which  can 
arise  through  the  various  admissible  orientations.  By  analysis,  similar  to  that 
used  for  the  corresponding  investigations  *  in  circular  curvature  of  geodesies  in  a 
primary  region  (so  that  the  domain  is  a  block),  it  can  be  proved  that 

(i)  for  Ks  and  for  Ha,  the  principal  orientations  in  the  region  have,  for  their 
leading  lines,  each  pair  out  of  the  three  principal  directions  of  domainal 
flexure  of  regional  geodesies  :  and 

*  G.F.D.,  vol.  ii,  320-322. 
F.I.U.II.  2c 
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(ii)  the  principal  values  of  Ks  are 


while  the  principal  values  of  Hs  are 


where  yl5  y2,  y3,  are  the  principal  radii  of  domainal  flexure  of  geodesies 
in  the  domainal  region. 

It  is  almost  superfluous  to  note  that  the  principal  directions  of  domainal  flexure 
of  regional  geodesies  are  quite  distinct  from  the  principal  directions  of  circular 
curvature  of  those  geodesies  *  . 

Sphericity  of  a  domainal  region  in  any  superficial  orientation. 
322.  The  investigation  of  the  sphericity  of  a  domainal  region  in  any  orientation 
within  the  region  can  be  made  by  the  method  of  §  320. 
We  write 

*i  +  ci*4—  0>     €2  +  0264=0,     €3H-c3e4=0, 

so  that  the  direction-  variable  t',  when  connected  with  a  region  e  =0  in  the 
domain,  is  given  by 

t'—  -^p'-crf'-Cgr', 

the  variables  ;/,  </',  r',  being  retained  for  direction  in  the  region.  Similarly,  for 
orientation-  variables  of  an  orientation  in  the  region  (and  therefore  for  orientation 
in  the  domain),  we  retain  $23,  $31,  s12  ;  and  the  other  orientation-variables  in  the 
domain  are  given  by 


31»       f24 

Now  the  circular  curvature  of  a  regional  geodesic  and  its  domainal  flexure  are 
connected  with  the  circular  curvature  of  the  domainal  geodesic  in  the  same 
direction  by  the  typical  relation 

ye   r   i  dy 

~  —  -  4--  —  . 

Pe      P     7  dn  ' 

When  we  take  account  of  the  direction-  variables  of  the  regional  geodesic  with 
special  reference  to  the  region  alone,  we  have  a  typical  equation  of  the  form 


*  Even  for  the  simpler  instance  of  geodesies  on  surfaces  within  a  primary  region, 
the  inclination  of  a  principal  direction  of  circular  curvature  to  a  principal  direction 
of  flexure  is  a  covariant  of  the  whole  configuration  :  see  G.D.F.,  vol.  ii,  §  362. 
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Also  we  have 


or,  again  including  only  the  regional  direction-  variables, 
Y 


where 

^«=1?o  ~  ^^4-0, 

for  all  the  combinations  ?',  j,  =  1,  2,  3.    Similarly,  we  have 


where 

A'w  =  «W 

for  all  the  i-ji  combinations.    Finally,  the  permanent  arc-relation  becomes 
where 

A0  =  ^»j 

Thus  the  equation  connecting  the  curvatures  becomes 


and  there  is  no  homogeneous  relation  among  the  three  direction-variables  p',  q',  rf, 
so  that  we  have 


for  all  the  combinations  i,j,  =1,  2,  3. 

Let  /£r  denote  the  sphericity  (the  fiiemann  measure  of  curvature)  of  the 
region  in  the  orientation  with  variables  /?23,  s31,  sl2t  so  that 


T                ^L  ^  /  A          A  A        2\           *> 

^      /  A         A         A       £\  o      A 

/  j  \'rxll-ei'22       XX12   7*23 

If  *r/,  a?2',  a?3',  a;4',  and  z/,  2;2',  2:3',  ^4',  are  two  directions  defining  the  orientation 
523>  53i>  ^12  >  where 

/  /          f          /        /  /          f          / 

we  have 
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But  with  the  values  of  A,  we  have 


?A      ^  '2      —^   A      ~  '2 
Aiiri       —  Zj  -^n*! 


where,  on  the  right-hand  sides,  the  summation  extends  over  the  four  direction- 
variables  in  the  domain  ;  and  therefore 

22-A122)*2^ 


the  summation  now  extending  over  all  the  orientation-  variables  in  the  domainal 
expression  of  the  orientation. 

Again,  with  the  definitions  of  the  quantities  £,y,  we  have 


the  summation  extending  over  all  the  dimensions  of  the  plenary  homaloidal  space. 
But,  because 

dy        dp        do        dr        dt 

dn^dn  +  y*dn  +  y*fa+y*dn> 
and  because 

Sy«^=o, 

for  all  values  of  /c,  A,  /x,  we  have 

«•  ^      dy     ^-\  dy 

^^dn^^dn  ^dv  ~  C'e7]*v  "°v^+  Wlu)  =  0> 

(dy\2 
-~j  =1,  we  have 


for  all  values  of  a,  j8,  y,  8.    Consequently  the  numerator  of  the  expression  for  Kr 
becomes  transformed  so  as  to  give 
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The  second  term  on  the  right-hand  side 


also 


where,  as  for  the  permanent  arc-relation,  the  summations  on  the  right-hand  sides 
extend  over  the  four  variables  in  the  domainal  expression  of  each  direction  ;  and 
therefore  the  second  term  on  the  right-hand  side 


where  (§321)  the  quantity  7£s  is  the  Gauss  (specific)  measure  of  domainal  flexure 
of  regional  geodesies  in  the  specified  orientation.  Moreover,  this  Gauss  measure 
of  circular  curvatures  of  geodesies  on  a  surface  in  triple  homaloidal  space  (as  also 
for  geodesies  in  any  primary  amplitude)  is  the  simplified  form  of  the  Riemann 
measure  for  the  surface  (or  the  primary  amplitude)  ;  and  we  therefore  regard  this 
quantity  K8  as  a  Riemann  measure  of  domainal  flexure. 

For  the  first  term  in  the  numerator  of  the  expression  for  /ir,  which 


we  have  to  proceed  in  a  different  manner,  because  the  internal  summations,  such  as 
S  fan  ^22  ~  ^i22)?  extend  over  the  dimensions  of  the  plenary  space.  When  account 
is  taken  of  the  values  of  the  quantities  fj,j  in  terms  of  the  quantities  77^,  we  find 


J)-  <?,(#,  M) 


a    general    relation    which    expresses    the    values    of   the   regional    quantities 

^'ii«  ^'22  »  'C33'  ^23  >  ^ai'  ^i2>  °f  §  1^2>  ^n  *erms  °f  the  Riemann  four-index 
symbols  of  the  domain.  Let  these  values  be  substituted  in  the  coefficients  of 
**232»  5si2>  5J225  'V3i5i2?  *i2-923>  523i93i»  an(^  ^  ^e  coefficients  of  the  different  four-index 
symbols  be  collected.  Obviously  we  at  once  have 

(12,  12)*la«  +  (23,  23)*aB«+(31,  31)^132 

+  2(31,  12)*3i*w  +  2(12,  23)/cl2*»  +  2(23,  31),s-23531, 

as  the  aggregate  of  terms,  free  from  the  quantities  c  and  free  also  from  any  of  the 
four-index  symbols  where  the  number  1  occurs. 
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The  coefficient  of  (12,  14) 

—  -  2c2s122,  out  of  the  term  in  $122, 


and  so  on  for  all  the  four-index  symbols.    The  complete  value  of  the  term 

=  !](#,  **)****«, 
with  complete  summation  for  the  numbers  {,  j,  k,  I  :  that  is,  it  is 


where  (§  275)  the  quantity  KD  denotes  the  sphericity  (the  Eiemann  measure  of 
curvature)  of  the  domain  in  the  specified  orientation. 

When  these  values  are  inserted  in  the  expression  for  A'r,  we  find 


or  the  sphericity  of  a  domainal  region  in  any  orientation  in  the  region  is  the  sum 
of  (i)  ,  the  sphericity  of  the  domain  in  that  orientation  and  (ii),  the  Riemann  measure 
of  domainal  flexure  of  the  region  in  the  orientation. 

The  corresponding  theorem,  concerning  the  sphericity  of  a  parametric  surface 
in  a  region,  has  already  (§219)  been  established. 

Regions  geodesic  to  a  domain  at  a  place. 

323.  Among  the  regions  contained  by  a  domain,  one  special  class  demands 
detailed  consideration  :  it  is  the  class  which,  on  the  analogy  of  geodesic  surfaces, 
are  called  geodesic  regions  and  which  are  defined  in  a  manner  analogous  to  that 
used  for  the  surfaces.  Let  OA,  OB,  0(7,  be  any  three  domainal  geodesies  such 
that  their  three  directions  at  0  do  not  lie  in  a  plane  ;  and  take  the  aggregate  of 
all  the  domainal  geodesies  through  0,  the  directions  of  which  originate  in  the  flat 
determined  by  the  tangents  to  OA,  OB,  OC,  as  leading  lines.  This  aggregate  of 
domainal  geodesies  through  0  determines  a  region  which  is  said  to  be  geodesic  to 
the  domain  at  0.  Manifestly  every  regional  geodesic  of  this  region  through  0  is 
the  same  as  the  domainal  geodesic  through  0  in  the  same  direction  and  its  domainal 
flexure  is  zero  ;  but  we  cannot  assert,  and  it  is  not  a  general  property,  that  regional 
geodesies  of  the  region,  which  do  not  pass  through  0,  are  domainal  geodesies.  In 
order  that  a  parametric  region  €=0  may  be  geodesic  to  the  domain  at  0,  it  is  clear 
that  conditions  will  have  to  be  satisfied. 

Certain  preliminary  results  are  necessary,  supplementary  to  those  (§269) 
already  obtained.  The  direction-  variables  of  the  domainal  normal  to  the  region 
are 

dio 
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with  corresponding  values  for  -~  ,  -=  -  ,  -7-  ,  where  the  dilatation  en  is  given  by 

an    dn    dn 


We  have  had  quantities  ew,  such  that 


for  all  values  of  i  and  j  ;  and  have  proved  that 

den_      dp         dq          dr          dt 
-  ~ 


with  like  values  for  ~  ,  ~  ,  -^ ,  so  that 
oq     or      ot 

=  -€  =  ^c    I**} 


whether  the  domainal  direction  ds  lies  within  the  region  or  not.    We  have  had 
(§  269)  quantities 


for  i~I,  2,  3,  4  ;    arid  we  shall  find  it  convenient  to  have  quantities  vls  v29  1/3,  v4, 
defined  by 

-      .    dp         dq          dr          dt 

Vi  ~~  €li    f~  "^"  ^2?  "7     "^"  €3i  "T    ^~  €4<   7~  ' 

rfw         an         dn         dn 
Differentiating  the  relation 

dp_  a         h         y         I 


with  respect  to  p,  and  using  the  results  of  §  268,  we  find 

dp     „    dq     „    dr  dt 


and  similarly 

3  /     rfp\      1  .  .       .  .       ..   .          f      dp     „   dq     „    dr  dt 

'~ 


d 
dt 


I  .  ,  .     .          („   dp     „   dq     „    dr     r    dt 

- 
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Consequently 

d 
dn 

and  therefore 


Similarly 


As  a  verification  of  these  values,  we  have 
(dpY\         d*P        <P<1 


which,  on  substitution  for  quantities  in  the  last  four  terms,  leads  to  the  former 
result 


Also,  with  the  convention  xt  =  p,  fj,  r,  /,  for  i~  1,  i^,  3,  4, 


dr\      1 
5i 
d         dt 


and  therefore  as  the  value  of  ~  is  known,  being  V}  ^  L*  -,  -  -,--  ,  we  have 

rfs  «w  o.v 
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d 


d  (dq\       1  _  _  f  /         €,,  efo\  dxt  eZz-1 

j     ~r  J  —  ^—  ("€i  +  oe2+/e34-m€4)-  >.  >  .  <  M?H -7    J  i =~r  > 

X5  \an/     i^€n  i     ;    I  \          en  ^w/  ^n  ^5  J 


dn)    Q€U     l         2  ^     j    \\    tj    €n  dn/  dn 

where,  again,  ds  denotes  any  domainal  direction  whether  lying  in  the  region  or 
not. 

Next, 

and  therefore  differentiating  with  respect  to  xfc,  and  using  the  values  of  the 
derivatives  of  F,  J,  @,  0,  obtained  in  §  279,  we  have 

3^'_ ,         .     n 


^  -  ~  y 


-  e  +    ,    ;+      (*0  -  J    V)  a2ll[(ni,jk)  +  (M,  ik)] 


with  the  significance  of  the  symbols  rt(kj)  as  011  p.  277.     Let  quantities  EIJk  be 
introduced  under  the  definition 


slit--€,,t  -  ^{r,,,  +  r,  (jk)  +  r,  (ki)  4  r,(y 
-e,{Jw»-i  AO'*0+4(fc'')  +  ^-(y' 

-  6,{e,,»  +  0,  0'*)  +  0,  (A-/)  +  0A  (»;• 


where  manifestly  Eiilf  is  unaltered  by  interchanges  of  i  ,  ji,  A1,  among  one  another  ; 
then  we  have 

^  -  stjk  -  €Uri3  -  e2A  A  „  -  €3fre,,  -  €4fc0,5  +  jen  v;  -^  [  (^i  jk)  +  (W;  it)]  , 

the  summation  being  taken  for  ^L—  1,  2,  3,  1.    On  the  right-hand  side,  the  integers 
i  and  j  (if  different)  can  be  interchanged  without  affecting  its  value. 
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We  shall  require  the  sum 

*'*+?!*<+?!!/ 
dxj     dXj     dxk 

dx 
The  coefficient  of  £en  --  -  on  the  right-hand  side 

CuYl 


,  ij)  +  (/it,  *;)]  +  (/it,  j*)  +  (/i/,  tt)], 
which  vanishes  identically.    If  then,  by  analogy  with  the  symbols  rt(jk),  we  write 


we  have 


324.  The  preceding  analysis  can  be  used  for  the  construction  of  a  result  which, 
holding  for  any  region  and  not  relevant  to  the  consideration  of  geodesic  regions, 
will  be  required  later  in  connection  with  other  issues.  We  have 

dy  _     dp        dq         dr         dt 

and  therefore 

d  fdu\         ,  dp        ,  dq         .  dr        ,  dt 

I         *J     I   m    '       J        I      ft  i    '          l      J      a  I    '  1      ni 


(dr\ 
\dn)  + 


d  (dr          d    dl 
A  \ 


Now 

y\ 


using  the  symbols  of  §  300,  and  so  for  the  others  ;  hence  the  first  line  in  the 
foregoing  relation 

dp         dq         dr         dt 

^  r/l  J~  +  ^27  ~  +  ^3-7     +  ^?4X 

1  dn      '  dn     '  dn        dn 


(S  A,  **),  *  (S4,  2*) 


Also  we  have,  by  the  result  on  p.  408, 
d  (dp\     en'  dp      1 
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and  similarly  for  the  like  derivatives  of  q,  r,  t.    When  these  values  are  inserted, 
and  the  results  are  re-arranged,  we  have  an  equation 


ds  \dnj     €„  An 


The  analytical  similarity,  to  the  corresponding  result  (§  208)  in  connection  with  a 
regional  normal  to  a  surface  contained  in  the  region,  is  complete. 


Arc-variation  of  the  domainal  flexure  along  a  regional  geodesic. 
325.  The    domainal    flexure    of    the    regional    geodesic    in    the    direction 
p' ',  qr,  rf,  tf,  (  —  a;/,  #2',  x.3'9  x^'),  has  been  obtained  in  the  form 

and  therefore 


''  (€"\  —  ^  V  V  \'j  r  '</'  'T  '  1  -t-  V  V  te    (r  "r  '  4  r  '  7  "tt 

"^  w~v  r  r  Vfo/»^xv+v  v^-^  ^  +x'^  )}> 

where  the  second  arc-derivatives  2c/'  and  sr/'  have  to  be  taken  in  the  region, 
because  wo  are  dealing  with  variations  along  the  regional  geodesic.  Wo  therefore 
havo 


n  it 


by  §  315,  with  threo  similar  rosults.     Thus 


—  ±-^j  /_j  {*u  (xi  %j  +  z\  $}  )j  +  r 

i      j  ' 

so  that 
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The  total  coefficient  of  xt'x}fxk  on  the  right-hand  side 

=    2  (?*? 
^ 


dx} 

-  4  (citr,k 

-  4  fe  J,*  4-  ej,  J*,  +  €8Jt  J,,) 


the  sum  of  the  last  four  lines  is 

-4  {€,(.;*)  +  €,(«) 


and  therefore,  when  we  substitute  the  value  obtained  in  §  323  for  the  expression 
in  the  first  line,  the  total  coefficient  of  #/#/#fc'  becomes 


6^»-  -  6  {€,(> 
We  denote  this  total  coefficient  by  6€tik,  so  that 

d  1  1  \      3 

-'• 
We  now  have 


when  the  value  of  Eiik  is  substituted  on  the  right-hand  side,  the  value  of  ej 
acquires  the  form 

^tM  =  €,,A  -  €<0%)  -  e,  (Ai)  -  e/L(y) 


-  €4{*?,A   »-  *,  0'*)  +  *,  (* 

Also,  with  this  relation  between  A'4jA,  and  CWJL,  we  have 


where,  on  the  right-hand  side,  xl9  x^  a?3,  x4,  =7?,  y,  r,  /  :  and,  for  convenience  of 
reference,  we  repeat  the  definition 

+  0s  A*  +  04**,*  i 


for</r^r,  J,  ®,  0,  ande. 

Modified  exjjressions  for  e/M  can  be  obtained  by  introducing  the  symbols  c?-; 
instead  of  €„  in  the  portion  €t-  (  ji)  4-  €,  (H)  4-  €k  (ij).  But  all  the  modified  expressions 
are  equivalent  to  one  another  ;  and  the  magnitudes  €ti  recur  more  frequently  than 
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€ii9  just  as  the  symbols  77,-,-  recur  more  frequently  than  y{j  in  connection  with  the 
circular  curvature  of  domainal  geodesies.  For  all  forms,  the  arc-variation  of 
the  domainal  flexure  is  given  by 


€tjkXj  Xj  Xk  . 

Again,  we  have 

and  therefore 

dn3     An     "  \  KI  dn2  "^  ^2  dn2  ~*~ KJJ  dn2  ^  K4  dn^J  ^  ^  An  \dn 
(i)  To  evaluate  the  first  set  of  terms,  we  write 


and  therefore 

d2p 


which  may  be  written 


(ii)  For  the  summation,  we  use  the  relation 
^  '=  eIJJL  +  6,  (jt)  +  e,  (**)  +  Jen  2 
and  therefore,  in  that  term  which  can  be  taken  in  the  form 

vvv  9^'  —  —  ^  ^™ 

4*  T  T  3s*  dw  dn  "in  ' 

the  total  coefficient  of  the  combination   ,-*  -^  -^  consists  of  three  parts,  arising 
-  An  An  An  r  e 

from 
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The  part  arising  from  the    Riemann   four-index    symbols    has,    for    the 
coefficient  of 


the  sum  of  the  quantities 

(pi,  jk)  +  (M  ,  ki),    fak,  ij)  +  (pi,  kj),    (p/j,  ki)  +  (ph,  ij), 

a  sum  which  is  zero  :  hence  this  part  vanishes. 
The  part  arising  from  the  quantities  €a(]8y)  is 


the  summation  being  for  Z=l,  2,  3,  4. 

The  part  arising  from  the  quantities  el)k  is  61^. 

d*e 
Consequently,  the  summation  in  the  expression  for    -  -  is 

—  V  V*  V  -     dXi  ^1  dx* 

~  t   ^^€tJk~dndii  dn 

4.  9  V  W  j?   tit  1\  dXi  dx>  dXk 

~r  £        I    ^  j        j  ^/./i^yj  '  i    V  —  T  —     t  —  » 

"*  dn  dn  dn  ' 


where  the  summations  on  the  right-hand  side  are  over  the  values  of  i,  j,  k, 
independently  of  one  another  and  not  in  combination. 
When  the  values  thus  obtained  are  substituted,  we  find 

d*€        e*n       2    v»    -  2_  v*  VV*  -      dx*  dx>  dXk 

7    *  '  ^    ---  7S  —  ^>  ^^1  —      j       j  /j€tik~7  --  T~    ~j  —  > 

dn*       en     Qtn  —  '  ***  -f  ^    3    dn  dn  dn 

with  the  convention  xl9  x2,  x3t  x±=p,  q,  r,  t,  and  the  definition,  for  i=l,  2,  3,  4, 


.  ,  _  . 

V*  "^  €1  j  ~z      r  €ov  ~^       h  €ot-    7      r  €4,-  ~z~  . 

dra      *dn         dn         dn 


dp         da         dr     .    dt 

v^€ii_Jl_|_-      *  i  -          i  - 

Ex.     The  values  of  the  quantities 


have  been  given  in  the  text,  because  they  are  required  in  subsequent  investigations 
that  occur.    The  determination  of  the  values  of 

d   (  <L  (d€  \  \        d,  /I  (*?}} 
dn\d8\dn)}'     d~s{dn\dJj'     ds*  \d 

is  left  as  an  exercise. 
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Parametric  region  touching  a  geodesic  region. 
326.  Consider  any  domainal  region  represented  by  a  parametric  equation 

e(p,  q>  M)=0; 
directions  in  this  region  are  subject  to  the  sole  condition 


Let  a  domainal  geodesic  be  drawn  through  0  in  this  direction  ;  at  any  point  0',  at 
an  arc-distance  8  from  0  along  the  geodesic,  the  parameters  P,  Q,  R,  T,  are  given 
by  expressions  of  the  type 


all  the  magnitudes  on  the  right-hand  side  belonging  to  the  domain,  so  that 

-7?"     N^  r  7/2      -.<n'"  — 
P  —  *_j2uP  >        P    — 


and  so  on,  with  like  values  for  the  arc-derivatives  of  q,  r,  t.  If  the  domainal 
geodesic  lies  wholly  in  the  region,  the  coordinates  of  0'  must  satisfy  the  para- 
metric equation  of  the  region  ;  and  then  the  relation 


must  be  satisfied  for  all  values  of  8.  If  the  domainal  geodesic  has  only  contact 
with  the  region,  the  order  of  that  contact  is  measured  by  the  number  of  successive 
powers  of  8,  the  coefficients  of  which  vanish. 

Let  the  parametric  equation  at  0'  be  expressed  in  powers  of  8,  in  the  form 


E£*+...  =  0; 

we  have  to  determine  how  far,  in  successive  powers  of  8,  this  equation  is  satisfied, 
(i)  The  first  term  E0  always  vanishes,  for  it  is  e(p,  q,  r,  I). 
(ii)  The  second  term  also  vanishes  ;  for 


and  we  are  discussing  domainal  geodesies  in  any  direction  p',  q',  r',  t',  touching 
the  region.  If,  in  particular,  the  region  is  to  be  geodesic  to  the  domain  at  0,  so 
that  p',  q',  r',  t',  denote  any  direction  contained  in  the  flat,  which  is  defined 
by  three  non-complanar  directions  of  domainal  geodesies  and  which  has 
PQ>  Qo>  ^o>  ^o>  f°r  ^s  variables  of  regional  orientation,  the  equation 


must  be  satisfied  ;  and  the  two  equations  ^=0,  Z^O,  then  are  the  same.    In 
any  event,  the  equation  El=0  is  the  condition  of  tangency  to  the  region. 
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(iii)  As  regards  the  coefficient  of  J82,  we  have 


with  the  notation  (p.  254)  for  the  symbols  €tj  and  the  convention  as  to  variables 
%i9  #2'*  X3>  X1—'P'>  ?'>  r/>  £'•  Accordingly,  the  domainal  geodesic  has  contact  of 
the  second  order  with  the  region,  along  the  direction  y,  q',  /,  t',  under  the  condition 


The  condition  may  Jbe  satisfied  in  two  different  ways,  both  subject  to  the 
linear  condition  £^=0.  It  may  be  satisfied  only  for  those  values  of  the  direction- 
variables  which  simultaneously  satisfy  the  two  equations 

#!  =  (),     A'2=0; 

that  is,  there  *  are  four  single  infinitudes  of  directions,  constituting  a  four-sheeted 
surface,  along  any  one  of  which  a  domainal  geodesic  has  inflexional  contact  with 
the  region.  Or  the  condition  E%—  0  may  be  satisfied  for  all  values  of  p',  (/',  r',  t'  , 
satisfying  1^  =  0  ;  the  residuary  relations,  expressing  this  property,  will  be 
developed  later  (§  327).  In  either  event,  the  equation  U2=()  is  the  condition  that 
the  domainal  flexure  of  the  regional  geodesic,  drawn  in  the  direction  p',  q1  ',  r',  t', 
shall  vanish. 

As  our  main  concern  is  with  geodesic  regions,  and  with  possible  orders  of 
contact  between  a  parametric  region  and  a  geodesic  region  in  the  same  orientation 
PO,  (?o»  ^o>  ^o>  we  shall  not  discuss  in  any  detail  the  significance  of  the  first  mode 
of  satisfying  the  condition  £2=  0.  Obviously,  any  region  within  the  domain 
possesses  surfaces  of  the  type  indicated  :  they  may  be  called  the  inflexional 
surfaces  of  the  region. 

(iv)  The  coefficient  of  ^S3  is  given  by 

ES=  v  «»  "'  +  3  v 


with  the  customary  significance  for  the  signs  of  summation.    When  the  values  of 
quantities  such  as  p'"  and  p"  are  inserted,  the  total  coefficient  of 


on  the  right-hand  side 


*  See  footnote,  p.  417. 
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which  is  one  of  the  transformed  values  of  the  quantity  €i)k  in  §  325.    Hence 


Accordingly,  the  domainal  geodesic  has  contact  of  the  third  order  with  the  region 
(the  conditions  for  contact  of  the  second  order  being  supposed  satisfied)  for 
domainal  directions  which  touch  the  region  and  satisfy  the  equation 


i       j 

Taken  in  association  with  the  preceding  necessary  conditions,  the  condition 
may  be  satisfied  in  various  ways,  partly  dependent  upon  the  alternatives  arising 
in  connection  with  E2=0. 

(a)  It  may  be  satisfied  when  the  quantities  El9  E2,  E3)  are  not  subject  to  rela- 
tions among  their  coefficients.    Then  there  are  six  sets  of  values  of  p',  q't  r ',  /', 
satisfying  all  these  conditions  :  or,  in  any  parametric  region  in  the  domain,  there 
are  six  directions  along  which  a  domainal  geodesic  has  contact  of  the  third  order 
with  the  region,  and  they  lie  on  the  inflexional  surface  of  the  region. 

(b)  If  the  equation  7?2— 0  is  satisfied  for  all  directions  touching  the  region,  so 
that  AV--0  is  now  not  independent  of  El=(\  then  the  requirement  is  satisfied  for 
all  values  of  p',  q',  r',  t',  which  simultaneously  satisfy  the  two  equations 

that  is,  there  are  *  six  single  infinitudes  of  directions,  constituting  a  six-sheeted 
surface,  along  any  one  of  which  a  domainal  geodesic  has  triple  contact  with  the 
region. 

(c)  If  the  equation  JE?2=0  is  satisfied  for  all  directions,  touching  the  region  and 
therefore  satisfying  A\  =  0,  the  equation  7?3=0  may  be  satisfied  for  all  these 
directions  ;  residuary  relations,  expressing  the  property,  will  be  framed  later. 

The  foregoing  inferences  relate  primarily  to  a  region  which  is  postulated  by  a 
parametric  equation.  But  the  analytical  expression  of  a  geodesic  region  can  be 
framed  otherwise.  The  parameters  of  a  current  point  0'  on  a  domainal  geodesic 
are  given  by  the  quantities  P,  Q,  72,  T,  as  on  p.  415.  On  the  assumption  that 

*  The  result  is  obtained  by  using  the  expressions  for  p',  q',  r',  £',  of  the  type 
P'  —  ^Pi  +  MP*  ~*  vPs9  m  terms  of  any  three  sets  of  directions  of  the  region.  These 
parametric  forms,  involving  A,  /z,  v,  satisfy  the  equation  7^  =  0  unconditionally.  An 
equation  E2  =  Q  then  becomes  a  homogeneous  quadratic  relation  in  A,  ft,  v  ;  and  an 
equation  E3  —  0  becomes  a  homogeneous  cubic  relation  in  A,  ft,  v.  There  is  also  the 
(non-homogeneous)  quadratic  relation  in  A,  ft,  v,  arising  from  the  arc-relation  ;  so  that 
E%~- 0  then  leads  to  an  equation  of  degree  four  in  the  two  parameters  A  and  ft,  after 
elimination  of  v\  and  j£:j  =  0  then  leads  to  an  equation  of  degree  six,  in  like 
circumstances. 

F.I.Q.  II.  2l> 
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the  geodesic  region  is  to  be  defined  in  connection  with  the  regional  orientation 
P0,  <?0,  #0,  T0,  the  equations 

^  Ap'*=  1,     Z=P0P'  +go/  +fl0/  +  2V/M), 

render  the  direction-variables  p',  q*  ',  r',  f',  equivalent  to  two  independent  magni- 
tudes. Hence  the  parameters  P,  Q,  R,  T,  of  the  current  point  0'  involve  these 
two  magnitudes,  as  well  as  the  variable  8  of  length  along  the  geodesic  :  that  is, 
three  independent  quantities.  The  locus  of  0'  is  therefore  a  region  :  it  is  the 
geodesic  region  of  the  domain  in  the  orientation  P0,  QQ,  R0,  T(}  ;  and  its  equation 


can  be  regarded  as  the  result  of  eliminating  the  five  quantities  jt/,  q'  ,  /,  /',  8,  from 
the  six  equations.  Moreover,  when  the  stated  values  of  P,  Q,  R,  T,  are  substituted 
in  G~  0  and  the  equation  is  then  arranged  in  powers  of  8,  the  coefficients  of  all 
powers  of  8  vanish. 

The  eliminant  equation  G'  —  O  and  the  earlier  parametric  equation  e  =  0  may  be 
functionally  equivalent  to  one  another  :  in  that  event,  the  €-region  is  geodesic  to 
the  domain.  When  the  two  equations  are  not  equivalent,  there  still  may  be  a 
partial  agreement  between  them,  arising  from  vanishing  coefficients  of  successive 
powers  of  8  in  the  expanded  form  of  the  equation  €  =  0  ;  and  the  vanishing  of 
such  terms  in  the  parametric  equation  can  be  taken  as  indications  of  orders  of 
contact  between  the  two  regions, 

The  vanishing  of  the  term  E$  merely  expresses  the  fact  that  the  parametric 
region  contains  the  point  O. 

The  vanishing  of  the  term  in  the  first  power  of  8  gives 


When  this  relation  holds  for  all  values  of  //,  y',  r',  /',  that  satisfy  Z-0,  the  two 
regions  have  the  same  tangent  flat  ;  and  this  geometrical  property  can  be  called 
contact  of  the  first  order  between  the  two  regions.  But  if  the  relation  does  not  hold 
for  all  such  values,  the  three  equations 


are  the  parametric  equations  of  the  tangent  plane  at  O  to  the  surface  of  inter- 
section of  the  parametric  region  and  the  geodesic  region  *.  We  shall  assume  that 
the  two  regions  certainly  have  contact  of  the  first  order,  so  that  they  have  the 
same  regional  orientation. 

The  vanishing  of  the  term  in  the  second  power  of  8  gives 

A'.-s^np'1-^ 

When  this  relation  holds  for  all  values  of  //,  q  ',  r'  ',  t'  ,  in  the  assumed  regional 

*  This  analytical  possibility,  with  a  different  significance  for  Z,  occurs  in  the 
discussion  (§  344)  of  geodesic  surfaces  in  a  domain. 


327]  WITH  A  GEODESIC  REGION  419 

orientation  at  0,  it  expresses  the  property  that  every  domainal  geodesic  through 
0  in  the  geodesic  region  osculates  the  parametric  region.  This  geometrical 
property  can  be  called  contact  of  the  second  order  between  the  two  regions. 
But  if  the  relation  does  not  hold  for  all  such  values,  the  three  equations 


can  be  regarded  as  equations  of  the  cone  of  contact  to  the  surface  of  intersection 
of  the  two  regions  at  0  which  is  a  conical  point  on  that  surface.  (All  special  or 
degenerate  forms  of  the  cone  are  included  in  the  phrase.) 

Similarly,  the  vanishing  of  the  term  in  the  third  power  of  8  gives 


When  this  relation,  as  well  as  E2=:0,  is  satisfied  for  all  values  of  p',  q',  /,  t',  in 
the  regional  orientation  at  0,  it  expresses  the  property  that  every  domainal 
geodesic  through  0  in  the  geodesic  region  has  third-order  contact  with  the 
parametric  region.  This  geometrical  property  can  be  called  contact  of  the  third 
order  between  the  two  regions.  But  if  the  relation  does  not  hold  for  all  such 
values  of  p',  q',  /,  t'9  there  are  various  possibilities  :  thus,  in  the  extreme 
instance,  the  equations 


would  determine  those  six  generators  of  the  tangent  cone  of  the  intersection  of 
the  two  regions,  which  are  the  directions  of  domainal  geodesies  having  inflexional 
contact  with  the  parametric  region. 

In  effect,  this  mode  of  estimating  the  relations  between  the  two  regions 
establishes,  for  a  regional  orientation  in  the  domain  at  0,  the  geodesic  region  as 
the  uniquely  determinate  region  of  reference  for  all  regions  with  the  orientation.  It 
is  the  further  extension  of  the  mode  which  establishes  (§  210)  a  geodesic  surface  in 
a  region  as  the  surface  of  reference  for  all  regional  surfaces  in  the  same  orientation. 

We  proceed  to  the  analytical  significance  of  these  conditions  of  contact  of 
successive  orders  between  the  geodesic  region  and  a  parametric  region. 

Conditions  for  orders  of  contact  between  a  parametric  region 

and  a  geodesic  region. 
327.  [.  The  first  and  governing  equation  is 


Let  ?>/,  <//,  /•/,  if,  for  i=],  2,  3,  be  three  different  non-complanar  directions  in 
the  domain  ;  when  the  domainal  geodesies  are  drawn  through  0  in  these  directions, 
and  (as  in  §  323)  lead  to  the  construction  of  a  region  geodesic  at  0  to  the  domain, 
the  foregoing  equation  /i^  —  O  must  be  satisfied  by  each  of  the  three  directions 
when  €  —  0  represents  this  geodesic  region.  Accordingly,  if  P0,  QQ,  ^?o>  ^o>  denote 
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the  regional  variables  of  orientation  defined  (§  269)  by  three  such  directions, 
we  have 


where 

3=  1  -  cos2  23  -  cos2  31  -  cos2  12  +  2  cos  23  cos  31  cos  12, 

the  symbol  ij  denoting  the  angle  between  the  directions  y/,  qj,  r/,  tj,  and 
?/»  ?/>  r/,  */• 

II.  The  second-order  condition  is 


and  it  is  to  be  satisfied  for  all  directions  p',  q',  r',  t',  in  the  regional  orientation. 
Let  the  value  of  /',  given  by 


be  substituted  in  the  condition,  which  then  becomes  a  homogeneous  quadratic 
relation  in  the  linearly  independent  quantities  p',  q',  /.  The  condition,  thus 
modified,  is  to  be  satisfied  ;  hence  the  coefficients  of  the  various  combinations 
of  p',  q',  r'  ',  must  vanish.  Consequently  there  are  six  relations  among  the 
coefficients  ttj  ;  and  they  can  be  arranged  in  the  symmetric  form 


for  the  combinations  i,  j,  =1,  2,  3,  4. 

In  the  first  place,  these  six  relations  at  0  are  necessary  to  secure  that  the 
second-order  condition  is  satisfied  for  all  directions  in  the  orientation.  Conversely, 
when,  by  means  of  them,  substitution  is  made  for  the  six  coefficients  eu  in  E%,  we 
have 

«,/  +  V)  (  JY  +S'  >  r'^ 

\€l  €2  63  e4 

identically  ;  thus  the  relations  are  also  sufficient  to  secure  that  the  second-order 
condition  is  satisfied  for  all  admissible  directions. 

Ex.  I.  Prove  that,  when  the  six  relations  for  contact  of  the  second  order  between 
the  parametric  e-region  and  the  geodesic  region  are  satisfied,  the  equations 

**P'  +  €,27'  +  €.s''  +  *«*'  =  ~  £  > 
(for  t  =  l,  2,  3,  4),  hold  for  all  directions  in  the  orientation. 

Ex.  2.  Verify,  for  the  six  relations  of  second-order  contact  between  the  parametric 
region  and  the  geodesic  region,  their  invariantive  character  under  all  functional 
transformations  of  the  parametric  equation  in  the  form 

E  =(e)  =  constant. 


327]  CONTACT  OF  REGIONS  421 

In  the  second  place,  owing  to  the  six  relations,  not  merely  does  the  determinant 
V  vanish,  where  V  denotes  the  discriminant  of  the  quaternary  quadratic 
and  is  given  by 

^125      *13>      *14 


but  also  every  first  minor  of  V  vanishes.  Now  V  has  ten  such  minors  ;  their 
simultaneous  vanishing  requires  only  three  independent  relations,  which  can  be 
taken  to  be  any  trio  of  the  set  E^Q,  where  Eti  denotes  the  minor  of  efi. 

These  three  relations  are  the  conditions  that  the  quaternary  quadratic  form 
S  *nP/2  should  l)e  the  product  of  two  factors,  each  linear  in  the  variables 
p\  (j\  r',  /'.  The  whole  set  of  six  relations  becomes  necessary,  in  order  that  one  of 
these  linear  factors  should  be  e/  +  e2(/'  +€3r/  +  *4£'. 

The  foregoing  relations  are  essentially  the  same  as  the  analytical  conditions  under 
which  a  quadric  surface  in  homaloidal  triple  space  becomes  special  or  degenerates. 
We  may  regard  j/,  q'  ',  r',  t',  as  homogeneous  coordinates  of  a  point  in  a  three- 
dimensional  space  :  then  E^  —  O  represents  a  plane,  and  E2=0  represents  a  quadric, 
in  that  space.  When  V—  0  is  the  sole  relation  satisfied,  the  quadric  is  a  cone. 
When  the  three  independent  relations  hold,  by  means  of  the  vanishing  minors  of 
V,  the  quadric  degenerates  into  two  planes.  When  all  the  six  relations  hold,  ^-=0 
is  one  of  the  planes  into  which  the  quadric  has  degenerated. 

Ex.  3.  Verify  that  the  relations  among  the  quantities  eti  can  be  expressed  in  the 
form 


e12  -  aye33  +  (a8  +  ^y  )  €34  + 


€34  +  8*644. 


Ex.  d.  For  the  special  class  of  parametric  regions,  which  have  contact  of  the 
second  order  with  the  geodesic  in  the  same  regional  orientation,  and  which  are  defined 
by  the  equations 


for  all  combinations  f,  j,  =1,  2,  3,  4,  prove  that  the  common  value  of  these  equal 
fractions  is 

^nn 

*„" 

and  that  the  normal  dilatation  of  the  region,  so  defined,  has  a  vanishing  first  arc- 
derivative  for  all  directions  in  the  regional  orientation  at  0. 
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III.  The  third-order  condition  is 


and  it  is  to  be  satisfied  for  all  values  of  j/,  </',  r',  /',  in  the  regional  orientation. 
Let  the  value  of  /',  given  by 


be  substituted  in  the  condition,  which  then  becomes  a  homogeneous  cubic  relation 
in  the  linearly  independent  quantities  p',  q1 \  r'.  Proceeding  as  before  with  the 
second-order  condition,  we  now  find  that  ten  relations  must  hold  among  the 
quantities  €uk  ;  and  these  can  be  expressed  in  symmetric  form,  by  the  six  relations 

for  the  combinations  i,  m,  —  1,  2,  3,  4,  and  the  four  relations 


for  the  combinations  •/,  j,  k,  —1,  2,  3,  4,  where  the  symbols  £  are  defined  by  the 
values  of  the  respective  pairs  of  equal  quantities  in  the  first  six  relations. 

These  ten  relations  are  necessary,  in  order  to  secure  the  third-order  condition  ; 
it  is  easy  to  verify  that  they  are  also  sufficient  to  that  end,  by  shewing  that  the 
quaternary  cubic  E%  contains  €lpf  +€2?'  +  e3/  +e4/'  as  a  factor  when  the  ten 
relations  are  satisfied. 

The  analogy  (p.  421),  between  the  second-order  condition  and  a  quadric  in 
triple  space,  can  be  extended  to  the  third-order  condition.  With  the  same  inter- 
pretation assigned  to  p',  q',  r1 ',  /',  we  can  regard  the  third-order  condition  as  the 
equation  of  a  cubic  surface  in  triple  space  which,  on  account  of  the  factorial  quality 
of  J5?3,  degenerates  *  into  the  plane  ^  =  0  and  a  quadric  in  that  space. 

Ex.  Prove  that  if  a  quaternary  cubic  form  C  is  the  product  of  a  quaternary 
linear  form  L  and  a  quaternary  quadratic  form  Q,  the  Hessian  of  C  contains  L  as  a 
factor. 

Hence  or  otherwise  shew  that,  when  a  parametric  region  and  a  parametric  region  in 
the  same  orientation  have  contact  of  the  third  order,  the  equation 


f'13»      f!4 


C43>      C44 


=  0 


*  For  properties  of  cubic  surfaces,  see  Baker's  Principles  of  Geometry  (1923), 
vol.  iii,  chap.  iv. 
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is  satisfied  for  all  directions  in  the  orientation,  where 


with  the  customary  convention  as  to  the  variables  x. 

NOTE.  The  umbral  notation  can  be  used  for  a  simple  construction  of  those  condi- 
tions in  the  same  manner  as  for  the  construction  of  the  corresponding  conditions  of 
contact  between  parametric  surfaces  and  geodesic  surfaces  in  a  region  (p.  64). 

We  take  sets  of  umbral  symbols  a,  />,  c,  ...  associated  with  E2,  and  sets  of  umbrul 
symbols  a,  j3,  y,  ...  associated  with  #3,  so  that 

r'  +  V)2  =  4'> 


and  we  write 

the  syrnl)ols  e  being  non-umbra).     Then 
<V  -  ^iX  +  <V/  +  ^V  +  «4 
wheni,  for  /'  =  1  ,  2,  3, 


#i  «  o*  -  ~  «4>   A  ^  ««  -  ~  a4  ; 


and  the  quantities  Ez,  A'3,  acquire  the  forms 


The  directions,  in  the  regional  orientation  at  0  which  is  common  to  the  parametric 
region  and  the  geodesic  region,  arc  given  by  Z  =  (). 

(i)  The  condition  for  second-order  contact  between  the  two  regions  is 

((7lP'+flrf'+a/)»=o, 

to  be  satisfied  for  all  values  of  the  three  independent  quantities  //,  y',  /.    There  are 
six  necessary  relations.    Tn  umbral  form,  they  are 

«„"  =0,    GmQ*~Q, 

for  all  values  ///,  //,  =1,  2,  3.    When  expressed  in  terms  of  the  coefficients  e,,.  they  are 


» 

€m  -        .  €m    -  -  em  -          €n  -  € 


€4  €4*    "  e4  e4  c4* 

and  these  can  be  modified  to  the  forms  in  the  text. 

Moreover,  when  the  six  relations  are  satisfied,  we  have 


identically  ;  and  therefore  the  six  relations  are  sufficient  to  ensure  that-  the  condition 
JS2  =  0  for  second-order  contact  is  satisfied  for  all  directions  in  the  regional  orientation, 
as  given  by  Z  =  0. 

(ii)  Similarly,  the  condition  for  third-order  contact  between  the  regions  is 
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to  be  satisfied  for  all  values  of  the  three  independent  quantities  p',  q'>  /.    There  are 
ten  necessary  relations.    In  umbra  1  form,  they  are 

P3__f)      p  2P  _o      p  p  p  _  o 

•*  m    ~  U>      •*  m  •*•  n  —  u,      •*  l*  2*  3  —  U> 

for  all  values  w,  ??,  =  1,  2,  3.     When  expressed  in  terms  of  the  coefficients  of  J£3,  they 
are 

€m  -  €m2  -  *m3  - 

€4     ™m  €42      m  €43 

6  -\-  €    €  ) 


and  these  can  be  modified  to  the  forms  in  the  text. 
Also,  when  the  ten  relations  are  satisfied,  we  have 


444  == 


v          *y  JL  i     j3  72  ,  -     73 

3  "  a/7"     -  1/'*     +  444   ' 

identically  ;   and  therefore,  the  ten  relations  are  sufficient  to  ensure  that  the  condition 
for  third-order  contact  is  satisfied. 

Quadrnply  orthogonal  families  of  regions  in  a  domain. 

328.  As  a  triple  system  of  orthogonal  surfaces  can  exist  in  a  region  (or  a  flat),  so 
a  quadruple  system  of  orthogonal  regions  can  exist  in  a  domain  (or  a  block)  ;  and 
just  as  no  one  of  the  families  of  surfaces  in  the  triple  system  can  be  assumed 
arbitrarily  (§  262),  so  it  will  appear  that  no  one  of  the  families  of  regions  in  the 
quadruple  system  can  be  assumed  arbitrarily. 

Let  a  possible  quadruple  system  of  regions  in  a  domain  be  represented  by  the 
equations 

«  (p,  q,r,t)  =  a,     €  (p,  q,  r,  /)--€,     i  (p,  q,  r,  /)  =  t,     K  (p,  q,  r,  t)  =K, 

where  the  right-hand  magnitudes  a,  c,  t,  K,  denote  the  parameters  of  the  four 
families  :  and,  as  before,  let 

»3  -4-   lw^=Q^ 

f 


aj  l  -f  w 

for  coa  Q,  —a.,  A  ;  6,  E  ;  t,  /  ;  /c,  K  ;  in  turn.    The  six  conditions  of  orthogonality 
of  the  system  can  be  written  in  the  forms 


e^i  =0, 
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and  also  in  the  equivalent  forms 


All  these  primary  conditions  are  of  the  first  order  ;   and  they  relate  solely  to  the 
directions  of  domainal  normals  to  the  regions  at  their  point  of  intersection. 

For  further  conditions,  which  are  to  express  continued  orthogonality  along 
intersections,  we  differentiate  the  primary  conditions  with  respect  to  the  domainal 
parameters.  Proceeding  from  the  relation 


and  differentiating  with  respect  to  p,  we  have 


each  summation  extending  over  the  ten  terms  corresponding  to  the  combinations 
of  the  type  a1e1,  a^  f  a26i,  ...  ,  a4e4.  When  this  relation  is  re-arranged,  it  can  be 
expressed  in  the  form 


with  the  customary  significance 


for  aj  —  a,  €,  i,  K.    When  the  same  relation  is  differentiated  with  respect  to  <y,  to  r, 
and  to  t,  in  turn,  we  similarly  obtain  the  successive  relations 


Let  these  four  relations  be  multiplied  by  /15  72,  73,  /43  respectively,  and  the  products 
be  added  ;  then 

S  2  (WJ+ 


Similarly,  when  the  same  four  relations  are  multiplied  by  Kl9  K^  K3,  K^  respec- 
tively, and  when  the  results  are  added,  there  follows  the  relation 


Thus  there  are  two  relations  of  this  type,  linear  in  second  derivatives  of  a  and  €, 
and  otherwise  bilinear  in  the  first  derivatives  of  a,  e,  t,  K  ;  and  they  are  obtained 
by  combining  the  derivatives  of  the  single  relation  2aai*i~^  °^  orthogonality. 
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Similarly,  from  the  other  five  primary  relations  of  orthogonality,  we  obtain 
the  corresponding  pairs  of  secondary  relations 

yj  yj  (BiZi*)  +  yj  yj  (£A/Ka-Aj  =0 


yj  yj  (A 


i*)  +  yj  yj  (£A/Ka-Aj  =01 
A.)  +  yj  yj  (^/,O  =oj  ' 


2  £  (E^A^)  +  V)  2  (EAKtJld^)  = 
\^  ^  (77"    \  4-  N^  N^  (1  K  ~    \  — 

^j  ^v  (E^I^K^)  +  2^  ^j  (E^K^L^fl)  ~ 
V)  V  (JA^eAJ  +  V]  V  (A^E^K^ 

These  lead  at  once  to  the  twelve  simpler  forms  : 


v  2  (^A^iAM)=o,    v  yj  (Ajc*)  =o,    v  yj  (!,K^)  =o  ; 
vj  yj  (lAJeMtAj  -o,    v  vj  (^A^Mrj  -_o,    yj  v  (KA  J^AJ  =o  ; 

yj  V  (£A7^,J  -0,     V  V  (7,,l^AJ  ,,0,     V  Vj  (4A^M^)=0. 
Now  consider  the  nine  equations,  in  the  two  groups, 

=  - 


these  six  being  the  primary  conditions,  and  the  three  secondary  conditions 

yjyj<fiKi*u)=o,  yjyj(^i^an)=o,  yjyj(j171au)=o. 

They  involve  nine  magnitudes  in  all,  made  up  of  the  three  sets  of  ratios  of  the 
quantities  EA  to  one  another,  of  the  quantities  7^  to  one  another,  and  of  the  quan- 
tities KI  to  one  another  ;  the  coefficients  of  the  nine  magnitudes  involve  the 
quantities  az)  d13,  and  the  primary  magnitudes  of  the  domain  ;  and  therefore  the 
equations  are  potentially  sufficient  to  determine  each  of  these  nine  ratios.  Thus 
we  shall  have  relations 


(with  a  like  set  of  relations  for  Il9  72,  73,  74,  and  a  like  set  of  relations  for 
Kl,  K2)  K3,  KI\  their  exact  form  is  not  immediately  material  for  the  present 
purpose)  ;  and  so  there  are  relations 

fl  =  !?  =  €3  =  €4 

P    Q    R    T' 

where  P,  Q,  ft,  T9  are  functions  of  the  quantities  at  and  dt;,  for  i,  j,  =-1,  2,  3,  4. 
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Consequently  the  Pfaffian  equation 


which  is  equivalent  to  rfe=03  must  satisfy  the  conditions  of  being  an  exact 
equation,  which  are 


9T_9P\ 

d        dtl        ' 


being  three  linearly  independent  conditions  in  all. 

Each  of  these  conditions,  when  substitution  of  the  values  of  P,  Q,  R,  T,  is 
made  in  terms  of  the  quantities  at  and  di},  becomes  a  partial  differential  equation 
of  the  third  order  satisfied  by  the  magnitude  a  ;  and  therefore  the  parameter  of 
the  family  of  regions  satisfies  three  partial  differential  equations  of  the  third  order. 

A  like  inference  would  follow  from  the  consideration  of  the  ratios  7X  :  72  :  73  :  74, 
and  also  from  the  consideration  of  the  ratios  of  Kl  :  K  2  :  K%  :  K^.  The  symmetry 
of  the  whole  system  suggests  that  the  three  sets  of  equations,  in  each  of  the 
combined  inferences,  are  equivalent  to  a  single  set  of  equations.  Such  a  trio  of 
equations  can  be  obtained  by  an  entirely  different  process,  as  follows  :  they  arise 
in  connection  with  the  third-order  conditions  associated  with  the  continued 
orthogonal  intersections. 

329.  We  proceed  from  a  relation 

^V^a^O, 

A         H 

and  operate  with  &a  where 

d  d  ^A         ^ 


with  the  usual  convention,  x^  cr2,  u*3,  #4,  —  />,  </,  r,  /. 
From  the  definition  of  E^  we  have 


-  V  Eu{lu,  A}. 
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Similarly  for  derivatives  of  £*A  with  respect  to  q,r,t\  and  therefore 


-  v  v 


V  £  J,J,{y,  A} 


In  the  same  way,  we  find 


I      m 


Accordingly,  when  we  operate  with  ^a  on  the  selected  relation  so  as  to  obtain  a 
third-order  relation  in  the  form 


« 

A        n 

and  when  substitution  is  made  for  the  quantities  &a(l?A)  and  $a(/J  with  the 
values  just  obtained,  we  have  a  relation  which  is  homogeneous  and  bilinear  in 
the  quantities  E  and  I,  the  coefficients  of  the  various  combinations  being  functions 
of  the  derivatives  of  a  alone. 

Consider  the  coefficient  of  -  IhEk,  in  so  far  as  it  arises  from  the  summation 
of  the  second  and  the  third  terms.  The  coefficient  of  the  term  involving 
«-tt(logfi)is 

-"^hkf  hole's 

in  the  total  double  summation,  the  aggregate  of  such  terms  vanishes  because  of  the 
secondary  conditions.  The  rest  of  the  coefficient  of  -  /^^A 

'S  [Afdhf{ek,f}] 

f^ 

)+  £  ^  [^ 

e       f 


using  Thk  to  denote  the  immediately  preceding  magnitude.    Thus  the  third-order 
relation  is 


It  is  necessary  to  develop  the  magnitude  ^a(aAAt).    Denoting  the  element  of  the 
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domainal  arc  normal  to  a  by  dN9  we  have,  from  the  result  on  p.  409,  the  set  of 
relations 


~  da  dx8  T 

=  aisCtl  +  a2'a2  +  a3sOL3  +  a**a*  =     ' 


where  d^k  has  the  significance  analogous  to  that  of  €ijk  on  p.  412  ;  where 
a*  0'*)  =  au-T,* 


and  where  (§  269) 


for  all  the  values  of  s. 

Thus  the  magnitude  <i)a(dAJ  consists  of  three  aggregates  of  terms  :  (i),  those 
which  involve  the  magnitudes  of  the  type  dA/^  ;  (ii),  those  which  are  free  from  the 
magnitudes  d^k  and  from  the  four-index  symbols  ;  and  (iii),  those  which  involve 
the  four-index  symbols. 

The  first  aggregate,  (i),  which  consists  of  the  terms,  involving  the  four 
quantities  dA/zfc  that  conserve  the  symbols  A  and  /z, 


The  second  aggregate,  (ii),  which  consists  of  the  terms  free  from  the  quantities 
v  and  from  the  four-index  symbols, 


which  is  the  same  as  the  second  double-summation  in  the  quantity  T^  ;  and 
therefore,  in  the  final  coefficient  of  E^I^  in  the  third-order  condition,  these  two 
double-summations  cancel. 

The  third  aggregate,  (iii),  which  consists  of  the  terms  involving  the  four-index 

symbols,  is  found  after  substitution  for  -   *  and  collection  of  terms,  to  be 


,  /*»)  +  (w*. 

•«     y       6 

=.4  S  ^  A^6(yA,  ^8)=^  Ja 
the  summation  in  the  quantity  denoted  by  Ja  extending  over  y  and  S  independently. 
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When  these  results  are  collected,  and  we  write 

MV«vyM         VM        3,0   a 
the  third-order  condition  becomes 

A       [i 

This  result  has  been  derived  from  the  second-order  condition  V)  ^  EAIud^u=Q. 
When  the  second-order  conditions  *     ** 

T'V'       «     ^      ->     ^j  ^ 
are  used  in  the  same  way,  they  lead  to  the  third-order  conditions 


These  are  three  conditions,  each  involving  the  third-order  derivatives  of  a ;  and 
they  are  bilinear  in  the  same  sets  of  ratios  of  the  quantities  E,  the  quantities  7,  and 
the  quantities  K,  as  the  earlier  conditions  of  the  first  order  and  the  second  order 
respectively.  But  those  earlier  conditions  potentially  sufficed  for  the  determination 
of  the  three  sets,  each  of  three  ratios  ;  hence,  when  the  hypothetical  values  are 
inserted  in  the  three  conditions  of  the  third  order  affecting  a  alone,  there  result 
three  partial  differential  equations  of  the  third  order  which  must  be  satisfied  by 
the  parameter  a  of  a  family  of  regions  in  a  domain  constituting  a  set  in  a  quadruply 
orthogonal  system  of  regions  in  the  domain. 

The  same  partial  differential  equations  of  the  third  order  must  be  satisfied  by 
the  parameter  of  each  of  the  four  families  of  regions  in  the  quadruply  orthogonal 
system. 

The  explicit  form  of  these  differential  equations  remains  for  determination  ; 
and  the  complete  symmetry  of  the  system  of  equations,  as  between  the  three  sets 
of  quantities  J?,  7,  K ,  to  be  eliminated  from  the  a-equations,  suggests  that  all  the 
three  equations,  so  far  linear  in  the  magnitudes  A^,  may  be  combinable  into  a 
single  equation,  free  from  the  radicals  affecting  and  discriminating  the  quantities 
to  be  eliminated.  The  following  stage  in  the  mode  of  elimination  may  be  noted. 

330.  Of  the  whole  set  of  twelve  equations,  which  are 


we  first  take  the  three  equations  : 


a33 


73+ 
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Apparently  they  should  suffice  to  determine  the  ratios  II  :  72 :  73  :  74,  in  a  form 

~p<rQa=R,rTa' 

But  three  equations,  of  precisely  the  same  forms  with  quantities  K  substituted 
for  quantities  7,  occur  in  the  set  of  twelve  ;  and  they  would  lead  to  ratios 

T?       K      F       v 

J\  j        J\  2       -tV  3       I\  4 

with  the  same  magnitudes  Pa,  Qa,  J?a,  Ta,  as  before.    If  therefore  these  forms  of 
the  ratios  are  determinate,  we  should  have 


»« 


that  is, 


Kl    KZ 


Ki 


relations  that  manifestly  are  impossible  in  the  orthogonal  system.    Consequently 
the  forms  of  the  ratios  cannot  be  determinate  :  and  therefore 

P0  =  0,     pfl  =  0,     #tt  =  0,     Ttt=0. 


The  three  selected  equations,  linear  arid  homogeneous  in  7l3  72,  73,  74,  must 
therefore  be  equivalent  to  two  only  ;  and  consequently  there  must  exist  quantities 
-V  and  X  such  that 


(awtf  i)  -  A'a,  +  Z^  (yi)3), 


Also,  we  have  the  relation  _ 

VKI, 

Eliminating  the  five  quantities  E^  E».  E^, 
Z  as  a  root  of  the  equation 


^4,  A',  among  these  equations,  we  have 


a3 


aj        ,  aa        ,  a3  a4       ,     0 

This  e(juation  is  of  the  third  degree  in  Z,  and  may  be  written  in  the  form 

00Z3-  0^-1-0^-03-0, 

where  each  of  the  four  quantities  0  is  of  the  second  degree  in  the  quantities 
<*!>  a2,  ct3,  a4,  and  0W  is  of  degree  n  in  the  quantities  d,;,  for  n  =  0,  1,  2,  3. 
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These  equations,  in  form,  are  the  same  as  the  equations  for  the  principal 
domainal  flexures,  in  magnitude  and  in  direction,  belonging  to  the  a-region  (§  319). 
In  particular, 


where  ay  denotes  the  normal  dilatation  of  the  region,  and  ya  denotes  a  prin- 
cipal radius  of  domainal  flexure  of  the  region  ;  and,  further,  the  quantities 
El9  E2,  E3,  /?4,  are  proportional  to  the  domainal  direction-variables  of  the 
corresponding  principal  radius  of  flexure. 

Precisely  the  same  equations  are  satisfied  when  the  magnitudes  I  are  sub- 
stituted for  the  magnitudes  E,  and  also  when  the  magnitudes  K  are  substituted 
for  the  magnitudes  E.  We  therefore  associate  one  value  of  Z,  say  Z1?  and  the 
corresponding  principal  domainal  flexure  (in  magnitude  and  direction),  with  the 
e-region  and  the  magnitudes  E  ;  a  second  value  of  Z,  say  Z2,  and  the  corresponding 
principal  domainal  flexure  (in  magnitude  and  direction),  with  the  t-region  and  the 
magnitudes  I ;  and  the  third  value  of  Z,  say  Z3,  and  the  corresponding  domainal 
flexure  (in  magnitude  and  direction),  with  the  /c-region  and  the  magnitudes  K. 
Also  we  have 

T^      ^  de     dxx 


dNg 


'dN~ 


v 


the  derivatives  of  #A  on  the  right-hand  sides  being  the  domainal  direction-  variables 
of  the  domainal  normals  to  the  e-region,  the  t-region,  and  the  /c-region,  respectively. 
Hence  we  infer  the  theorem  that,  in  a  system  of  quadruply  orthogonal  families 
of  regions  in  a  domain,  the  curves  of  domainal  flexure  in  any  single  region  of 
any  one  of  the  families  are  the  intersections  of  that  region  by  the  members  of  the 
other  three  families  :  a  manifest  extension  of  Dupin's  theorem  on  the  curves  of 
curvature  of  a  triply  orthogonal  system  of  families  in  a  plenary  triple  homaloidal 
space. 

After  this  association  of  Z1?  Z2,  Z3,  the  three  roots  of  the  equation  * 


*  The  quantity  00  is  different  from  zero,  being  equal  to  ^  oaj2,  that  is,  to  &aN*. 
We  assume  that  the  quantities  01?  02,  ^3»  d°  n°t  vanish  simultaneously  ;  otherwise, 
the  a-regions  would  be  geodesic  to  the,  domain.  When  all  the  four  families  do  not 
consist  of  geodesic  regions,  we  take  the  a-region  to  belong  to  a  family  of  non-geodesic 
character.  When  all  the  four  families  do  consist  of  geodesic  regions,  the  domain  is 
deformabie  to  a  block,  thus  being  of  an  exceedingly  special  type. 
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we  write 


a  quartic  polynomial  expression  in  ZM,  the  highest  term  in  which  is  £?ZM4  and 
therefore  is  independent  of  the  quantities  d,r  Also,  we  denote  by  J^,  -X^  ^» 
respectively,  the  values  of  Jf  (on  p.  431  )  to  be  associated  with  Zt  ,  Z2,  Z3,  respectively. 
Then  the  values  of  the  quantities  E,  I,  K,  are  given  by  equations  of  the  form 


t     --2-3-      ~       > 
(7alm          aa2w          (7a3m          c/a 

=^(7^'+  r^Z,^  VmZl+Wm)  ; 
which,  by  the  use  of  the  cubic  equation  in  Z,  can  be  taken  as 


for  m—  1  ,  2,  3,  4  ;  and  similarly 


The  quantities  Tm,  t/TO,  Fm,  ffTO,  are  homogeneous  in  the  magnitudes  d?y,  of  orders 
0,  1,  2,  3,  respectively;  and  therefore  the  quantities  Pm,  $w,  Rm,  are  homogeneous 
in  the  magnitudes  d^,  of  orders  1,  2,  3,  respectively. 
The  three  third-order  conditions,  being 


can  now  be  modified  to  the  forms 


The  first  of  these  is  an  equation,  symmetric  in  Z2  and  Z3  :  the  second  is  the  like 
equation,  symmetric  in  Z3  and  Zl  :  and  the  third  is  also  the  like  equation, 
symmetric  in  Zl  and  Z2.  The  result  of  elimination,  by  use  of  the  cubic  equation 
having  the  roots  Zl9  Z2,  Z3,  is  the  same  in  each  instance  :  so  that  a  single  equation 
in  the  quantities  A^  and  the  quantities  P,  Q,  Ry  would  be  the  ultimate  eliminant 
the  same  for  all.  But  a  simpler  equation,  linear  in  the  quantities  A^  and  therefore 
linear  in  the  third-order  derivatives  of  a,  is  given  by 


the  left-hand  side  of  which  involves  only  symmetric  functions  of  Zls  Z2,  Z3,  all  of 
which  are  expressible  in  terms  of  00, 0l9  62,  03,  the  coefficients  of  the  combinations 

F.I.G.  II.  2K 
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being  functions  of  the  quantities  P,  Q,  R.    In  this  last  equation,  the  full  coefficient 


where 

c^=2Pi(p,(e^-2e1e3)+ 

J  8  A 


and  therefore  the  equation  of  the  third  order,  to  be  satisfied  by  the  parameter 
of  the  family  of  a-regions  if  they  constitute  their  part  in  a  quadruply  orthogonal 
system  of  regions  in  the  domain,  is 


an  equation  which  is  of  the  first  degree  (but  is  not  homogeneous)  in  the  third-order 
derivatives  of  a  with  respect  to  the  parameters. 

331.  Further,  when  once  an  integral  a  of  this  equation  has  been  obtained,  the 
other  three  families  required  to  complete  the  system  can  be  constructed  by 
quadratures.  For  we  have 


#,*„=*>  (XX  3^); 

\    j  vu-jm' 


and  it  is  known  that  the  regions  thus  defined  are  orthogonal  to  one  another  and 
to  the  a-region.    Also,  as 

Fi  V  ^ 

^m=Z/arm*r, 
r 

we  have 
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and  therefore  the  c-regions  are  given  by  the  quadrature  of  the  exact  Pfaffian 
equation 


Similarly  the  t-regions  are  given  by  the  quadrature  of  the  exact  equation 
S  S  {««  l^-(AlndP+Atndq+A3ndr+Atndt)\=V, 

m     n     (.        oamn  J 

and  the  /c-regions  by  the  quadrature  of  the  equation 


The  complete  system  of  quadruply  orthogonal  regions  in  the  domain  is  thus 
derivable  by  quadratures  alone,  when  an  integral  of  the  central  third-order  partial 
differential  equation  satisfied  by  a  family  parameter  is  known. 

NOTE.  The  method  in  §  328  is  based  on  a  method  due  to  Cayley,  and  the 
method  in  §  329  is  based  on  a  method  due  to  Darboux,  for  the  determination  of 
triply  orthogonal  systems  of  surfaces  in  homaloidal  triple  space  *. 

*  For  references  to  Cayley  and  to  Darboux,  sec  my  Lectures  on  Differential  Geometry, 
ch.  xi. 


CHAPTER  XXVIII 

CURVATURES  OF  GEODESICS  IN  DOMAINAL  REGIONS 

Primary  and  secondary  magnitudes  of  a  domainal  region  and  the 

magnitudes  for  the  domain. 

332.  The  curvatures  of  a  region  enclosed  in  a  domain,  both  those  relative  to 
space  and  those  relative  to  the  enclosing  domain,  can  be  expressed  in  terms  of 
domainal  magnitudes,  in  a  manner  similar  to  that  used  (§§  204,  205)  for  the 
expression  of  the  curvatures  of  a  surface  enclosed  in  a  region. 

The  parameters  p,  q,  r,  of  the  domainal  set  are  retained  as  the  regional 
parameters,  the  domainal  region  being  represented  by  the  parametric  equation 
c(y,jf,  M)=0,8o  that 


where 


The  arc-element  of  the  region  is  also  an  arc-element  of  the  domain,  so  that,  if 
AQ,  B0,  C0,  FQ,  6?0,  H0,  denote  the  primary  magnitudes  for  the  region, 


and  therefore,  on  substitution  for  t', 

AQ=A-2clL  +VD,     F^F 
+  c22A     6'0=(? 

,    H0=H-clM-c2L  -{-e 

Let  ul9  u2,  u3,  acquire  for  the  domainal  region  the  customary  significance  of 
t*i,  w2,  %,  for  any  region  ;  then 


=  11!- 
U2  =  H o p'  -f  #0^'  +  J?or '  =  W2  - 

^3 =  @oP'  +  ^o?'  +  6r0r'  =  ws  ~ 

the  symbols  u  on  the  right-hand  side  belonging  to  the  domain. 

Also  denoting  by  £0  the  determinant  of  AQ,  BQ,  C0,  FQ,  6Y0,  HQ9  we  have 

*o,    ^o,    «o 
jto>     -^o>    ^o 
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A,  H,  G,    L, 

H,  B,  f,  M, 

G,  J,  (7,   N, 

L,  M,  N,   D, 


Next,  denoting  the  magnitude  of  the  circular  curvature  and  the  typical 
direction-cosine  of  a  regional  geodesic  by  />0  and  Y0  respectively,  we  have 


Now,  for  the  region,  we  take 


Po 


and  also 


y 

p 


where,  for  all  values  i,  j,  =1,  2,  3, 


When  these  values  are  substituted  in  the  equation  for  Fft/p0,  and  the  coefficients 
of  the  powers  of  pf,  q',  r',  in  the  resulting  homogeneous  relation  are  compared,  we 
find  the  general  relation 

-        ^      dy 
' 


We  denote  the  secondary  magnitudes  of  the  domainal  region  by  A0,  50,  C0, 

F0,  GQ,  H0  ;  then,  as 

J  —  V  V  f 

-^0—  JL/  2  Obll 

by  definition  of  those  magnitudes  (§  168),  it  follows  that 


438 
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for  all  values  of  k,  A,  fi,  the  summation  being  over  the  dimensions  of  the  plenary 
space.     But 


and  therefore 


In  the  same  way,  we  find 
-•=  -  (  J  -  c2  A7  - 

Po      P 


-—  (eu-a- 

---  («23  -  c2e34  -  C3i24  +  C2c3e44)  ; 


and  there  are  corresponding  values  for  the  remaining  secondary  magnitudes 

-So?  ^05  ^0>  ^0' 

Let  iJj,  v2,  ^3,  acquire  for  the  domainal  region  the  customary  significance  of 
vi>  V2>  va>  f°r  any  region  ;  then 


^S)  +  q'  (H  - 

_        _        _  _         l 

(<?-  c,N  -  c3L  +  clC3D)}  -- 


'  +  Eiar') 

n 

1.  v  1      /- 

=  -(I'l-^vJ----^^), 

the  symbols  et  (for  i=  1,  2,  3,  4)  having  the  significance  defined  in  §  269,    Similarly 
we  find 

v      1  1 

~  =  -  (V2  -  ^2^)  ---  (^2 
Po      P  7*n 


These  results  may  also  be  stated  in  the  forms 


cos    —    ^  - 


v2  =  (?>^2  -  c2^4)  cos  ^ 


cos    - 


sn 


sn 
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where  0  denotes  the  angle  between  the  prime  normal  of  the  regional  geodesic 
and  the  prime  normal  of  the  domainal  geodesic  tangent ;  and  they  can  be  obtained 
also  as  follows.  We  have 

L-L     1 

and  an  equivalent  form  is 

11         .     1    .     . 

-  =  -  cos  w  +    sin  w. 

Po    P  Y 

Now 

l=v    '  +  v    '  +  vf>    vf 
p 

=  fa  -  c^) p'  +  (v2  -  c2vj  q'  +  (v3  -  c3?;4)  t' ; 
also 

-1-lr    '-'-'-'\ 
1 

~—{(*l-Cl*&)P  +  (*2"-C2*4)#  +(€3-C3€4)r}, 

and 

1=.    ,          ,        ^ 

Po 

The  quantities  cos  ift  and  sin  i/j  are  non-rational  functions  of  p',  q' ,  r',  t',  and  are 
homogeneous  of  order  zero  in  these  variables  ;  hence,  there  being  no  linear  homo- 
geneous relation  in  p',  q',  r',  alone,  and  as  the  relation  now  becomes  a  definition 
of  quantities  vl9  v2,  v3,  we  take 

1 
v-t  —  (?Jt  —  c'i  ^4)  cos  w (€1  —  ^i^4)  sin  iff, 

v2—(v2  -  v2Vt)  cos  iff  -  -  (e2  -  c2€4)  sin  0, 


as  before. 

Value  of      (    j  for  a  geodesic  in  a  dotnainal  region. 

333.  Corresponding  expressions  are  required  for  magnitudes  connected  with 
the  arc-derivative  of  the  circular  curvature  of  tho  regional  geodesic.  Denoting  by 
%,  w2,  w^,  for  the  geodesic  in  the  domainal  region,  the  quantities  wl9  w2,  w3.  for 
a  free  region,  so  that 

d 
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it  is  desirable  to  express  wl9  w2,  w3,  in  terms  of  domainal  magnitudes  connected 
with  the  domainal  geodesic  tangent. 
When  the  equation 


is  differentiated  along  the  regional  geodesic,  we  have 

1    d 
Po 
and  therefore 

d_  f1}-!^  (!\\  [d  f} 

But 

d  m      d  fl\     „, d   /} 


^f-U'-f-U-^  (-}, 

'o  \pJ     P  ds0  \p/     y  ds0  \Y/  ' 


dq         dr         dt 


where  $  denotes  the  cubic  in  p',  q',  r',  t',  represented  by 


If  the  right-hand  side  be  denoted  by 

V^  X^ 

-2j2j 

with  the  usual  convention  a^,  x2,  x3,  x^  —p,  q,  r,  t,  we  have 


and  now 

d  m    (d  /r 


d  n\ 

=1  r    -  1 

l&W 


Now 


with  the  former  significance  (§  285)  for  wl9  w2,  w%,  w^  :  that  is, 

;/*  ( " ) = (^i ""  CIW*)P' + (w»  -  C2^4)  ?' + K 

cw  \p/ 
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Again,  with  the  like  significance  for  symbols  <£1?  <£2,  <£3,  <£4,  so  that 

u-9*    o,    *¥   o,  _%>    o.  _ty 
d^~dP''  ^~df'  ^3-dr"  W'-df" 

we  have 


The  value  of  -=-    I  -)  has  been  obtained  in  the  relation  in  §  325  ;  so  we  write 
dsQ  \yj 


which  is  a  cubic  in  p'9  </',  r',  t'  ;  with  a  corresponding  significance  for  W19  W& 
TF4,  we  have 


Let  these  values  be  inserted  in  the  equation  for  —  f-  -1  .    The  quantities 

cosi/r  and  sin«/r  are  non-rational  functions  of  p',  </',  r',  t',  and  are  homogeneous 
of  zero  order  in  those  variables  ;  hence 


W2  =  {  (W2  —  C2W^)  +  2  (^g  —  ^2^4)}  COS  0  +  (  ^2  ~~  C2  ^4)  S^11  0   f  • 

Ex.     These  results  can  also  be  obtained  by  a  process,  of  which  the  following  is  an 
outline,  the  calculations  being  omitted. 

The  fundamental  equation  connecting  the  circular  curvatures  of  the   regional 
geodesic  and  the  domainal  geodesic  can  bo  taken  as 

„_    „     1  dy 

Differentiation  along  the  regional  geodesic  gives  the  relation 


t/-r 

2/0     ~( 

1  j  2  j  8  T"4T~ 

y\  flrf/*      I2rf/i      ndn      '*dn' 


„,     2  /     dp         dn         dr          dt 

~V      +     (  ^1  j^  +  ^2  j  "~ 

^  \  flrf/*      I2rf/i 


\y/ 

Take  quantities  gl9  f2,  £3,  £4,  such  that 

..  dp          dq          dr  dt 

C       ~.  _•*•  I      _-  •*•        l_  «-.  _l_  ~v 


for  the  four  values  of  i  ;  then,  as  the  formulae  of  §  323  give 

d  fdy\      ..     .     j.    ,      ..    t      ..    .     dy  1  den       1 

" 
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we  find 


dy  (  d  (\\       I    dtn}         1 
+  dn  (ds(J--+ 


all  the  complete  terms  on  the  right-hand  side  being  quantities,  homogeneous  in 
P',  <?',  **'»  *',  of  the  third  order.    We  have 

„/"     V*  V*  V*        „  '„  '*  ' 

y   =  2j  2j  2j  ^kxi  xi  -rfr  i 

and  wo  write 

/>    i  .  >    /.>    i  .  >  .i\ 


so  that,  if 

^t;fc 

we  have 

yo 

where  the  direction-variables  on  the  right-hand  side  still  are  p'%  g',  r',  t'.    Let 


the  triple  summation  referring  only  to  the  direction-variables  p',  q'  ,  r',  for  the  region  ; 
then  in  the  former  expression  for  y0'",  when  we  substitute  —(Cip'+czq'  -f-^r7)  for  i  ', 
and  compare  coefficients,  we  find 


as  the  law  for  the  coefficients  £  in  the  expression  of  «/0'". 
Next,  when  we  take 


the  summation  being  for  the  three  variables,  we  have  (§  174)  the  quantities  Eijk  given 
by  the  definition 

E*)k~  2^  -^o£tf*  ' 

and  therefore 


In  the  coefficient  of  cos  ^,  we  have 
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the  other  terms  vanishing  ;  that  is,  as 


we  have  the  means  of  obtaining  the  full  coefficient  of  cos  *{/. 
In  the  coefficient  of  sin  0,  we  have 

dy        \  ^  fdy 


.     \ 

v;  , 


the  other  term  vanishing.    But  (§  280,  Ex.  1) 
V/. 


so  that 


i  v*  f  /  ^fcl 

~*  ^  I  w*^^"*"^***^4"^^  ^?i  /  ' 
and  similarly 

=  -  3  S  L^^aA  +  ^vA^a,x  +  *A^J 


so  that  we  have  the  means  of  obtaining  the  full  coefficient  of  sin  iff.    We  therefore 
may  regard  Eijk  as  expressible  in  terms  of  the  domainal  quantities. 
Then  the  values  of  wlt  w2,  $3,  are  obtainable,  by  the  relations 


the  summations  with  regard  to  A  and  p  being  for  the  values  A,  /i,  =  1 ,  2,  3.    The  final 
results  are  as  stated  in  the  text. 


Spatial  and  domainal  curvatures  for  a  region. 

334.  As  for  a  surface  in  a  region,  (§  199),  so  for  a  region  in  a  domain,  there  arc 
two  species  of  curvature  to  consider.  The  region,  contained  in  the  domain,  still 
is  a  configuration  in  the  plenary  space  of  that  domain ;  and  its  geodesies  have 
their  successive  curvatures  relative  to  that  plenary  space  alone.  For  convenience, 
these  curvatures  are  called  spatial ;  and  there  is  a  corresponding  orthogonal  frame 
for  the  geodesic,  the  first  four  lines  of  which  are  the  tangent  to  the  geodesic,  the 
prime  normal,  the  binormal,  and  the  trinormal,  all  but  the  prime  normal  being 
gremial  to  the  region  (that  is,  lying  in  the  tangent  flat  of  the  region).  The  typical 
direction-cosines  of  these  lines  are  denoted  by  y',  for  the  tangent ;  by  1"0.  for  the 
prime  normal ;  by  A3  (instead  of  /3,  as  the  region  is  domainal,  not  free),  for  the 
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binomial  ;  and  by  A4  (instead  of  Z4,  for  the  same  reason),  for  the  trinormal.    The 
spatial  curvatures  are  denoted  by  1//>0,  l/cr0,  I/TO)  respectively  ;  and  differentiation 

along  the  regional  geodesic  being  indicated  by  -^  ,  we  have 


A4      Y0 


as  equations  in  the  Frenet  system  for  the  spatial  curvatures. 

There  are  also  the  curvatures  of  the  regional  geodesic  relative  solely  to  the 
enclosing  domain.  The  geodesic  is  still  a  geodesic  in  the  region,  and  its  gremial 
lines  are  unaltered  ;  but  its  prime  normal  is  the  domainal  normal,  being  the 
direction  of  the  radius  of  domainal  flexure  which  now  takes  the  place  of  the 
spatial  circular  curvature.  Thus,  within  the  tangent  block  of  the  domain,  there 
is  the  beginning  of  an  orthogonal  frame  for  the  regional  geodesic,  the  first  four 
lines  of  which  are  the  tangent,  with  a  typical  direction-cosine  y'  ;  the  domainal 

normal,  with  a  typical  direction-cosine  ~  ;    the  binormal,  with  the  foregoing 

dn 

typical  direction-cosine  A3  ;  and  the  trinormal,  with  the  foregoing  typical  direction- 
cosine  A4.  The  domainal  flexure  of  the  regional  geodesic  is  denoted  by  1/y, 
as  before  ;  the  domainal  torsion,  the  domainal  tilt,  and  the  domainal  coil,  by 

l/orc,  l/re,  l//c€,  respectively,  the  region  being  represented  parametrically  by 


The  complete  orthogonal  frame  of  the  regional  geodesic,  for  domainal  curva- 
tures subsequent  in  rank  to  the  coil,  is  constituted  by  a  part  of  the  frame  for 
domainal  curves.  The  principal  lines,  thus  far  retained  for  the  regional  geodesic 
in  its  domainal  relations,  have  typical  direction-cosines 

«/',£,A3,  A4; 
the  lines  are  perpendicular  in  pairs,  and  they  constitute  the  same  block  as 


for  a  domainal  geodesic  ;  hence  the  succeeding  principal  lines  for  the  regional 
geodesic  can  be  taken  to  be  the  prime  normal  of  the  domainal  geodesic  and  its 
normals  that  rank  subsequent  to  the  quartinormal.  Accordingly,  the  first 
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equation  of  the  Frenet  system  for  the  domainal  curvatures  of  the  regional  geodesic 
is  obtained  as  in  §  199  for  superficial  geodesies  in  a  region.  Let  d^l  denote  the 
angular  deviation  between  the  regional  geodesic  and  the  domainal  geodesic  ;  then 

~  dp,i=  component  of  the  deviation  in  an  orbicular  representation 


We  have  1/y  as  the  limiting  value  of  dfa/8  ;  and  therefore 

\dy^     ^     J\_Y 
y  dn     ^°      y       p0      p  ' 

For  the  remaining  equations,  we  have  (as  in  §  200) 


-- 

dnj     a€     y  ' 

_A4_  I  dy 

re    vf  dn  9 


and  so  on. 

The  values  of  A3  and  A4  for  a  regional  geodesic  are  known  (§§172,  178)  in 
terms  of  the  magnitudes  belonging  to  the  region.  We  proceed  to  use  these  values, 
for  the  determination  of  the  initial  spatial  curvatures  and  the  initial  domainal 
curvatures  of  the  c-region  enclosed  in  the  domain. 

Spatial  torsion  of  a  regional  geodesic. 

335.  For  the  binormal  of  a  regional  geodesic  (§  172),  the  typical  direction- 
cosine  A3,  when  the  region  is  domainal,  becomes 


(2/2  ~ 
where 


^o    Po        o      ^o     Po  ^o     Po     Po 

and 


Thus  with  the  values  of  vl9  v^  v39  on  p.  438,  we  have  expressions  of  the  form 
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for  fji  =1,  2,  3  ;  and  therefore,  as 

'  +  M'  +  &/  =  (0i  -  Ci04)  p'  +  (02  -  C20J  ?'  +  (2/3  - 
'  +  03?'  +  yS  =0'» 


[CH.  XXVIII. 


we  have 


)  cosi/r- 


As  regards  the  quantities  Y",  we  have 

yx  =  a0  (^  -  Cj  v4)  -f  A0  (r2  - 


/"*  IP  C* 

(T0       >  ^0       J  UC 

1       r      r      v.      v       0 

FT  Tj>  JTI          TIT 

^r         T^         /^f        -y 

/„  M,    Ar,    D,    €4 

with  similar  expressions  for  Y"2,  Y3  ;  and  therefore 

//!  Yj.  -f  02  Y2  +  03  Y3 = (0i  -  cxy4)  Y!  4-  (y2  -  c2y4)  Y2  -f  (y3  - 

0,    vl9    v2,    v3,    v4,     0 


ya>  J5T,  B,  F,  M,  e2 

y3,  £,  J,  (7,  ]V,  6, 

y4,  L,  M,  N,  A  e4 

0,  el5  e2,  €3,  €4,  0 

using  the  symbol  Vv  for  brevity.    In  the  same  way,  we  find 


€4  6n 


Also,  we  have 


y2,  ^T,  J5,  ^,  M,  e2 
ya,  r;3  /\  G',  2V,  63 
y4,  /.,  M,  AT,  /),  64 


v-. 
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and  therefore 


dY0    A3    y'  I    ,_          ,      1  «    •     „ 

--,—  =  --  -  -  -  TV-O  (  V,  cos  0  -     V-  sin  0). 
cb0     a0     DO        fi€w2V  en 


Now  let 


so  that  V  can  be  derived  from  the  six-row  determinants  Vv  and  V~  merely  by 
changing  their  first  lines  of  constituents  into 


and  we  have 


a  typical  equation  expressing  A3  in  terms  of  domainal  magnitudes  when  aQ  is 
known. 

To  determine  o-0,  we  have 

'-H1^ 

-  2  '    ~  2       — 


the  summation  being  taken  over  the  range  of  the  plenary  space  of  the  domain. 
This  summation  is  most  simply  effected  in  connection  with  the  constituents  of  the 
first  column  in  V,  so  that  we  must  evaluate  quantities 


the  summation  extending  over  that  range.    Now 


and  therefore 


Also 


448 
or,  as 
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l'dn 


dp         da        dr         dt 

•*!/«*  -»      I     ni  I     ni     _ 

rftt 


and  so  for  the  other  like  sums,  we  find,  after  re-arrangement, 


^         s0          p 
The  full  result,  for/*=l,  2,  3,  4,  is 


When  these  values  are  inserted  in  the  first  column  of  the  six-row  determinant 


all  the  terms  in  ,--  ( — - )  can  be  cancelled  because  the  constituents  of  the  sixth 
dsQ  \y€n/ 

column  are  0,  €1?  e2,  €3,  €4,  0.     Hence,  writing 


Po  - 


for  )it=  1,  2,  3,  4,  we  have 


where 


)  =  !       0, 


0^  A,  H,  G,  L,  €l 

>2,  H,  B,  F,  M,  c2 

>3,  G,  F,  C,  N,  £3 

>4,  A,  M,  N,  I),  e4 


so  that  the  torsion  of  the  regional  geodesic  is  thus  expressible,  in  terms  of  domainal 
magnitudes  and  of  quantities  connected  with  the  parametric  equation  of  the 
region. 

Let  D(v,  e)  denote  the  determinant  D(co),  when  the  constituents  of  the  first 
row  are  changed  to  0,  vl9  v2,  t?3,  v4,  0,  and  simultaneously  the  constituents  of  the 
first  column  are  changed  to  0,  €1?  €2,  €3,  €4  ;  then 
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p<> 


To  this  result,  we  shall  return  later.    Meanwhile,  a  modified  expression  can  be 
given  to  D  (v)  ;  for 


D(t>)  = 


A,  H,  G,  L,  Vl,  fl 

H,  B,  F,  M,  t>2,  et 

G,  F,  C,  N  v3,  €3 

L,  M,  N,  D,  «4,  e4 

t>i,  V2,  #3,  ^4,  0,  0 


where  the  quantities  !//>  and  l/o-  are  the  circular  curvature  and  the  torsion 
of  the  domainal  geodesic  tangent.  Let  ^3  denote  (as  in  §  318)  the  inclination 
of  the  binormal  of  that  domainal  geodesic  tangent  to  the  domainal  normal  of  the 
region,  then 


where  (§  284) 


dy 

dn9 


with  corresponding  values  for  p,  v,  w.    Now 


for  i=l,  2,  3,  4  ;   and  e^'-f  €2q'  +  €3r'  +  e4/'=0  ;   and  therefore 
Consequently 


i         =_..Lyare 


F.T.d.II. 
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Domainal  torsion  of  a  regional  geodesic. 
336.    From  the  foregoing  investigation,  we  have 

^_^=_J_V; 

and  the  Frenet  equation  for  the  domainal  torsion  of  the  regional  geodesic  is 

A3_jr^^  fdy\ 
a€     y     rf«v  \dnj  ' 

At  first  sight,  it  would  appear  advantageous  to  eliminate  A3  and  thus  obtain  a 
simpler  relation 

Vpo°€     7aJ     °o  ds  \dn/     v€  Qen2 
But  the  relation  serves  mainly  as  an  alternative  expression  for  V.    We  have 


and 


also 


and  therefore 


u2,  H,  B,  F,  M,  62 

ti3,  G,  F,  (f,  N,  e., 

w4,  L,  M,  A7,  A  €4 

0,  €19  €2,  63,  e4,  0 

=3r4-€4«-13)M4-€4?/3)J 


'"  ' 


Similarly 
Also 


A 
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Hence  multiplying  the  simpler  relation  by  j/',  adding  for  the  range  of  the  plenary 
space,  and  inserting  the  values  of  these  sums  just  obtained,  the  result  is  an  identity  : 
thus  the  simpler  relation  is  not  useful  for  the  determination  of  the  domainal  torsion 
of  the  regional  geodesic. 

Accordingly,  we  multiply  the  left-hand  sides  of  the  two  equations  involving 
A3,  also  the  right-hand  sides,  arid  add  for  the  range  of  the  plenary  homaloidal 
space.  Because 


the  result  is 
1 


-L=-  J_ 
r£     pQy~~     Q€n 

1 


,  d  (dy\\ 
ds  \dn)  f 


y 


- 

d*  \dn 


d  f 

'd*  \dn 


To  evaluate  these  summations,  we  need  the  quantities 

v    d 

We  have 


arid  therefore 


for  all  values  of  JLI.    When  these  values  are  inserted  in  the  two  summations,  the 
terms  involving  -y  f  - 1  disappear  because  the  constituents  in  the  six  columns  of 

(IS   \€n/ 

V,,  and  Vc  are  0,  €1?  £2>  ea»  *4>  0.    Thus 


dn 


elf  A,  H,  (i,  L,  el  \ 

62,  //,  5,  F,  M,  €2  ! 

c3,  G,  F,  C,  /V,  €3  1 

€4,  L,  M,  N,  D,  e4 
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Similarly,  we  have 


Hence 


thus  giving  a  covariantive  expression  for  the  domainal  torsion. 
Again,  returning  to  the  equation 


we  develop  the  right-hand  side.    As 

dy  _     dp        dq         dr         dt 


and  as  the  arc-derivatives  of  —  and  the  other  direction-  variables  of  the  domainal 

an 

normal  to  the  region  have  been  obtained  (§  324),  it  follows  that 

d  fdy\     I     dp        dq         dr         dt\      1  dcn  du       1    v^  - 

j-(i^)  =  (1?i  j   +7?sj1  +  77sj-  +  1?4T-)  ---  1    T^  +  7S—  Zja^y^ 
ds\dnj     \adn     lzdn     "dn     '*dnj     €n  ds  dn    Qen^      y 


j- 
ds\dn 

after  reduction,  that  is, 


d  (dy\     1  efc,  dy     v      dp    J_  -  , 

ds  \dn)  ^^  ~di  dn~  ^  ^  dn+Q€n  ^^ 

Let  the  equation  be  squared,  and  the  squares  of  the  two  sides  be  added  for  the 
plenary  dimensions.    The  new  left-hand  side 


_  v       y  i 

~^  + 


The  quantities 


arising  out  of  the  circular  curvature  of  the  domainal  geodesic  tangent,  have 
already  occurred  (§§  298-300)  ;  and,  in  fact, 


All  the  magnitudes  of  the  type  ^j  y^^  vanish  ;  and 
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the  covariant  ^  a*i2  being  analogous  in  form  to  ]>]  av^.    Also 

^     (.  dp    _  dq     _  dr     „  dt\ 

1  =  i*/€n  I  €t  j     4-  €2  -,  -  -f  €3  -y-    +  €4  -=-  1 

\     dw        dn        dn        dn/ 


—  ^^tn-^—  , 
ds 

by  §269;  and 


}-i3  D(e), 
so  that 


a  relation  connecting  three  concomitants  of  the  region.    When  these  values  are 
substituted,  we  find 


337.  In  the  next  place,  let  <f)3  denote  the  angle  between  the  binomial  of  the 
regional  geodesic  and  the  binormal  of  the  domainal  geodesic  tangent,  the  typical 
direction-cosine  13  of  the  latter  being  given  by 


We  had  the  equation 


i'.C  —  1->v. 

CTO     p0         Qen* 


Let  the  two  left-hand  sides  of  these  equations  be  multiplied,  and  likewise  the  two 
right-hand  sides  ;  and  let  these  products  be  summed  over  the  range  of  the  plenary 
space.  Then,  as 


we  have 

cos^+l=        1 

<T(T0          ppQ  U€n2  ^ 

To  evaluate  the  last  sum,  we  take  the  quantities   Y'  with  the  constituents 
2/i,  2/2,  2/3,  2/4,  in  Vv  and  V«  using  the  relation 
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Hence 

£r'V.=  -D(t>),    £r'V;=-D(«,e); 

and  therefore 

os^+  M  =D(t>)  cos«A-  -  D(t>,  €)  sinf 

<7<70          ppo/  €n 

Thus  we  have  the  set  of  relations 


n*  (  J_  +  -  _)  =  D  (v)  cos  V  -  -  D  («>,  e)  cos  0  sin  0  4-  --  2  D  (e)  sin2  </r, 

\°0        PO  /  €n  €n 


and  there  was  the  relation 


where  %%  denotes  the  inclination  of  the  domainal  normal  of  the  region  to  the 
binormal  of  the  domainal  geodesic  tangent.  * 

From  the  first,  the  second,  and  the  fourth,  of  the  foregoing  set  of  relations,  we 
have 

1       1/1         1  \    •     i     /cos<£3      1  \         . 
—  H -=l 1 1  Sinyr4  I —  H 1  COS^r, 

or,  as 

1  ^cos«/r    sin^f 

Po~    P          7 
we  have 

11.1 

—  =  -  -  sin  iff  4-    cos  <p3  cos  y, 

G(\      CF*  Cf 

a  purely  geometrical  relation  between  the  torsion  of  the  domainal  geodesic  tangent, 
and  the  torsions  (spatial  and  domainal)  of  the  regional  geodesic. 

Moreover,  the  relations  provide  geometrical  interpretations  of  the  covariants 


As  a  last  inference  of  this  class,  consider  the  two  equations 

t*-.y~=Y'     -?-y'  =  -  (*$] 

a     p          '     a€     y     ds  \dn)  ' 

the  former  relating  to  the  domainal  geodesic.    As  before,  we  have 
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and  therefore  multiplying  the  left-hand  sides  together,  also  the  right-hand  sides, 
and  adding  for  the  range  of  the  plenary  space,  we  have 


_  - 

aa€       py  ds  \dn    ' 

where,  on  the  right-hand  side,  we  use  the  value  of  -j-  (  ~  }  on  p.  411.    Now  (§  297) 

ds  \dnj 


where  Z6  is  the  typical  direction-cosine  of  the  quintinormal  of  the  domainal 
geodesic  ;  and  therefore 


because  of  the  orthogonality  of  the  directions  typified  by  y1,  Y,  Z3,  26.    Also 

v^r,  ^y         /     dp        dg         dr         dt 

Sy  >  =  -  KT-  +  7;2-/  +  '>3;r  +  ^0- 
*-*      dn        \    dn        dn        dn        dn 


S><f€n  *~*  a 

and 


Consequently 


_ ^  V  , 

ds      a         Qc    ^     1  1? 


thus   providing  another   concomitant   ^ae^,  and  assigning  its  significance 
in  terms  of  geometrical  magnitudes. 

Spatial  torsion  and  spatial  tilt  of  a  regional  geodesic. 

338.  By  using  the  typical  equation  (§  178)  for  the  regional  trinormal  which, 
for  the  region  now  enclosed  in  a  domain,  becomes 


we  can  obtain,  by  merely  squaring  the  equation  and  adding,  for  the  whole  range  of 
the  plenary  space,  an  expression  for  the  spatial  torsion  of  a  geodesic  in  the  domainal 
region.  With  the  notation  of  §  332,  let  quantities  R  be  introduced  under  the 
definitions 

Ri=vt  cos  iff  — -  sin  0, 
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^—A^  and  like  combinations,  we 


for  i=  1,  2,  3,  4.    Then  using  the  values  of 
easily  find 

A,     //,    G,    L,    ul9  R19  €l 

H,     B,    F,  M,    *„  R2,  €2 

<?,     F,    C,    N,    %,  #3,  c3 

/,,    M,    N,    D,    u4,  #4,  e4 

%,    w2,    w3,    w4,      0,      0,  0 

R19   R29  R39  724,     0,      0,  0 

6lf        62,      €3,       €4,         0,          0,  0 

It  is  not  difficult  to  identify  the  value  of  l/<r02  thus  obtained  with  the  value  that 
has  been  obtained  in  §  335. 

Similarly,  we  can  obtain  an  expression  for  the  spatial  tilt  of  a  geodesic  in  the 

domainal  region,  by  adapting  the  equation  obtained  in  §  179  which,  in  present 
circumstances,  has  the  form 


In  connection  with  the  magnitudes  w  of  §  333,  we  introduce  symbols  8,  which  are 
analogous  to  the  symbols  R  introduced  in  connection  with  the  magnitudes  v,  and 
are  defined  by  the  relations 

Wi  4-  2<f>i  cos  0  +  Wi  sin  \fj  =  Sf ; 
and  now  the  cited  formula  leads  to  the  equation 


which,  in  association  with  the  preceding  result,  provides  an  expression  for  the  tilt 
of  the  geodesic  in  the  domainal  region. 

Domainal  orientation  of  a  regional  configuration. 

339.  The  orientation  of  the  regional  configuration  relative  to  the  enclosing 
domain  can  be  indicated  by  the  positions  of  the  principal  lines  of  a  regional  geodesic 
in  the  frame  of  its  domainal  geodesic  tangent. 

The  tangent  direction  of  both  geodesies  being  common,  the  remaining 
gremial  directions  of  the  domainal  geodesic  are  the  binormal,  the  trmormal, 
and  the  quartinormal,  with  typical  direction-cosines  Z3,  Z4,  /5,  respectively.  The 
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remaining  principal  directions,  belonging  to  the  regional  geodesic,  have  typical 
direction-cosines  -~,  A3,  A4,  being  the  directions  of  the  radius  of  domainal  flexure 

(the  domainal  normal  to  the  region),  the  binormal,  and  the  trinormal,  of  the 
regional  geodesic.  In  each  set,  the  three  lines  are  perpendicular  in  pairs  ;  each 
set  determines  the  same  flat  in  the  tangent  block  of  the  domain,  the  flat  being 
orthogonal  to  the  common  tangent  of  the  two  geodesies.  In  accordance  with  §  317, 
we  denote  the  inclinations  of  the  domainal  normal  to  the  three  lines  of  the  domainal 
geodesic  in  this  flat  by  #3,  x*>  Xs>  so 


- COS  X3=- 


€1>        62>        €3>        €4 


«1,       **, 


Again,  we  denote  the  inclinations  of  the  binormal  of  the  regional  geodesic  to 
the  same  three  lines  of  the  domainal  geodesic  by  <£3,  <£4,  <£5.  The  value  of  </>3  has 
been  obtained  (§  337)  in  the  form 


—  w  COS  03=- 

The  value  of  <£4  is  given  by 
Now  (§  286) 


^4=  V)  A3/4. 


where  &  is  used  for  brevity  ;  and 


Hence  multiplying  the  left-hand  sides  together,  likewise  the  right-hand  sides,  and 
adding  the  products  for  the  plenary  range,  we  have 


COS  <p4  +  —   - 

°0T  Po  G 

To  evaluate  the  right-hand  side,  because 

yi)}=Ovp,     2^ 
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for  fji=  1,  2,  3,  4,  it  follows  that 


and  therefore 


[CH.  xxvill. 


In  the  same  way,  we  have 


=      v>  w;  cos    ~  "       *»  w  sn  l 

€n 


When  these  values  are  inserted,  and  the  expression  is  reduced,  we  find 
1  .       1   d  fl\     1    d  f}\        , 

---  COS04-f-      -(_]  +  —      -I      JCOS03 

cra0r        T      p0ds  \pj     aQ  as  \CT/ 


=  D  (v,  w)  cos  if*  -  -  D  (e,  w)  sin  if/. 


The  typical  direction-cosine  15  of  the  quartinormal  of  the  domainal  geodesic 
tangent  to  the  regional  geodesic  is  (§  288) 


«/i,    2/2,    2/3,    2/4 


« 


=  0; 


and 


Hence,  as  22/'^~^>  ^e  inclination  <f>5  of  the  regional  binormal  to  the  quarti- 
normal of  the  domainal  geodesic  tangent  is  given  by 


the  right-hand  sum  extending  over  the  plenary  range.    Now 


for  /x=l,  2,  3,  4,  and  therefore 
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cos  <6=:  — 


€l)        €2'        €3>        €4 


2?        v&       V4 


We  thus  have  expressions  for  cos  ^3,  cos  ^4,  cos  <£5,  connected  with  the  inclinations 
of  the  regional  binormal  to  the  three  selected  principal  lines  of  the  domainal 
geodesic. 

To  determine  the  inclinations  #3 ,  #4 ,  #5 ,  of  the  trinormal  of  the  regional  geodesic 
to  the  binormal,  the  trinormal,  and  the  quartinormal  of  the  domainal  geodesic 
tangent,  we  use  the  value  of  the  typical  direction-cosine  A4  of  the  regional  trinormal, 
as  obtained  in  §  178  in  the  form 


—  -  ( Zv  cos  ^ Z~  sin  $ )  , 

€4  \  *n  ' 

when  the  values  of  y^u^^^  are  inserted,  where 
fi»    yz»    ^3»    2/4 


Also  we  have 
and  therefore 


l/l>      V2>       l'3>       c/4 
€1>        €2>        €3>        64 


€1>       €2»       £3>       e4 


To  obtain  the  inclination  03  to  the  binormal  of  the  domainal  geodesic,  with  the 
typical  direction-cosine  Z3,  we  take 


and  so,  as 


Now 
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and  therefore 
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\^  y  y o      \^  vy 


consequently 


To  obtain  the  inclination  04,  to  the  trinormal  of  the  domainal  geodesic  with  the 
typical  direction-cosine  Z4,  we  take  (§  8) 


Now 


hence  multiplying  the  left-hand  sides  of  this  Z4-cquation  and  the  Adequation, 
likewise  their  right-hand  sides,  and  adding  for  the  plenary  space,  we  find 


<jQar          '       a0    ds  W 
To  evaluate  the  right-hand  side,  we  use  the  formula  (§  285,  Ex.  1) 


for  fji=  1  ,  2,  3,  4  ;  and  we  find 


where 


W 


W3, 


To  obtain  the  inclination  05  to  the  quartinormal  of  the  domainal  geodesic  with 
the  typical  direction-cosine  Z4,  we  have 


as  before  (p.  458) ;  and  therefore 

• — "-  cos  0R—  V  <!  0  ( Z,, 
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To   evaluate   the    quantities   ^$ZV,    ]£&%,   the    customary   properties   of 
determinants  may  be  employed.   With  the  definitions  of  <P  and  Zv,  we  have 


and  therefore 


Similarly  we  find 


all  the  constituents  in  the  last  determinant  being  concomitants  of  the  domain. 
In  particular,  the  values  of 

are  known  (p.  306) ;  also 

while  y]  av^!  and  y]  aw^  occur  in  the  expressions  for  cos  ^3 


V 


where  again  all  the  constituents  are  known  concomitants  of  the  domain. 

As  the  three  directions,  typified  by  the  direction-cosines  /3,  /4,  /5,  are  an  ortho- 
gonal set  within  the  flat  which,  in  the  tangent  block  of  the  domain,  is  at  right 
angles  to  the  common  tangent  of  the  regional  geodesic  and  the  domainal  geodesic, 

and  as  the  three  lines  typified  by  the  direction-cosines  ^-,  A3,  A4,  are  another 
orthogonal  set  within  the  same  flat,  the  determinant 


cos  03,    cos  04 ,    cos  05 

COS  03,     COS04,      COS  05 

is  equal  to  unity:  every  constituent  in  the  determinant  is  equal  to  its  own 
co-factor ;   and  relations,  of  the  type 

cos2  Xa  +  cos2  x4 + cos2  #5  =  1 , 

cos2  #3  +  cos2  03  4-  cos2  03  =  1 , 

lead  to  expressions  for  concomitants  in  terms  of  geometrical  magnitudes. 


CHAPTER  XXIX 

DOMAINAL  SURFACES  :   SURFACES  GEODESIC  TO  THE  DOMAIN 

Parametric  surfaces  :  superficial  geodesies. 

340.  When  a  surface  is  contained  wholly  within  a  domain,  one  analytical 
method  of  representing  the  surface  provides  it  as  the  intersection  of  two  para- 
metric regions 

each  lying  wholly  within  the  domain.  Another  method,  formally  different  and 
ultimately  the  same  in  effect,  expresses  the  four  parameters  of  the  domain  as 
functions  of  two  new  superficial  parameters  u  and  v,  as  in  §  117.  The  former 
mode  of  expression  will  be  adopted,  mainly  because  intrinsic  properties  of  the 
surface  are  brought  into  relation  with  intrinsic  properties  of  the  two  regions  as 
well  as  with  intrinsic  properties  of  the  domain.  But  some  results  formally 
associated  with  the  bi-parametric  representation  will  be  given  later  (§§  352,  353). 

For  the  discussion  of  such  a  surface,  we  therefore  assume  the  established 
properties  of  the  region  e  —  0  and  the  analogous  properties  of  the  region  co— 0. 
The  elementary  geometrical  properties  of  each  region  and  its  domainal  normal,  as 
well  as  some  of  their  properties  relative  to  their  superficial  intersection,  have 
already  been  obtained  in  the  preceding  chapters  ;  and  the  notation  there  adopted 
will  be  continued. 

As  usual  in  past  investigations,  two  fundamental  preliminary  results  must  be 
obtained.  One  of  these  is  the  formation  of  the  intrinsic  equations  of  superficial 
geodesies  ;  the  other  is  the  determination  of  the  relation  between  the  tangent 
plane  to  the  surface  at  a  point  0  and  a  small  range  of  the  surface  in  the  immediate 
vicinity  of  0.  These  are  discussed  in  succession. 

341.  The  intrinsic  equations  of  a  geodesic  on  a  domainal  surface  are,  initially, 
the  four  critical  equations  exacted  if  an  integral 

* 

d-u 

is  to  be  made  a  minimum  among  the  values  arising  from  all  values  of  the  four 
domainal  parameters  satisfying  the  two  equations  e  —  0,  cu  =  0,  the  quantity  u 
being  a  passing  independent  variable.  These  critical  equations  are  of  the 
customary  form  and,  after  calculations,  similar  to  those  in  preceding  instances, 
can  be  expressed  in  the  modified  forms 


341]  GEODESICS  ON  A  SURFACE  463 

Po"  +  £  Ai/>'8=  A 


where,  for  j/r=e  or  a>, 


4- 


The  quantities  A  and  ju,  are  multipliers  undetermined  in  the  construction  of  the 
critical  equations  ;  and  ?>0",  q0",  r0",  ^0",  are  second  derivatives  along  the  arc  of 
the  superficial  geodesic,  being  distinct  from  second  derivatives  along  the  domainal 
geodesic  and  along  the  respective  regional  geodesies  in  the  same  initial  direction 
p',  q',  /,  t'.  Also,  by  §  269,  we  have 

Sn     dp       x^  7          ^      dq       ^  n     dr       ^  1         n     dt 

^=^«-d«>       L^-^n^,       L^l-^n^,       L'«l=aSrt. 

^aw^Qu*,,-^,     >]*€«>!  =(Qco>^,     ^y^-fio),,^,     V  ^=0^^, 

where 

V)  ad2^^8,     V)  aa>1a=1QcoI,2,     V  oc^i^  jQewco,  cos  t, 

t  denoting  the  inclination  of  the  domainal  normals  of  the  intersecting  regions  at  0 
and  therefore  the  inclination  of  those  regions  themselves. 

The  multipliers  A  and  fju  are  to  be  determined.  We  first  multiply  the  four 
modified  critical  equations  by  el9  e2,  e3,  e4,  respectively,  and  add  the  products. 
The  sum  of  the  right-hand  sides 


—  Qen  (  Ae/t  4-  HIDV  cos  t)  ; 
and  the  sum  of  the  left-hand  sides 


For  all  variations  lying  in  the  region  e—  0  (and  therefore  for  the  superficial  varia- 
tions in  question),  we  have 


and  therefore  the  foregoing  sum  of  the  left-hand  sides 
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with  the  notation  of  §  269,  viz. 

As  before  (§  315),  we  write  ^ 


[CH.  XXIX. 


and  the  result  then  becomes 


— 

y« 


Next,  we  multiply  the  same  four  modified  equations  by  a)l9  o>2,  o>3,  &>4,  respec- 
tively, and  proceed  in  precisely  the  same  fashion  ;  and  we  find 


W  COS  I  +  /XCtfJ, 


where 


with  the  similar  notation 

*>«==  WW  -  ^i/1,,  -  0>2Jt.; 

Now  take  two  quantities  g€  and  g^  such  that 

^=Ai3€n,    g 
so  that 

1 

&  +  flrco<50Sl  =  -,      ^  + 

y* 

Then  the  first  of  the  modified  critical  equations  is 


dn 
dp        dp 

=9<fa+^dV' 

and  similarly  for  the  other  three  equations  of  the  same  kind. 

Accordingly,   the  (parametric)   intrinsic  equations  of  the  geodesic  on  the 
surface,  drawn  in  the  superficial  direction  p',  q'9  r',  t'9  through  0,  are 
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where  g€  and  g^  are  given  by  the  equations 

1  1 

g€+9<»  cos  *  =  --  »    0«+&  cos  6  =  —  . 

y*  yw 

The  quantities  ye  and  yw  are  interpreted,  exactly  as  in  §  316  ;  and  we  note  that, 
for  the  domainal  geodesic  through  0  in  the  same  direction  p',  q'9  /,  t',  as  the 
superficial  geodesic, 


so  that  the  equations  of  the  superficial  geodesies  also  have  the  form 

«»  «»—  rf*>     dp 


,,       ,,         dr         dr 
~ 


„  dt         dt 


Circular  curvature,  and  domainal  flexure  of  a  superficial  geodesic. 
342.  We  can  derive  a  first  expression  for  the  circular  curvature  of  the  super- 
ficial geodesic  and  for  the  direction  of  its  prime  normal.    Denoting  the  radius  of 
curvature  by  p0  and  a  typical  direction-cosine  of  the  prime  normal  by  Y0,  we  have 

Y0=Poy0", 

where  y0"  denotes  the  second  arc-derivative  of  the  typical  coordinate  y  estimated 
along  the  superficial  geodesic. 

Now,  along  the  superficial  geodesic, 

y*"=yip*"  +2/270" 

and,  along  the  domainal  geodesic, 

y"=yip"  +?M" 

the  variables  p',  q',  r1  ',  f,  being  the  same  in  the  two  relations  because  the  geodesies 
have  the  same  tangent  at  0.    Hence 

y."-!r=S»i(Po"-p"). 

When  the  foregoing  equations,  characteristic  of  the  superficial  geodesic,  are  used 
to  modify  the  expression  on  the  right-hand  side,  this  typical  equation  becomes 

„         ^     dp         \r*      ^p 

y»  -y  =y.Lyi+^-Lyi 


that  is,  ^o_^_    dy        dy 

io~  p~9tdn+9<adv' 
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the  quantities  -/-  and  ~  being  the  typical  direction-cosines,  in  the  plenary  space, 
dn         dv 

of  the  domainal  normals  to  the  regions  e—  0  and  co=0  respectively. 

Next,  the  significance  of  the  expression  on  the  right-hand  side  of  this  equation 
has  to  be  determined.  We  consider  the  deviation,  in  magnitude  and  in  direction, 
of  the  superficial  geodesic  from  the  domainal  geodesic  in  the  same  initial  direction 
p',  q',  r',  t'.  We  take  a  small  arc-length  8,  the  same  for  the  two  geodesies,  measured 
along  them  from  0  ;  the  points  thus  obtained  are  denoted  by  Qs  on  the  surface 
and  by  QD  in  the  domain.  The  typical  y-coordinate  of  QD 

and  that  of  Qs 

the  unexpressed  terms  being  of  the  third  and  higher  orders  in  8.  Let  the  (small) 
domainal  length  QsQi»  being  the  deviation  of  the  superficial  geodesic  from  the 
domainal  geodesic,  be  denoted  by  D  ;  and  let  the  typical  spatial  direction-cosine 
of  this  length  in  the  direction  from  QD  to  Qs  be  denoted  by  /,  so  that 


We  define  the  radius  of  domainal  flexure  of  the  superficial  geodesic  to  be  given 

by 

1     .  .     2D 


y    a-* 
and  1/y  is  called  the  domainal  flexure  ;  hence  we  have 


dy        dy 

=9<in^»iv' 
Hence  also 

Y9_Y=l 

po    P    y' 

the  typical  equation  connecting  the  circular  curvature  and  the  domainal  flexure 
of  the  superficial  geodesic  with  the  circular  curvature  of  the  domainal  geodesic 
tangent. 

The  analytical  magnitude  denoted  by  l/y€  has  already  appeared  in  the 
discussion  of  the  domainal  flexure  of  a  geodesic  of  the  region  €=0  ;  and  it  was 
shewn  (§316)  that,  when  this  regional  geodesic  in  the  direction  p',  qf,  rf,  t',  is 
drawn,  thus  also  touching  the  superficial  geodesic  under  discussion,  the  radius  of 
domainal  flexure  of  this  regional  geodesic  is  equal  to  y€,  while  the  equations 

!•_!=!  ^ 

P«     P    Y*  dn 
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ftni 

hold,  where  ~  is  the  typical  spatial  direction-cosine  of  the  radius  of  geodesic 
(tlfl 

flexure  (so  that  the  radius  is  in  the  direction  of  the  domainal  normal  of  the  region), 
and  Ye  is  the  typical  spatial  direction-cosine  of  the  prime  normal  of  the  geodesic 
of  the  region  e—  0.  Also,  the  four  intrinsic  equations  of  that  regional  geodesic  are 
of  the  form 


Similarly  for  the  regional  geodesic  in  the  domain  o>~0,  drawn  in  that  same 
direction  p',  q',  r'  ',  t',  the  analytical  quantity  denoted  by  yw  is  the  radius  of  domainal 
flexure  of  that  geodesic  :  that  radius  is  in  the  direction  of  the  domainal  normal 

to  the  region  a)=0  with  a  typical  direction-cosine  -j-  .     The  radius  of  circular 

dv 

curvature  pM  and  its  typical  spatial  direction-cosine  Y^  are  connected  with  the 
circular  curvature  of  the  domainal  geodesic  tangent  by  the  typical  equation 

Y»_Y=l  dy 
Pw      P     Ywdv' 

while  the  four  intrinsic  equations  of  this  regional  geodesic  are  of  the  form 

„  1  dp 

J"      P  -**' 

The  foregoing  equations  imply  a  number  of  geometrical  relations  among  the 
positions  of  the  various  radii  of  circular  curvature  and  the  various  radii  of  domainal 
flexure. 

We  have  already  seen  (§316),  from  the  equations 


that  the  prime  normal  of  the  e-regional  geodesic  is  complanar  with  the  domainal 
normal  of  the  €-region  and  the  prime  normal  of  the  domainal  geodesic  tangent. 
Similarly,  from  the  equations 


Pa,     p    y»v 

it  follows  that  the  prime  normal  of  the  co-regional  geodesic  is  complanar  with  the 
domainal  normal  of  the  co-region  and  the  prime  normal  of  the  domainal  geodesic 
tangent. 

From  the  equations 

I  __    dy        dy 
- 
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it  follows  that  the  direction  of  the  radius  of  domainal  flexure  of  the  superficial 
geodesic  is  complanar  with  the  domainal  normals  to  the  two  regions  :  that  is,  it 
lies  in  the  domainal  orientation  which  is  orthogonal  to  the  surface. 
From  the  equations 


/>o    p    r 


it  follows  that  the  direction  of  the  prime  normal  of  the  superficial  geodesic,  the 
direction  of  its  radius  of  domainal  flexure,  and  the  prime  normal  of  the  domainal 
geodesic  tangent,  lie  in  one  plane. 
Finally,  from  the  equations 


it  follows  that  the  direction  of  the  prime  normal  of  the  superficial  geodesic  lies  in 
the  same  flat  as  the  domainal  normals  to  the  two  regions  and  the  prime  normal  of 
the  domainal  geodesic  tangent.  Moreover,  this  flat  obviously  contains  each  of  the 
four  preceding  planes  ;  and,  in  the  configuration  thus  formed,  there  are  three 
leading  lines,  being  the  domainal  normals  to  the  two  regions  and  the  prime  normal 
of  the  domainal  geodesic,  itself  normal  to  the  domain,  so  that 


.  . 

dn  ^     dv 

In  the  diagram,  OY  represents  the  prime  normal  of  the  domainal  geodesic 
tangent,  OFe  the  radius  of  domainal  flexure 
of  the  e-regional  geodesic,  OF^  the  radius  of 
domainal  flexure  of  the  to-regional  geodesic  :  in 
each  instance,  in  magnitude  and  direction.  The 
line  OY  is  at  right  angles  to  the  plane  F^OF^. 

Draw  OFQ  at  right  angles  to  i\Fm  in  the 
latter  plane  :  then  OF0  represents  the  radius  of 
domainal  flexure  of  the  superficial  geodesic,  in 
magnitude  and  direction. 

Draw  perpendiculars  OC€  on  YF€,  00  „  on 
YFW9  OC0  on  7F0;  then  OC€  represents,  in 
magnitude  and  direction,  the  radius  of  circular 
curvature  of  the  e-regional  geodesic  ;  OCW  repre- 
sents, in  magnitude  and  direction,  the  radius  of 
circular  curvature  of  the  co-regional  geodesic  ; 
and  OCQ  represents,  in  magnitude  and  direction,  the  radius  of  circular  curvature 
of  the  superficial  geodesic. 
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Also,  as  the  angles  at  Ce9Cw,C0,  are  right  angles,  the  points  C€,  Cw,  (70,  lie  on 
a  sphere  in  the  flat,  OY  being  the  diameter  ;  hence  the  locus  of  the  centres  of 
circular  curvature  of  geodesies,  which  belong  to  sub-amplitudes  of  a  domain  and 
are  drawn  through  0  to  touch  a  domainal  geodesic  through  0,  is  a  sphere. 

Let  </r0,  <Ae,  fa»  denote  the  angles  YOCQ,  YOC€,  YOC^  respectively.  The 
angle  F€OF(ay  the  angle  between  the  domainal  normals,  has  already  been  denoted 
by  t  ;  let  a,  j3,  denote  the  angles  FfOF0  and  F^OF^  respectively,  so  that  a-f  j3=n. 
Then  the  following  results  are  easily  obtained,  when  account  is  taken  of  the 
typical  direction-cosines  of  the  lines  OY  ;  OC0,  OC€,  OCW  ;  OF0,  OF€,  OF 
relating  to  angles  and  magnitudes  : 


as 


sn  1 


1      2  cos  t      1 

•-     -          j-  - 


1  _  I      _1_  /I  _2cosi      1  \ 

O  9       '         *       9        \  ~     9  '  91 

Pf    p*    sinzt\ye2     y€yo>     y<o  / 
]  _  1     j 

o  o      •"         9 

p.2    p2    y€2 

—  =  -      T- 
Pa*2    p2    yw2 

sin  a        cos  a       1 


1      cost     sint     sint 

V          V  V  V 

sin  j8       cos  /J       1 


1      cost     sint     sint 

*V  V  V  V 

COS  00      COS0e      COS0W      ] 


sin00_l       sin06     1        sin0w     " 
Po       y'        P.       y€'        pw       > 
together  with  many  others. 

Ex.  1.     Denoting  by  t  the  angle  between  the  prime  normals  of  the  two  regional 
geodesies,  prove  the  relations 

cos  t     cos  t     1        sin2 1      1        12  cos  t 


y€yw    p 


,25 


Ex.  2.     Obtain  the  relation 


=      0-  +  —  2~- 

Pe        Pa>"         PcPcu 


•~ — »n  cost=  -j--2, 

Po2    P2 


connecting  the  radii  of  circular  curvature  of  the  four  geodesies  drawn  in  the  direction 
P\  1',  r',  t'. 
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Tangent  plane  of  a  surface  and  the  prime  normal  of  a  geodesic. 

343.  It  is  desirable  to  establish,  for  a  domainal  surface,  the  customary  relation 
(§  20)  between  the  tangent  homaloid  of  an  amplitude  at  a  point  and  a  range  of 
the  configuration  in  the  near  vicinity  of  the  point. 

Any  line,  tangent  to  the  surface,  is  given  by  the  typical  equation 


where  /x0  is  a  parameter  along  the  line  :  that  is, 


where 


these  symbols  K,  A,  ^u,  rrj,  now  merely  denoting  current  parameters  along  the  line. 
As  p  ',  qf,  /,  /',  are  direct  ion-  variables  of  a  tangent  to  the  surface,  they  must 
satisfy  the  two  equations 


and  therefore  the  foregoing  quantities  /c,  A,  /*,  ra,  must  be  subject  to  the  two 
conditions 

€tK+  e2A-f  €3/Li-|-  €4ro  =  0, 

&lK  +  C02  A  +  &>a/Z  +  O>4  W  =  0. 

When  these  quantities  are  regarded  as  parameters,  their  range  is  two-fold  ;  and 
therefore  every  point  on  the  foregoing  tangent  lines  for  different  directions  ds,  the 
quantities  y^9  y2',  ...  no  longer  appearing  in  the  parametric  equations,  lies  in  the 
two-fold  (and  necessarily  homaloidal)  range.  Thus  the  tangent  plane  of  the 
surface  at  0,  being  the  locus  of  these  tangent  lines,  is  represented  by  the  equations 


the  parameters  /c,  A,  /z,  GJ,  being  subject  to  the  two  specified  conditions  :   or  by 
the  form 

i-y>  2/i>   2/2,   2/3,  2/4   =o, 

0  ,     €!,     €2,     63,     €4 

having  the  equivalent  interpretation. 

Let  Q  be  a  point  on  the  surface  near  0,  such  that  the  length  OQ  in  the  surface 
is  a  small  quantity  8  ;  and  let  the  space-coordinates  of  Q  be  7jl9  rj2,  ... ,  typified  by 
77.  Let  a  perpendicular  be  drawn  from  Q  upon  the  tangent  plane  of  the  surface 
at  0  :  denote  its  length  by  77  and  its  typical  spatial  direction-cosine  by  i0,  so  that, 
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if  the  foot  of  the  perpendicular  be  the  point  in  the  plane  with  the  typical  coordinate 

»  we 


To  secure  this  perpendicularity,  we  make  the  quantity  772,  that  is,  2  0?  ~~  $)2>  a 
minimum  among  all  the  values  of  the  parameters  /c,  A,  /x,,  w,  that  are  subject  to 
the  two  prescribed  conditions  ;  and  we  therefore  have  four  critical  equations 


for  f=l,  2,  3,  4,  where  /  and  «7  are  two  multipliers  left  undetermined  in  forming 
the  critical  equations. 

In  the  first  place,  these  equations  can  be  written  in  the  form 


and  therefore,  for  all  parameters  K,  A',  ///  ',  ro',  of  the  plane, 
that  is, 


V  /0  (^  'y  t  -|-  A'y2  +  p'y3  +  ro'y4)  =  0  : 

or  the  perpendicular  77  is  at  right  angles  to  every  direction  in  the  plane. 

Next,  the  four  critical  equations  and  the  two  prescribed  conditions  are  potenti- 
ally sufficient  for  the  determination  of  the  six  quantities  /,  J,  /c,  A,  p,  m.  We 
proceed  as  follows.  The  first  equation  (for  i—  1)  is 

AK  -f  77A  +  fyt  +  Lw  +  /€!  +  Jw^=  ^j  y^-q  -  y). 

Now  on  the  surface,  as  Q  and  P  are  near  one  another,  we  represent  the  direction 
PQ  by  variables  typified  in  y'  ;  and,  without  specifying  any  special  curve  PQ  ...  , 
we  denote  continued  variation  of  y  by  y0"  ;  hence 


the  unstated  terms  containing  third  and  higher  powers  of  8.  Again,  whatever  be 
the  curve  PQ  ...  ,  let  y0",  g0",  r0",  £0",  denote  the  second  variations  at  0  of  the 
parameters  along  that  curve,  so  that 

2/o"  -  yi  Po"  +  yrfo"  +  2/3  V  +  2/4^o"  +  D  2/iiP/2? 
and  therefore 


But  (§  267) 
consequently 
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Let 


then  the  first  of  the  critical  equations  becomes 


where  [3]x  represents  an  aggregate  of  terms  involving  83  and  higher  powers  of  8 
linearly. 

The  other  three  critical  equations,  after  similar  treatment,  are 

n=:-l€2-  Jco24-[3]2. 


L/C  4-  MA  +  JV/Z  +  £5=  -  7e4  -  Jaj4  4-  [3]4, 

with  like  significance  for  [3],,  for  i—  2,  3,  4.  When  the  four  equations  are  resolved, 
and  the  aggregates  of  terms  of  order  higher  than  the  second  in  the  small  quantity 
8  are  omitted,  we  have 


all  up  to  the  second  order  included.     Consequently 


0)!/C  +  0)2  A  4-  6D3/A  4-  0>4  til  =  —  l€nO)v  COS  I  —  Jo),,2. 

Reverting  to  the  definitions  of  /?,  A,  /I,  ^r,  which  are  complete  and  not  approxi- 
mate in  their  values,  we  have 


On  the  right-hand  side,  the  first  line  vanishes  because  of  one  of  the  prescribed  con- 
ditions, and  the  second  line  vanishes  because  the  superficial  direction  p',  q',  r',  t', 
necessarily  lies  also  in  the  €-region.  Further,  the  continued  direction  y0;/,  y0", 
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fo",  fo">  in  tne  unspecified  curve  PQ  ...  necessarily  lies  in  the  e-region,  so  that,  for 
second  variations,  we  have 


and  therefore 


with  the  former  notation.     Hence 


Similarly,  we  find 


Thus  the  preceding  equations  for  /  and  J  become 


COS  l  =     —  =     (&  +  &,  COS  02, 

S2 
I€n  cos  i  +  Jwv=  J  —  =4(#c  cos  i+^JS2, 

y<o 

and  therefore 

l*n  =  ¥<7,S2,       »/0>,  =  ^S2, 

thus  giving  values  of  the  quantities  /  and  J  up  to  the  second  order  of  the  small 
quantity  8  inclusive. 

When  these  values  of  7  and  J  are  used,  we  have 


With  these  results,  the  values  of  /c,  A,  /A,  m,  are  known,  also  up  to  the  second  order 
of  the  small  quantity  8  inclusive. 
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We  now  can  infer  the  length  and  the  direction  of  the  perpendicular  77,  drawn 
from  Q  upon  the  tangent  plane  to  the  surface  at  0.  A  typical  equation  for  its 
length  and  its  direction-cosines  is 


up  to  the  second  order  inclusive.     Let  the  values 


with  similar  expressions  for  A,  /z,  tu,  be  inserted  in  this  expression  for  77.    The 
total  terms  of  the  first  order 


In  terms  of  the  second  order,  not  arising  through  /c,  A,  /EZ,  m,  the  coefficient  of  f  S2 
is 


but  along  the  curve  QP  on  the  surface, 

yo"=2>i 

and  therefore  the  coefficient  of  J82 

=  S  {(2/n  -  2/i  Ai  -  y^u  -  2/3@ii  -  2/4#n)/2)  -  £  W=  ~  , 

the  magnitude  aj)pertaining  to  the  domainal  geodesic,    lience,  in  all,  we  have 
l<>n^  I  -  S2  -  (%! 


— 
—  2 


where  l/p0  is  the  circular  curvature  of  the  superficial  geodesic  in  the  direction  PQ 
and  Y0  is  the  typical  direction-cosine  of  its  prime  normal  (§  341).    Consequently, 


giving  an  approximation  to  the  length  of  the  perpendicular,  accurate  up  to  82 
inclusive  :  and 

IQ—  -M), 

shewing  that  the  direction  of  the  perpendicular  from  Q  on  the  tangent  plane  at  0 
coincides  with  the  direction  of  the  prime  normal  of  the  superficial  geodesic  in  the 
direction  OP. 
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Surfaces  geodesic  to  the  domain. 

344.  Among  the  surfaces  within  a  domain  (or  within  any  amplitude),  a  special 
geometrical  significance  attaches  to  those  which  are  styled  geodesic.  Through 
any  point  0  in  the  domain,  let  two  domainal  geodesies  OA  and  OB  be  drawn,  so 
that  therefore  their  directions  are  two  different  tangents  to  the  domain  and  define 
a  superficial  orientation.  Through  0,  let  domainal  geodesies  be  drawn  having 
their  initiating  directions  in  this  orientation  ;  these  geodesies  generate  a  surface 
which  is  said  to  be  geodesic  to  the  domain  at  0.  After  the  corresponding  pro- 
perties of  geodesic  surfaces  in  a  region,  it  is  not  to  be  expected  (and  it  is  not  the 
fact)  that  the  surface  is  everywhere  geodesic  to  the  domain  ;  it  is  geodesic  for  all 
directions  through  0  that  is,  all  superficial  geodesies  through  0  are  domainal 
geodesies  :  but  at  any  point  U  on  OA,  no  superficial  geodesic  through  U  other 
than  OVA  is  a  domainal  geodesic  :  and  at  any  point  V  on  OB,  no  superficial 
geodesic  through  V  other  than  OVB  is  a  domainal  geodesic.  It  thus  is  of  analytical 
importance  to  obtain  the  tests,  necessary  and  sufficient  to  secure  that  a  parametric 
surface  e  —  0  and  co  — 0,  through  0,  should  be  either  (i)  geodesic  to  the  domain  at 
O  :  or  (ii),  if  not  geodesic,  have  contact  of  ascertainable  order  with  the  surface 
which  is  geodesic  in  the  same  orientation  at  0.  The  completely  geodesic  property 
will  be  established  only  if  every  domainal  geodesic  through  0,  in  directions  which 
lie  within  the  orientation  of  the  surface  at  0,  lies  wholly  within  the  surface. 

In  order  that  a  superficial  geodesic  through  0  shall  be  a  domainal  geodesic,  it 
is  necessary  that  the  domainal  flexure  of  that  geodesic  shall  be  zero  ;  and  if  the 
surface  is  to  be  geodesic  to  the  domain  at  0,  the  domainal  flexure  of  all  superficial 
geodesies  through  0  must  vanish.  Consequently,  if  the  surface  represented  by  the 

parametric  equations  c~  0  and  to  —  0  be  geodesic,  the  quantity 
\ 

sin2 1          1      2  cos  i      1 

_____ i i 

y2   '     ye2     yfy*     y« 


_  /cos  i      1  \  2     sin2 1  __  I  \     co 
—  i          [_       i  ^  —  i  _  _| 

\  y*     yJ      y*2      \y«     y 


/cos  i      1  \ 2     sin2 1     / 1      cos  i\ 2     sin2 1 

/   +V2 

/  /CO 


must  vanish  for  all  superficial  directions  ;  and  therefore 

'=0,     1=0, 

y«        yco 

for  all  directions  in  the  surface.  (It  follows  that  all  the  €-regional  geodesies  in 
such  directions  are  domainal  geodesies,  though  the  e-region  may  not  be  completely 
geodesic  to  the  domain  :  and  likewise  that  all  the  co-regional  geodesies  in  those 
same  superficial  directions  are  domainal  geodesies,  though  the  co-region  may  not  be 
completely  geodesic  to  the  domain.)  These  conditions  are 
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But  while  these  conditions  are  necessary,  they  are  not  sufficient  to  constitute 
the  geodesic  character  of  the  surface  :  they  only  secure,  at  0,  contact  of  the 
second  order  —  it  may  be  called  osculation-  between  the  parametric  surface  and 
the  geodesic  surface.  Sufficiency  will  be  provided  if  the  domainal  geodesic  in  any 
direction  through  0  on  the  surface  lies  wholly  in  the  surface.  The  parametric 
coordinates  P,  Q,  72,  T9  at  any  point  0',  distant  8  from  0  along  a  domainal 
geodesic  drawn  in  the  superficial  direction  p',q',r',tf,  are  given  by  four  expressions 
of  the  form 


and  the  adequate  requisite  will  be  supplied  if  the  equations 
e(P,Q,R,T)=0,    a>(P,Q9R,T)=0, 

are  satisfied  for  all  values  of  8.  Hence  all  the  domainal  geodesies  in  these  super- 
ficial directions  must  lie  wholly  within  the  region  e~0  and  also  must  lie  wholly 
within  the  region  oj  —  0. 

By  §  326,  we  know  that  a  domainal  geodesic  in  a  direction  p',  q',  /,  t',  at  0 
lies  wholly  within  a  region  €  =  ()  if  the  set  of  conditions 


is  satisfied  ;   and  it  will  lie  wholly  within  a  region  a)=Q  if  the  set  of  conditions 
(with  similar  notation) 


is  satisfied.    Moreover,  the  directions  p',  q',  r',  t',  are  to  be  superficial,  so  that 


When  these  conditions  are  satisfied  for  all  the  values  of  p',  q',  /,  t',  we  have 
conditions  sufficient  to  constitute  the  geodesic  character  of  the  surface  at  O 
in  relation  to  the  domain. 

But  this  geodesic  surface  can  be  approached  otherwise.  The  parameters 
P,  Q,  72,  T,  at  a  point  0'  on  the  domainal  geodesic  which  originates  in  the 
superficial  orientation,  are  given  by  the  foregoing  four  equations  which  involve 
also  the  current  variable  8  of  length  along  the  geodesic.  The  direction-variables 
at  0  satisfy  the  equations 


The  geodesic  surface  can  be  obtained  by  eliminating  the  five  quantities 
7/,  }',  /,  tf,  8,  among  the  seven  equations  ;  it  therefore  can  be  represented  by 
two  eliminant  equations 


these  being  expressible  in  a  variety  of  forms,  each  equivalent  to  two  equations. 
Moreover,  when  the  expressions  for  P,  Q,  R,  T,  are  substituted  in  G=Q,  6?=0, 
and  the  equations  are  arranged  in  powers  of  8,  the  coefficient  of  every  power 
of  8  in  each  of  them  must  vanish. 
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The  eliminant-pair  G=0,  G=Q,  and  the  parametric-pair  c=0,  a;—  0,  may  be- 
functionally  equivalent  :  in  that  event,  the  parametric  surface  is  geodesic  to  the 
domain  at  0.  When  the  two  pairs  are  not  functionally  equivalent,  there  still  can 
be  a  partial  agreement  between  them,  in  the  form  of  successive  sets  of  vanishing 
terms  of  the  same  order  when  the  equations  are  arranged  in  powers  of  8. 

The  simultaneous  vanishing  of  the  terms  in  the  parametric-pair,  which  are 
independent  of  8,  merely  expresses  the  fact  that  0  lies  on  the  surface. 

The  simultaneous  vanishing  of  the  terms,  which  involve  the  first  power  of  S, 
requires  the  conditions 


These  relations  are  the  parametric  equations  of  the  tangent  plane  of  the  para- 
metric surface  ;  and  the  geodesic  surface  at  0  has  this  plane  orientation.  The 
implied  geometrical  property  can  be  called  contact  of  the  first  order  between  the 
parametric  surface  and  the  geodesic  surface.  Also  when  the  orientation-variables 
of  the  plane  are  denoted  (§  270)  by  ,v23,  ,%,  sl2,  «v14,  ,<?24,  s34,  the  relations 

Xj-  *Vj£  ~f  'JL'j  Sfa  -f~  30  fc  Sjj^^ljy 

«<*»i  +€isji  +«***!  =  0,     co,*,j  +a>,*,,  -t-ajfc*w  =  (), 

(with  the  usual  convention  for  the  variables  xf)  are  satisfied. 

The  simultaneous  vanishing  of  the  terms,  involving  the  second  power  of  8  in 
the  parametric  equations,  gives  the  conditions 


When  both  conditions  hold  for  all  values  of  p',  q'9  /,  i  \  in  the  superficial  orienta- 
tion, every  domainal  geodesic  originating  in  the  orientation  osculates  the  surface. 
The  property  can  be  called  contact  of  the  second  order  between  the  two  surfaces. 
If  only  one  relation  holds,  as  for  the  e-region,  the  parametric  surface  is  inflexional 
in  that  region  ;  the  other  relation  then  determines  two  directions  which  give 
domainal  geodesies  inflexional  to  the  co-region. 

Similarly,  the  simultaneous  vanishing  of  the  terms  in  the  third  power  of  8  in 
the  parametric  equations  gives 


When  both  relations  hold  for  all  values  of//,  q',  r',  t'  ',  in  the  superficial  orientation, 
the  implied  geometrical  property  can  be  called  contact  of  the  third  order  between 
the  parametric  surface  and  the  geodesic  surface  at  0. 

As  for  the  region  (§  210),  so  here  for  the  domain,  the  process  establishes  the 
geodesic  surface  in  any  orientation  at  0  as  the  Uniquely  determinate  surface  of 
reference  for  all  surfaces  in  the  orientation. 

It  remains  to  consider  the  analytical  import  of  the  conditions,  for  the  successive 
orders  of  contact. 
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I.  As  the  geodesic  surface  as  0  is  drawn  in  the  orientation  of  the  tangent  plane 
at  0  to  the  parametric  surface,  the  first-order  conditions  are  satisfied. 

II.  The  conditions  for  contact  of  the  second  order,  being 


are  to  be  satisfied  for  all  values  of  p',  q',  /,  f',  in  the  orientation  :   that  is,  for  all 
values  of  p\  q',  r\  /',  subject  to  two  equations  such  as 


gr'  =  *i2(J/  -Kp'  -  Xq')  —  0, 

with  obvious  significance  for  a,  j8,  K,  A.    Introducing  sets  of  umbral  symbols  m 
and  /x,  under  the  definitions 

cl3  =  nitmj,     co^-^/Lty, 
we  have 


where 

Mx  —  nit  4-  M3a  +  w?4/f  ^        Nt  —1^1  +p-za  +P<*K  \ 
4  A  J  '      N2=(j,2  +fj,sp  +fa  A  J 


When  J?0—  0,  TO~^J  ^na^  is?  f°r  values  of  p',  q',  /,  ^',  in  the  orientation,  the 
conditions  become 


and,  as  p'9  q*  ',  are  independent,  these  modified  conditions  must  be  evanescent. 
Hence  there  are  three  relations 


0  =  Mj*     =  (/ 

=  elt  +2e13a  -f  2e14/c  +€33a2  +2e34a/c  -f  c44/c2, 
0  =  MVM^  =  (ml 


=  «12  +^13       +^14      +€23«  +€24IC 

0  =  M22     =  (w2  +  m3j8  +  w4  A)2 

-e22  +2€Mj8  +2e24A  +£33)82  +2e34^A  +€44A2, 

from  the  first  of  the  modified  conditions  ;    and,  from  the  second,  three  other 
similar  relations,  with  oj#  in  place  of  €tj. 

These  six  relations  are  necessary.     If  we  write 


and  assume  the  relations  satisfied,  we  find 

3+T0€4)+(e33,   €34, 
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identically ;  and  therefore  the  six  necessary  relations  are  sufficient  to  ensure  that 
the  second-order  conditions  are  satisfied. 

Equivalent  (but  not  independent)  forms  of  the  relations  are  obtained  by  taking 
any  pair,  other  than  p'  and  q',  from  p',  q',  r',  £',  as  variables  of  reference.  The 
whole  set  of  relations,  when  a,  /?,  K,  A,  are  expressed  in  terms  of  the  first  derivatives 
of  €  and  to  (as  in  §  270),  are  included  in  the  statement :  When  V  denotes  the 
determinant 


^41  ~f~  4^41?       b^42  ~^~  £^42'       b^43  +"  4^43?       b^44  ~^~  b^44>       €4>    ^4 
el  >  €2  >  €3  >  e4  -         ^»      ^ 

Ct)^  ,  CO2  ,  Cl)g  ,  6D4  ,         *',      U 

where   f  and    ^  are  arbitrary   constants,   the  co-factor  of  every  constituent 
£€fj  +  £a>tj  in  V  must  vanish  for  all  values  of  £  and  £. 

.##.  1 .     Assuming  the  relations  satisfied,  shew  that 


o>3, 


=0, 


=0. 


fe.  2.  Verify  that  the  six  relations,  for  contact  of  the  second  order  between  the 
two  surfaces,  are  invariantive  in  character  for  all  transformations  e  =/(e,  to)  =  constant, 
eo=#(e,  co)  =  constant,  where  /and  g  denote  any  two  independent  functional  forms. 

NOTE.  The  analytical  results  can  be  interpreted  in  terms  of  the  geometry  of  skew 
curves  in  homaloidal  triple  space.  We  take  p',  q',  r',  t',  as  homogeneous  coordinates 
of  a  point  in  that  space.  The  two  equations  ^  €±p'  =0,  V  a)^'  =0,  are  the  equations 
of  a  line  //  in  that  space.  The  two  equations  ^T*  e11/>/2=0,  'V  aJnp'2=0,  when  taken 
separately,  represent  two  quadrics  ;  when  taken  together,  they  represent  a  twisted 
quartic  curve.  When  the  six  relations  are  satisfied,  the  line  L  lies  on  each  of  the 
quadrics,  and  the  quartic  curve  degenerates  into  the  line  L  and  a  twisted  cubic  *. 

III.  The  conditions  for  contact  of  the  third  order  can  be  discussed  in  the  same 
manner.  We  introduce  umbral  symbols  g  and  y,  defined  by 


so  that 


,  +GlP'  +0rf')8, 

»  +rlP'  +  r2?')3, 

when  6rx  =^x  4-^3«  +^4/c  1         A  =  yx  +  ysa  +  y4«:  1 

^2=^2  +^3)8  +£4A  J  J      T2=y2  -hy3^  -f  y4A  J  ' 

*  Salmon's  Analytical  Geometry  of  Three  Dimensions  (5th  edn.,  by  R.  A.  P.  Rogers, 
1912),  vol.  i,  §§  342,  347-351. 
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Then  the  following  results  can  be  established  : 

(a)  The  relations,  necessary  and  sufficient  to  ensure  that  the  conditions  for 
third-order  contact  are  satisfied,  are 

(3^=0,    «!»(?,=.(),     GjGy-O,    £23=0, 

/V»=o,  /vra=o,  Ar22=o,  r,»=o, 

in  umbral  forms,  the  literal  expressions  being  immediate  : 

(6)  The  preceding  eight  relations,  in  (a),  are  invariantive  in  character  for  all 
functional  transformations  €=$(€,  o>),  a>=i[i(€,a>)  : 

(c)  If  Et  and  Q^  for  all  values  of «',  be  defined  by  the  equations 

E  - 1  V  V  V  £      r  'r  'r  '       O  —  *     ^    rTi      r  'r  'r  ' 

•^     3  gx  /  2Lj  <LJ  2L*  €ijkxi  xi  xk  >    **i—  3  g^60"*^*    -/    7>: » 
then,  for  all  directions  in  the  orientation,  the  equations 


el  >  e2  ?  fc3  ? 

D!  ,  O>2  ,  61)3  , 


=  0 


hold  for  arbitrary  values  for  the  constants  £  and  £,  when  the  eight 
relations  of  third-order  contact  are  satisfied. 


Primary  and  secondary  magnitudes  of  a  domainal  surface. 

345.  We  return  now  to  the  properties  of  a  general  (non-  geodesic)  surface  in  a 
domain.  As  any  surface  requires  only  a  couple  of  parameters  for  parametric 
expression,  we  may  represent  a  domainal  surface  by  the  two  parameters 
p  and  17,  the  other  two  r  and  t  (and  all  their  derivatives)  being  supposed  to  be 
eliminated  by  means  of  the  equations  e  —  0  and  o>  —  0  of  the  surface.  As  the  arc 
of  the  surface  is  an  arc  in  the  domain,  the  value  of  ds  is  unaltered.  With  the 
orientation-variables  stj,  we  have 


on  the  elimination  of  r'  and  tr  from  the  permanent  arc-relation  Y).4//2—  1  of 
the  domain,  the  arc-relation  of  the  surface  is 


where 


*31  +  Jlf  *41)*ia 


345]  MAGNITUDES  FOR  A  SURFACE  481 

In  the  first  place,  we  have 


on  reduction  ;  and  therefore  (p.  255)  we  have  (as  is  to  be  expected) 

J5T0»)*(PlV-JiW)  =  «n  12, 


where  12  denotes  the  angle  between  the  two  directions  p^,  <?/,  /•/,  Z/,  and 
ft',  ft'* 't',  *«'•     But  by  §270, 

1 


/    /     f  tM  i 


sin  12 


Ct)3, 


€na>v  sin  t 


and  therefore 

(€3o>4  -  e4w3)  (A0B0  -  H^Y  =  Q*  €na>v  sin  i. 

In  the  next  place,  we  form  the  magnitudes  A0pr  +  HQqr9  H0p'  +  B0q'.  By 
direct  substitution  and  reduction,  and  with  the  customary  significance  of 
%>  ^2>  W3>  W4>  we  obtain  the  formulae 


Similarly,  if  we  take  quantities  AQ,HQ,  B0,  bearing  to  the  secondary  magnitudes 
of  the  domain  the  same  formal  relations  as  A0,  H0,  B0,  bear  to  its  primary 
magnitudes,  so  that 


1  4-  F 


the  expression  for  the  circular  curvature  of  the  domainal  geodesic,  in  the  direction 
tangential  at  0  to  the  superficial  geodesic,  becomes 

-  =  l0/2H-2/70pY  +  ^2. 

We    require    magnitudes    A0p'  +  H0q'    and   HQp'  +  5Qq';     using   the   symbols 
%,  %  V3>  V4»  as  defined  in  §  281,  we  obtain  the  formulae 


Again,  we  have 


When  we  take  quantities  E119  E12,  E22,  bearing  to  the  quantities  €ti  the  same 

relations  as  AQ>  H0,  BQ,  bear  to  the  primary  magnitudes  of  the  domain,  and 

F.I.O.  n.  2n 
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quantities  fillf  £12,  4222,  bearing  a  like  relation  to  the  quantities  oiw,  and  if,  as  in 
§  269,  we  write 

**=*^T> 


we  find 

*12  (-#!!?'  +^12?')==  Sl2*l~    *23*S-    $24*4^1 
512(^12?>'  +  ^22?')  =  $12*2-    $31*3-    $41*4  J    ' 

SI2(®nP'  +  ^12?')  =  ^12^1  -  $23^3-  524^4  1 
^12(^12^'  +  ^22?')~  6%12W2  ~~  ^31^3  -  ^41^4  J 

Similarly,  in  connection  with  the  equation  of  the  domainal  geodesic 

•*  ^  f 


we  take  quantities  f^n],  [^i2],  [??22],  bearing  to  the  quantities  rjtj  the  same  relations 
as  the  magnitudes  A0,  #0,  B0,  bear  to  the  primary  magnitudes  of  the  domain; 
and  the  equation  becomes 


giving  the  circular  curvature  and  the  direction  of  the  prime  normal  of  the  domainal 
geodesic  touched  by  the  superficial  geodesic. 

The  typical  equation  for  the  circular  curvature  of  the  superficial  geodesic  is 

Yo_y        <fy         dy 


where 


Thus 

.  9       1     cost 
5resm2t=  ---- 

Ve         7* 


1 
e  cos  t  =  —  . 


'2)  4-  -— 

€n  CO,, 

sin2  1  =  -  -  (Qnp'*  +  2Q12p'q'  +  ^22?'2)  +  —  (E 

" 


and  therefore 
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where,  for  A/Lt  =  ll,  12,  22, 


€n  J  dn 

Now  the  typical  equation  for  the  circular  curvature  of  a  geodesic  on  the  surface, 
considered  solely  in  relation  to  the  surface,  is 

—  =Wi'+2fciPy+W«f 

Po 
with  the  customary  expressions  (§  93)  for  ijn,  7J12)  7?22-    Hence  we  have 

^11  =  fan]  +  £11  »    ^12  =  fai2l  +  £12  »    ^22  =  [^22]  +  £22  > 

relations  which  connect  the  superficial  magnitudes  rjtj  with  the  domainal  magni- 
tudes r]i}  and  the  direction-  variables  of  the  domainal  normals  to  the  two  regions 
intersecting  in  the  surface. 

The  primary  magnitudes  of  the  surface  are  AQ,  H0,  BQ  ;  let  L0,  M0,  N0,  denote 
its  secondary  magnitudes,  so  that  (§  104) 


Accordingly, 


As  the  quantities  g^  are  linear  in  the  direction-  variables     -  ,  -j-  ,  belonging  to 

rfw    ctr 

directions  in  the  domain,  while  Y  is  the  typical  direction-cosine  of  the  normal  to 
the  domain,  we  have 


for  all  the  combinations  ij  =  11,  12,  22.    Also,  as  •—  and  -7-  are  linear  in  the  magni- 

dn         dv 

tudes  yl9  y2,  y.^  y4,  while  the  quantities  [^u]  are  linear  in  the  quantities  v)if,  and 
because 


for  all  combinations  of  i,  j,  A:,  we  have 
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for  the  combinations  i;  =  ll,  12,  22.     Consequently 


As  regards  the  right-hand  side,  we  have 

ll])  =  2      ^  ^11  -  —  fol3*23  +  *?14*24)  +  ~2  (*?33*232  +  2^34523524  +  ??44S242)  I 
L         I  «912  S12  JJ 

_       9      _  _  | 

=  A  -  -  (6?6'23  +  L524)  +  — 


*12 

:==AQ  \ 
also 

^      dn~~~Tn    n 
and  therefore 

Po~~  P     ^ 
and  similarly 

~*=7'~<:' 


^V0_50      1       -         1       g 
""f    "" 


Hence 


_i 

Po       "  "  '     P  ^  *       M  4 

c/«  /  n      -         ...      -         o     ~  \       ^^  /«     T~ 


-5240)4) 
1 

Po  '     "  ""     P 

~^(S     €    -S     6    -S     €  )-"  (5     0>    -tf     W    -6*     W  ) 

Further, 

1  1 

S12  tS'l2- 

with  the  definitions  of  the  variables  sl}  in  §  270. 

The  (spatial)  torsion  of  a  geodesic  on  a  surface  is  given  (§  106)  by 


F0=j    L0 

°*    \  A0p'+H0q',    H0p'+B0q' 
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where 


Now 


p0<T0    p        en 


R<= 

Rm= 


'',         #0?>'  +    A)?'       , 


SUP' 


',     H0p'+  BQq' 


'+  HQq',      HQp'+  Btf' 


R= 


24 

— 


*12 


a>3, 


!>„  sin  i 


when  the  orientation- variables  of  p.  257  are  used,  and  Av  denotes  the  determinant 
|  vl  u2  63  o>4 1 .    Similarly 

1 

.?12,Q8ena>vsin  t 

i 


where  AI  denotes  a  determinant  |€1t*a€3co4|  and  J-  denotes  a  determinant 
|  oii  u2  €3  d>4  1  .    Also  F0~512  ;  and  therefore 


,  sn  e 


Domainal  curvatures  of  a  geodesic  on  a  surface. 

346.  As  for  a  surface  in  a  region,  and  for  a  region  in  a  domain,  we  take  account 
of  the  domainal  curvatures  of  a  superficial  geodesic,  as  well  as  of  its  spatial  curva- 
tures such  as  1/po  and  l/cr0.  The  two  directions,  with  the  typical  direction-cosines 
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~-  and  —  ,  are  at  right  angles  to  the  tangent  plane  of  the  surface  ;  and  the  typical 
(tfi         (tv 

direction-cosine  of  the  radius  of  domainal  flexure  is  the  magnitude  denoted  by  I, 
where 

I        dy        dy 


Let  A3  denote  the  typical  direction-cosine  of  the  binomial  of  the  superficial 
geodesic,  so  that 

«'      A       dy      dy 
y'     Ai"    dn'    dv' 

are  the  typical  direction-cosines  of  four  lines  in  the  tangent  block  of  the  domain  ; 

thus  Ao,  ~  ,  _-  ,  are  three  non-complanar  lines  in  the  domainal  flat  to  which  the 
dn   dv 

tangent  common  to  the  geodesies  is  orthogonal.  When  differentiation  along  the 
superficial  geodesic  arc  is  denoted  by  ds',  the  initial  equations  for  the  domainal 
curvatures  are 


=_ 

ds     OD     y  ' 

where  l/a/>  denotes  the  domainal  torsion. 

As  the  foregoing  equation  for  I  implies  a  combination  of  the  domainal  flexures 
of  the  e-regional  geodesic  and  the  co-regional  geodesic,  the  combination  being  similar 
to  that  of  the  combination  of  vectorial  magnitudes  along  the  domainal  normals 
to  the  regions,  the  directional  relations  of  the  superficial  geodesic  to  the  c-regional 
geodesic  and  the  to-regional  geodesic  have  to  be  considered. 

In  connection  with  the  geodesic  of  the  e-region,  we  now  use  p€,  y€,  crf,  <r€,  to 
denote  its  radius  of  circular  curvature,  its  radius  of  domainal  flexure,  its  radius  of 
spatial  torsion,  and  its  radius  of  domainal  torsion  respectively  ;  and  we  use 
Ye,  Ae,  Jif)  to  denote  the  typical  direction-cosines  of  its  prime  normal,  its  binomial, 
and  its  trinormal  respectively.  Thus,  after  §§  172,  334,  we  have  relations 


__  _= 

<je    pe     dse  '     ac    y(    d 
together  with 

r5=7  +  l^      b^=dl 
Pe      P     yedn'    a     p      ds  J 

the  last  equation  of  which  has  relation  to  the  domainal  geodesic.    Similarly  we 
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use  symbols  pw,  yw,  C7W,  aw,  Fw,  Aw,  /xw,  to  denote  the  corresponding  magnitudes 
connected  with  the  geodesic  of  the  co-region,  in  the  equations 


together  with 


the  fourth  equation  being  the  same  as  before. 

The  quantities  p(  and  pw  are  given  by  the  equations 

111          111 


The  magnitudes  <re  and  aw  are  given  by  the  equations 


where  the  quantities  D  have  the  significance  defined  (§  335)  by 

A,  H,  G,  L,  Vl,  6, 

H,  B,  F,  M,  t,,,  02 

G,  F,  C,  N,  t>3)  03 

/,,  M,  N,  D,  vt>  04 

(7i  ,         00,        Vq,        VA*          0,  0 

J.  J  £3  O"  %"  " 

0i,    02,    ^    04,     0,     0 

for  B— e  and  Q  =•<*>,  while  \3e(v)  denotes  the  same  determinant  Oe(v,  S)  when 
the  constituents  vl9  v2)  v3,  v4,  are  substituted  for  #„  ^2,  53,  ^4,  and  D^(5) 
denotes  that  determinant  when  the  constituents  Sl9  02,  53,  ^4,  are  substituted 

for  t?,,  v25  V3>  V4- 

Similarly,  the  quantities  a€  and  aw  are  given  by  equations 


and  so  for  other  magnitudes  belonging  to  the  e-region  alone,  and  to  the  co-region 
alone. 
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Again,  let  /J  denote  the  inclination  of  the  respective  binormals  of  the  €-regional 
geodesic  and  the  co-regional  geodesic,  so  that 


Now 


dY€  1 


C7,        p€         dS€  &€n2 

A^     y' __dYu_       1    - 


C  (€,  y), 


where,  for  0=€  and  0=co,  the  symbols  D  now  are  defined  by  the  relation 


y2>  ^,  B,  F,  M,  02 

y,,  <?,  F,  C,  A^,  03 

y4,  £,  M,  JV,  D,  04 

0,  ^j,  02,  03,  04,  0 


while,  for  i=l,  2,  3,  4, 


and  0A'  denotes  en  when  0=e,  and  denotes  <af  when  0=w.    We  thus  have 
cos^      1   _       1    ^dY 

-'  e('y) 


Expressions  can  be  obtained  for  the  sums  on  the  right-hand  sides  by  using  the 
relations,  similar  to  those  on  p.  448,  of  the  form 

dY<- 


S 


Other  forms  can  also  be  obtained  ;  for,  if  we  write 


346] 


SUPERFICIAL  GEODESICS 


489 


regarding  these  as  .concomitants  of  the  domainal  system  (their  values  being 
),  we  can  write 


9A 


dYM    p    /„     A        3TW\       pw    (^  v*     - 
-*.  =7  ($  $  *«'  9A-J  ~  w  (^  \  y>Wi 


and  we  have 


the  right-hand  summation  extending  over  the  range  of  the  plenary  homaloidal 
space. 

We  also  require  the  inclination  of  the  binormal  of  a  geodesic  of  either  region 
to  the  domainal  normal  of  the  other  region.  Let  the  inclination  of  the  c-regional 
binormal  to  the  domainal  normal  of  the  co-region  be  denoted  by  ft,  so  that 


cos 


=  2  - 


then,  as  y]  y'  -7 -=0,  we  have 

*-*      dv 


rr  TJ 

/I,  />, 

f^  V 

u,  n , 

L,  M, 


L, 
M, 

N, 
D, 


CO, 


0,      0 
0,      0 


-D.fc 


Similarly,  if  the  inclination  of  the  co-regional  geodesic  to  the  domainal  normal  of 
the  e-region  be  denoted  by  j8w,  we  find 


A, 

H, 

G, 

H, 

B, 

F, 

G, 

F, 

c, 

L, 

M, 

N, 

Mi, 

M«, 

Ma, 

L,     COj,      €j 

F,      M,    a>2,    e2 
N,   fa)3,    €3 


o*4,      0,     0 
«L,     0,    0 


1 
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Binormal  of  a  superficial  geodesic. 

347.  The  typical  direction-cosine  A3  of  the  binormal  of  the  superficial  geodesic, 
lying  in  the  tangent  plane  of  the  surface  at  right  angles  to  the  tangent,  is  given 
(§  106)  by 


Now 


$122/2  = 


1 

J   ' 


J   ' 


and  therefore,  using  the  relations  (§  270)  among  the  orientation-variables  %  as 
connected  with  the  derivatives  of  e  and  co,  we  have 


1 


2/4 
€4 
Ct>4 


But  also 


consequently 


2/3,       2/4 


Let  <£3  denote  the  inclination  of  this  superficial  geodesic  binormal  to  the 
binormal  of  the  domainal  geodesic,  which  has  a  typical  direction-cosine  /3 
given  by  the  adapted  Frenet  equation  (§  8) 


a     p 


Then,  as 


the  last  holding  for  all  values  /*,=  1,  2,  3,  4,  we  have 


-  --  €nu>v  sin  i  cos  <p3=  - 

<7 


with  the  notation  of  p.  485. 

Next,  let  ^4  denote  the  inclination  of  the  superficial  geodesic  binormal  to  the 
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trinormal  of  the  domainal  geodesic,  which  has  its  typical  direction-cosine 
given  (§  8)  by 


Now 


=  COS  < 


S  Y  A3  =  0,        £)  A3*/'  =  0  J 

and  therefore,  multiplying  this  equation  throughout  by  A3,  and  adding  for  the 
range  of  the  plenary  space, 

—  cos<£4  +  - 

T  ( 


C04 


on  using  the  domainal  relations 


"--i/v    (^=1,2,3,4), 


established  in  §  285,  Ex.  1. 


Domainal  torsion,  regional  torsions,  of  a  superficial  geodesic. 
348.  Again,  as 

Yo_Y^dy^dy 


we  have 


But 


Po' 


dy 


dp        da        dr        dt 
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>-yA  ^=l(rA 

^     *  dv    a)v 
j ;  consequently 


-- 

Po 


and  therefore 


Further,  from  the  same  initial  relation,  it  follows  that 


hence 


The  spatial  torsion  of  the  superficial  geodesic  is  given  by  the  Frenet  equation 


°f 


so  that 


When  the  foregoing  determinantal  form  of  A3  is  inserted,  we  find 


sin  t— 


When  the  values  of  the  quantities  ^^A^Y  are  inserted  in  this  determinant, 
their  terms  involving  eA  disappear  because  of  the  third  column,  and  their  terms 
involving  o>A  disappear  because  of  the  fourth  column  ;  consequently 
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6nCU,,CO8  1  = 


U19     - 


P       *n  «*F 

.VJ+ft-     L> 

P       < 

.?«  +  &  = 

P       ' 


€4, 


in  accordance  with  the  result  and  the  notation  of  p.  485,  already  used  for  the 
spatial  torsion  of  the  superficial  geodesic. 

The  characteristic  Frenet  equation  for  the  domainal  torsion  l/aD  of  the  super- 
ficial geodesic  is 

ds'~~aD     y  ' 

where  Z,  the  typical  direction-cosine  of  the  radius  of  domainal  flexure  of  that 
geodesic,  is  given  by 

I  _    dy        dy 

From  the  last  relation,  we  have 

11  1       d  f\\         d  (dy\          d  fdy\     dy  dg€    dy  dg^ 
_ 4. /  —l-l  =<7€-r-,  [  ,    1  +  <7a, -7-7  I  ,'  )  -f  j-  -j-,  4-  , -  -j-j . 
'«v  y      ds  \y]        ds  \dnj         as  \dvj     an  ds      dv  as 


ds 


A     ^N    s.       «'& 

dy-«   > 


Now 


and 


consequently 


As  the  quantities 

d  fdy\          (__ 
ds'  \dn)  J      ds'  \dv)  ' 

are  the  same  for  the  surface  and  for  each  of  the  two  regions  as  for  the  domain, 

because  the  direction- variables  -,    ,  ~  ,  do  not  involve  the  direction-variables  of 

dn    dv 
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the  geodesic,  we  use  the  determinantal  value  of  A3  of  §  347,  which  is 

1>      W2»      W3,      Ul 
1,       2/2,       2/3»       2/4 

1?      Ct>2,      0)3,      0>4 

and  we  take  the  foregoing  sums  in  connection  with  the  row  of  constituents 
2/i,  ^2,  2/3,  y*-    By  the  result  of  §  324,  we  have 

d 


for  /A  =  1,  2,  3,  4  ;  atid  similarly 

d 


d  1  1 


In  the  magnitude  ^  ^3  1   (^   )  »  w^en  substitution  is  made  for  ^y^  ,-  (  T  ~)  ,  the 
terms  involving  €^  disappear  because  of  the  third  row  of  constituents  in  A3  ; 

and  similarly  in  the  magnitude  Y]  A3  -=-  (  7  )  ,  when  substitution  is  made  for 
d  fd  \  «5  \dvj 

~  (>  )  »  ^^e  ^erms  involving  COM  disappear  because  of  the  fourth  row  of 

LS  \u/V/ 


constituents  in  A.>.     Hence 


J< 

€» 


0)4 


C03 


thus  giving  the  domainal  torsion  of  the  superficial  geodesic.    In  passing,  we  note 
the  relation 

(  ---      -)Q*€na)v$m<,  =  -Av; 
\/>0cr0     y<jDJ  p 

and  therefore 

]         JL 

=  —  COS03. 


Let  0€  and  8^  denote  the  respective  angles  made  by  the  binormal  of  the  super- 
ficial geodesic  with  the  binormals  of  the  geodesies  in  the  e-region  and  the  co-region  , 
so  that 

cos  0«=  2  A3A€,    cos  8M=  ^  *a\«- 
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Now 


and  2  ^3^'—  0  '»  hence 

cos0e     ^      dY€ 


By  the  result  on  p.  448,  we  have 


and  therefore,  when  the  determinantal  form  of  A3  is  used,  so  as  to  combine  the 
second  row  of  constituents  with  the  arc-derivative  of  Ye,  and  when  this  result  is 
used,  we  find 


Similarly  we  find 


-     i?^ewco^sin  i  cos  0€=-AV  --  J-. 

e°t  P  y^n 


-----  £?*€na>K  sin  i  cos  #„=  -Av- 
Pai^co  P         y<» 


Also  we  have 

A._£=_ 

°c    7e    ds€  \dn)  ' 
and  therefore,  in  the  same  way, 


—  €ncov  sin  i  cos  6€  =  [^  ^J  A3  T~  (  T^  )  J  &€n«>v  sin  t 

" 


7TT 

by  using  the  formula  for  2  y/i  ^r1  5  and  likewise 

a6'e 

°*  •  a  l   A 

—  €^0;^  sin  i  cos  0W:=  -     J  5. 

CTO,  a>K 

From  these  relations,  various  combinations  can  be  effected.     Thus,  by  the 
elimination  of  cos  0€  between  the  two  equations  in  which  it  occurs,  we  find 

1  l  l 


and,  by  the  corresponding  elimination  of  cos  0W,  we  find 

1  j  _ij.fj__j  \ 

~~=~  ^J  v  —  —  £*  a>  \         -  /  • 

OCTft,  0>p  \w<7a>          w^w/ 
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By  the  elimination  of  A  «,  we  find 

(1         1  \     i  1 
_  J  Q*€na>v  sin  i  cos  03=-  A  „, 
o  &      y  o*  /                                     ^ 

and  therefore 

/I         1  \  1         1 

Similarly,  by  the  elimination  of  A^9  we  find 

( J M  Cos  e^-1 — — . 

\p  cr       y  a  I 
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Moreover,  the  relations  provide  alternative  forms  for  the  three  concomitants 
Av,  A;,  AU,  respectively  equivalent  in  virtue  of  these  relations. 


Diagram  of  some  principal  lines  for  a  superficial  geodesic. 

349.  We  now  can  construct  a  diagram  for  the  schematic  arrangement  of  some 
of  the  characteristic  lines  which,  lying  within  the  tangent  block  of  the  domain, 
belong  to  the  e-region,  to  the  co-region,  and 
to  the  surface  arising  as  the  intersection  of 
those  regions.  That  tangent  block  contains  a 
flat  which  is  orthogonal  to  the  tangent  line 
OT  common  to  the  superficial  geodesic,  the 
e-regional  geodesic,  the  ^-regional  geodesic, 
and  the  domainal  geodesic  ;  and  therefore  the 
three  gremial  lines  of  the  domainal  geodesic 
with  typical  direction-cosines  Z3,  Z4,  /5,  can  be 
taken  as  three  leading  lines  for  the  flat. 

Now  consider  the  superficial  geodesic ; 
its  binormal  and  its  radius  of  domainal  flexure 
lie  within  the  block  and  are  at  right  angles  FIG.  34. 

to  the  tangent  OT,  and  therefore  they  lie  in 

the  selected  flat.    The  domainal  normal  On  to  the  €-region,  having  —  for  its 

an 

typical  cosine,  is  perpendicular  to  the  tangent  OT  and  lies  in  the  flat ;  and 
the  domainal  normal  Ov  to  the  ou-region,  having  -~  for  its  typical  cosine,  also 

is  perpendicular  to  OT  and  lies  in  the  flat.  Both  On  and  Ov  are  at  right  angles  to 
the  tangent  plane  of  the  surface,  and  so  the  plane  nOv  is  a  plane  which,  lying  in 
the  tangent  block  of  the  domain,  is  orthogonal  to  the  tangent  plane  of  the  surface. 
In  that  orthogonal  plane  nOv,  the  direction  OL  of  the  radius  of  domainal  flexure 
is  drawn,  by  the  construction  in  §  342. 


349]  PRINCIPAL  DIRECTIONS  497 

Accordingly,  for  the  present  purpose,  we  take  the  directions  of  the  lines 
OB,  OL,  On,  0r,  as  radii  of  a  sphere  of  representation  in  the  selected  flat.  The 
typical  direction-cosine  I  of  OL  is  connected  with  the  typical  direction-cosines 
of  On  and  Ov  by  the  relation 


where 


sin2  1      1      2  cos  i 


the  angle  nOv  being  denoted  by  t. 

The  surface  lies  in  the  e-region  ;  and  the  radius  of  e-regional  flexure  of  the 
superficial  geodesic  lies  along  0e,  the  regional  normal  to  the  surface.  All  normals 
within  the  domain  (and  therefore  the  €-regional  normal)  to  the  surface  lie  in  the 
domainal  orthogonal  plane  nOv  of  the  surface.  The  e-regional  normal  to  the 
surface  lies  in  the  region  and  its  direction  is  therefore  at  right  angles  to  On,  which 
is  the  domainal  normal ;  hence  0e  lies  in  the  plane  nOv  and  is  perpendicular  to  On. 
We  therefore  draw  0e  in  the  diagram,  where  ne=  ITT.  Similarly  0co,  the  direction 
of  the  radius  of  co-regional  flexure  of  the  superficial  geodesic  lies  in  the  same 
orthogonal  plane  nOv  and  is  perpendicular  to  Ov  ;  we  therefore  draw  Oco  in  the 
diagram,  where  VQJ  =  %TT. 

We  denote  by  Ae  and  /*e  the  typical  direction-cosines  of  the  binormal  and  the 
trinormal  of  the  e-regional  geodesic  tangent,  respectively.  The  investigation  of 
§  169  shews  that  these  directions  lie  in  the  plane  of  which  On  (the  domainal 
normal  of  the  region)  is  the  axis  in  the  spherical  representation  ;  that  is,  0Ae 
and  Ofji€  (representing  the  binormal  and  the  trinormal)  lie  in  the  plane  BOe. 
Similarly,  when  Aw  and  //,w  denote  the  typical  direction-cosines  of  the  binormal 
and  the  trinormal  of  the  co-regional  geodesic  tangent  respectively,  0AW  and  0/zw 
(representing  that  binormal  and  that  trinormal)  lie  in  the  plane  BOa).  Thus 
0/i,  0AC,  Ofji€,  are  a  set  of  three  orthogonal  lines  in  the  flat,  specially  associated 
with  the  e-rogion  ;  and  Ov,  0AW,  and  0/iw,  are  another  set  of  orthogonal  lines  in 
the  flat,  these  being  specially  associated  with  the  co-region. 

As  the  direction  0e  lies  in  the  plane  nOv,  leading-lines  of  which  are  On  and  Ov 

with  typical  direction -cosines        and  -~  respectively,  the  typical  direction-cosine 
(denoted  by  y€)  of  Oe  is 

1     /    dy    dy        \ 

&=  •     -:i-+/cosu) ; 

J      sm  i  \     dv    dn        J 

and  similarly  the  typical  direction-cosine  (denoted  by  y^)  of  Oco  is 

1     /     dy    dy        \ 

ya,  =  -r—       --^  +  /COSl      . 

sin  i  \     dn    dv         I 

F.I.U.  II.  2l 
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Ex.  Prove  that  the  ^-regional  flexure  l/G€  and  the  co-regional  flexure  !/(?„  of 
the  superficial  geodesic  are  given  by 

l_JL  ^JL-5?8^       1-   Lfl     cos  fcNj 
Ge    sin  i  \yw      ye  /  '     Gm    sin  i  \yc      yw  / 

To  discuss  geometrical  relations  of  the  surface,  alike  in  reference  to  the  two 
regions  and  to  the  whole  domain,  in  so  far  as  these  are  either  gremial  to  the  domain 
or  also  relate  to  the  curvatures  and  the  flexures,  the  foregoing  diagram,  with  the 
lines  On,  Ov,  OB,  as  central  lines  of  reference  for  the  flat,  can  be  used  in  con- 
junction with  the  diagram  on  p.  468,  in  which  the  lines  OFW,  OF0,  OFt,  are  respec- 
tively the  lines  Ov,  OL,  On,  of  the  preceding  diagram.  We  still  have  to  indicate 
the  positions,  in  the  flat,  of  the  binormal  013,  the  trinormal  OZ4,  and  the  quarti- 
normal  015,  of  the  domainal  geodesic,  the  common  tangent  OT  being  orthogonal 
to  the  flat,  so  that  the  plane  containing  OT  and  OY  (the  prime  normal  of  the 
domainal  geodesic)  is  orthogonal  to  the  flat. 

Let  Xe3  and  #0,3  denote  the  inclinations  of  the  binormal  of  the  domainal  geodesic, 
which  has  the  typical  direction-cosine  Z3,  to  the  respective  domainal  normals  of 
the  e-region  and  the  co-region,  so  that  (§  317) 


-  —  COS  Xe3  =  Z,  aVl€l»        ~  -        COS  Xa>3  = 


where  I/a  is  the  torsion  of  the  domainal  geodesic.  Also,  the  inclination  <£3  of  the 
binormal  of  the  superficial  geodesic  to  the  binormal  of  the  domainal  geodesic 
tangent  is  given  (§  347)  by 

& 

—  cnwv  sin  i  cos  ^3=  Av, 
a 

so  that,  if  O/g  in  the  diagram  represents  the  direction  of  the  binormal  of  the 
domainal  geodesic, 

5/3=^3,    nl3=x<3,    ^=x«a- 

Thus  the  position  of  Z3  in  the  diagram  is  settled  :  the  two  angles  xe3  and  x^  are 
sufficient  for  the  purpose,  owing  to  the  relation 

COS2  <£3  +  -v-£-  (COS2  X<3  ~  2  COS  I  COS  X«3  COS  Xo>3  +  COS2  XW3)  =  1  • 

sin  t 

Similarly  for  the  position  of  lt  in  the  diagram.  We  denote  by  x«4  and  Xon 
respectively  the  inclinations  of  the  trinormal  of  the  domainal  geodesic  to  the 
domainal  normals  of  the  e-region  and  the  o>-region  ;  and  then  by  the  results  of 
§  339,  we  have 


+ds 


d  /1 
ds 
d  /1 
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The  two  angles  Xci  and  ^w4  settle  the  position  of  Z4.    The  inclination  <£4  of  the 
trinormal  of  the  domainal  geodesic  to  the  superficial  binormal  is  (§  347)  given  by 

-i       .    r  i      ,     d  n\      .}    A 

£2*€najv  sin  i  <  —  cos  <A4-f  y  (  -  I  cos  <p3  >=  J^  ; 

(aT  »$  \OV  J 

and  again  there  is  the  same  type  of  relation  connecting  the  three  angles  <£4,  x«4> 
Xa,4,  in  the  form 


cos 


-r-a 

fcslll    C 


(cos2  x«4  ~  2  cos  i  cos  x«  cos  x*>4  +  cos2  x<»t)  =  1  . 


Finally,  for  the  position  of  /5,  which  is  the  pole  of  the  great  circle  /3/4  in  the 
diagram,  the  value  of  1B  is  (§  288)  given  by 


<72T 


2/3,    2/4 


Then 


Hence 


,        OX 


a2r 


cos  v«= 


!,      C02,      C03, 

X,    ^^2,    M8> 


Also,  with  the  value  of  A3  in  §  347,  we  have 

O€nco,,sint        n~.         .^r^ 
— ^ cos  J30/5  =  -  (2 


Now 


the  last  two  relations  are  2€iP/= 
on  the  surface.     Also,  the  values  of 


/::=^'  which  are  satisfied  for  the  arc 
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are  known  in  terms  of  the  angles  ^e3,  ;^4,  ^3,  Xa>*  ;  when  they  are  substituted, 
we  have  a  relation,  in  the  covariantive  form 


,  co,,  sin  i 


cos 


>     2  a€i^i 


and  a  relation  in  the  trigonometrical  form 
sintcos  JSO/5  — 

Also  there  is  the  relation 
1 


COS  ^ 


cos2  B015  +  --.    -  (cos2  nO/5  -  2  cos  i  cos  nO/5  cos  i/0/5  -h  cos2  j/0/5)  —  1 ; 
sin  t 

and  there  are  relations,  similar  to  the  foregoing, 

sin  i  cos  <ta  —  i     cos  x^ »     c°s  x^4 
cosnO/s,    cos  1/0/5 
,    cos  1/0/5 


The  trigonometrical  relations  of  the  arcs  in  the  complete  diagram  are  satisfied 
in  virtue  of  the  covariantive  expressions  which  are  themselves  the  representation 
of  the  inclinations  of  the  various  characteristic  lines. 

Curves  of  domainal  circular  curvature  OH  a  surface. 

350.  The  circular  curvature  of  the  domainal  geodesic  tangent  of  a  superficial 
geodesic  is  a  function  of  the  direction-variables  of  the  tangent  common  to  both 
geodesies  ;  and  therefore  there  arc  directions  on  the  surface  which  give  a  maximum 
or  a  minimum  value  to  this  curvature.  Such  curves  on  the  surface  may  be  called 
its  curves  of  domainal  circular  curvature. 

To  determine  the  directions  of  these  curves  at  any  point  on  the  surface,  we 
assign  the  critical  equations  under  which  the  magnitude  1  /p  can  obtain  a  maximum 
or  a  minimum  for  the  variables  pr,  qf,  r',  /',  subject  to  the  conditions 


These  critical  equations  are 


for  a=l,  2,  3,  4,  the  quantities  P,  Q,  /?,  being  left  undetermined  in  the  formation 
of  the  equations. 

The  value  of  P  can  be  obtained  at  once.  Multiply  the  equations  by  p',  q',  rr, 
t',  for  the  successive  values  of  a,  and  add  the  results  ;  then,  under  the  limiting 
conditions,  we  find 
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so  that  the  equations  now  become 

va-    ua=Q€a  +  Raja. 

Before  determining  Q  and  7?,  one  geometrical  property  can  be  inferred.  The 
typical  direction-cosine  /3  of  the  binomial  of  the  domainal  geodesic  is  given 
(§284)  by 


where  the  quantities  A,  //,,  v,  w,  are  determined  by  equations  of  the  type 

-(AalX  +  Aa2fjL  +  Aa3v+Aatw)  =  -ua-va==-(Q 
a  p 

But 

€a_  .    dp  dq     A     dr      .     dt 


dr      A     dt 

dV+A«dV> 

and  therefore,  as  the  equations  hold  for  a=l,  2,  3,  4,  we  have 


and  so  for  v,   m.     Let  these  four  equations,   equivalent  to  the  former  four, 
be  multiplied  by  yl9  y^y^y^  and  the  results  be  added  ;  then 


It  follows  that  the  binormal  of  the  domainal  geodesic,  touching  a  curve  of  domainal 
circular  curvature  on  the  surface,  lies  in  the  plane  nOv,  being  the  domainal  ortho- 
gonal plane  of  the  surface  (Fig.  34,  p.  496). 

To  determine  the  values  of  Q  and  R,  we  have 


I  1  v^  7  dy 

-  -cos  xa€  =  -  -  2j  k-j-  = 

cr  a  ^^     an 


1  1  ^  7  dy 

-aG-- 

and  therefore,  assuming 


as  the  standard  case  out  of  the  possibilities  t  ±  x&  ±  X3"=0>  we  have 

=  -  -  sin  x**>,    R<*>v  sin  i=  -  -  sin  x&- 


a 
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The  foregoing  equation  for  13  now  assumes  the  form,  obvious  after  the  establish- 
ment of  the  property  that  the  domainal  binormal  lies  in  the  plane  nOv, 


and  the  equations  for  the  directions  of  the  curves  of  domainal  circular  curvature 
now  become 


fora=rl,  2,  3,  4. 

Further,  as  the  direction  0/3  lies  in  the  plane  nOv,  it  follows  that  013  and  OB 
are  at  right  angles  ;  and  therefore 

Also,  eliminating  1/p,  sin  #3a>,  and  sin  ^3f,  from  the  four  equations  of  the  directions 
of  the  curves  of  domainal  circular  curvature,  we  have 

-0, 

1>       €2>       €3> 

along  these  directions  :  that  is,  with  the  notation  of  §  347, 
a  result  in  accordance  with  the  relation 


Consequently,  for  the  curvatures  of  the  various  geodesies  which  touch  a  curve  of 
domainal  curvature,  we  have 


1 


Pto°a>       y  'a>Va> 

which  are  results  that  follow  from  §  348. 

Ex.  Shew  that,  if  the  inclination  of  the  radius  of  domainal  flexure  of  the  surface 
to  the  binormal  of  the  domainal  geodesic  be  denoted  by  6,  then  for  a  superficial  geodesic 
along  a  curve  of  domainal  circular  curvature 

sin  i  cos  8  _  sin  x^    sin  x3€ 

~  ' 
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Spatial  tilt  of  a  superficial  geodesic. 

351.  An  expression  for  the  spatial  tilt  of  a  geodesic,  on  a  surface  in  a  domain, 
can  be  obtained  as  follows. 

For  the  quantities  7ji}  connected  with  the  circular  curvature  of  the  geodesic, 
we  have  the  relations  (§  345) 


for  the  three  combinations  ij=H9  12,  22.    We  write 

^i  =  vjup'  +  *h2?'>     ['nil  =  [niilP'  +  foial?'» 

%=  W'  +  *722?'>     M  =  fowl 
so  that 


Let  Z4  denote  the  typical  direction-cosine  of  the  trinormal  of  the  superficial  geodesic, 
and  I/TO  denote  its  spatial  torsion  ;  then  (§  132),  with  the  preceding  notation,  we 
have 


On  squaring  both  sides  of  the  equation  and  adding  for  the  range  of  the  plenary 
homaloidal  space,  it  follows  that 


Now 

uf=A0-VM*9 

When  these  values  are  substituted  on  the  right-hand  side,  the  coefficient  of  F02 


and  therefore  the  equation  becomes 


^o      Po 

The  right-hand  side  has  to  be  evaluated,  no  longer  having  the  simple  form  of  the 
corresponding  equation  for  a  free  surface. 

For  all  values  of  integers  i,j,  A,  ft,  =1,  2,  in  all  combinations,  we  have 


the  summation  extending  over  the  plenary  range,  because  the  directional  quantities 
£AM  are  linear  in  yl9  ?/2,  ya,  «/4,  and 
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for  all  values  #=],  2,  3,  4.    Consequently,  also 

and  therefore 


Thus  the  right-hand  side  of  the  equation  consists  of  two  aggregates  of  terms 
0  and  0#,  where 


First,  for  the  aggregate  £>.    In  §  297,  there  is  the  relation 

rik=Yvk  +  lt(;k, 
for  k=  1  ,  2,  3,  4  ;  and  therefore,  as 

r       ~[  ^23  ^24  t       T  ^31  *41 

L7?!]^7?!  ~  T"  %  "  o~  ^>        L7?2J  =  7?2  ~  ~  %  ~  — 

*12  *12  A12  A12 

we  have 

hJ=FL-^t,i-^0  +  <l(f1-^&-J- 

\  *12  *12       /  \  *12  tS12 

By  the  values  of  the  quantities  &,  f2»  £a>  &*  as  obtained  in  §  300,  we  have 

i/ 
'  4-  W,,/) 


where  /S  is  defined  by  the  relation 

S=sl2 
and  similarly  we  have 

1  ((  _  ?**  t  _  *«•  ^  ^  -  JL 
Iffa          ?3         ff4J- 

P   \  *12  512       /        512 

Also  (§  345) 
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But 


where 


H,     B,     F,    M,    9»    €„   o>2 

ev      r*      AT      A        ~ 
,        X ,        U,       IV,       t73,       €3,      O>3 

Z,    M,    A^,    D,    04,     €4,   «,4 

Ct>-t ,      ^9)      ^3)      ^4)  0,          0,          0 

for  all  quantities  0,  <f> ;  and  (§  270) 

while  (§  345) 
Hence  we  have 


K 


__ 
1      "      P         ' 


Next,  for  the  aggregate  <&D.    By  the  results  in  §  345,  we  have 


and 
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and  therefore 


*"=  *.*- 

-  2//0        E&  -  ~  ( 


-2^--°-W1+--2^). 

\€n2  enU)v  a.,2      V 


But 


and  therefore 


Accordingly,  the  equation  for  the  spatial  tilt  of  the  superficial  geodesic  has  the 
form 


Circular  curvature  of  a  superficial  geodesic  in  the  bi-parametric  representation  of 

a  surface. 
352.  The  fundamental  relation 


connecting  the  circular  curvature  and  the  domainal  flexure  of  a  superficial  geodesic 
with  the  circular  curvature  of  the  domainal  geodesic  tangent,  can  be  established 
in  connection  with  the  bi-parametric  representation  of  the  surface,  instead  of  the 
bi-regional  representation  used  in  the  preceding  investigation.  The  course  of  the 
analysis  leads  to  a  modified  expression  for  the  domainal  flexure  of  the  superficial 
geodesic. 

In  the  bi-parametric  representation,  the  four  domainal  parameters  are  postu- 
lated as  functions  of  two  parameters  x,  z,  according  to  the  definitions 

p=p(x,z)9     q-q(x,z),     r=r(x,z),     t=t(x,z). 
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0*34— 


and  these  variables  aij9  differing  each  from  the  corresponding  variable  sti  only  by 
a  factor  which  is  the  same  for  all,  are  orientation- variables  of  the  surface. 

Any  line  in  the  tangent  plane  of  the  surface  is  given  by  the  typical  equation 


y-y. 


that  is, 


where  6  is  the  current  variable  of  length  along  the  line  ;   and  /c,  A,  /*,  m,  denote 
parametric  magnitudes,  the  values  of  which  are  given  by 

K  =  0pr  =  8  (pxxr  +  pzz')  =  apx 


Thus 


=0r'  =  0(r9if+  rzz')=arx  +  prz 
^et  =0(trx'+  tzz')  =  a£x  +fitz 


K,        X,       JLl,       W       =  0, 


Pz 


and  (what  is  the  equivalent) 


Ao-34  +  ^<T24  +  cJo-23  =  0, 


—  Acr 


14 


31  =  0, 

1!  2=0, 
=0  ; 


as  usual,  these  four  relations  are  equivalent  to  only  a  couple  of  independent 
relations.    Hence  the  equations  of  the  tangent  plane  of  the  surface  are 

y  -y^*y\  +  *2/2  +/*&  +  my*> 

^where  the  parameters  /c,  A,  JJL,  w,  of  the  plane  are  subject  to  the  preceding  set  of 
relations. 

Expressions  for  the  direction-cosines  and  for  the  magnitude  of  the  circular 
curvature  of  a  superficial  geodesic  can  be  obtained  as  before*,  by  drawing, 

*  The  analysis  which  follows  is  an  alternative  to  the  analysis  in  §  343,  in  connection 
with  which  reference  may  be  made  also  to  the  general  investigation  in  §  69. 
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upon  the  tangent  plane  at  0,  a  perpendicular  from  a  contiguous  point  0'  of  the 
surface  at  a  distance  (ultimately  to  be  a  geodesic  distance  S)  from  0.  The  critical 
equations  of  §  343  for  this  perpendicular  now  take  the  form 


]£  ysfo-yo)  =^12 

X)  2/4  fo-yo)  =  0*12* 

where  77  denotes  the  typical  coordinate  of  the  neighbouring  point  0',  where  y0  is 
the  typical  coordinate  of  the  foot  of  the  perpendicular  given  by 


and  where  P,  Q,  are  two  multipliers  left  undetermined  in  the  construction  of  the 
critical  equations.  When  the  value  of  y0  is  inserted,  the  first  of  the  foregoing 
equations  becomes 

AK  +  H  X  +  6r/u,  +  L  w  +  P<723  +  #cr24  =  ^  yl  (T?  -  y)  , 

and  the  others  acquire  corresponding  forms. 

Expanding  up  to  the  second  order  of  small  quantities  inclusive,  we  have 


where  y0"  implies  second  derivation  along  the  surface,  so  that,  with  the  like 
significance  for  p0",  q0",  r0",  t0", 

y0"=yipo"  +  y-tfo"  +  ys  V  +  y^o"  +  X)  yii/1 


"+  V;  eu 
As  before,  there  are  quantities  /c,  A,  /I,  m,  defined  by  the  relations 


and  the  four  critical  equations  acquire  the  form 

AK  +  #A  H-  Gfi  +  Lw=-  P(723 
///c  +  BX  -f  FjL+Mio=  -  P<781 
6?/c  +  JA  +  Cji  +  Nw  =  -  PaM 


With  these  values,  we  find  (as  in  §  343) 

Y 

=  I  —  S2  -  (2/i/c  4-  y 
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and  therefore,  by  a  comparison  with  preceding  results, 

-i-S^y^  +  ftA  +  ya/I-hftro, 

where  y  denotes  the  magnitude  and  I  denotes  the  typical  direction-cosine  of  the 
radius  of  domainal  flexure  of  the  superficial  geodesic. 

In  order  to  evaluate  the  right-hand  side  of  this  equation,  it  is  necessary  to 
determine  the  values  of  P  and  Q.  Let  the  four  critical  equations,  in  their  latest 
form,  be  resolved  for  £,  A,  JJL,  w,  so  that 


~  -P(/*cr234-  &or3l+/cr12) 

=-P(gan  +  /CT31  +  rcT12)  -Q(g<J^Jr  /<J4l  +  n<712), 
-  P(la23  +  ma31  4  M712)  -  Qfau  +  WMr41  4-  &712). 

From  the  relations  connecting  /c,  A,  ^,  w,  we  select  two  conditions 
/«723  -f  Ao-31  4  fjurl2  —  0,     /or34  4-  Acr41  -f-  C7o-12  =  0, 


and  from  the  fact  that  the  variables  p',  </',  /,  //,  determine  a  direction  in  the  tangent 
plane,  we  have  the  two  equations 


and  therefore,  when  the  relations  defining  /c,  A,  JJL,  w,  are  used,  we  find 


—  -i(cr24P04a4lQ0  4-cr12T0)82. 

Let  the  preceding  resolved  values  of  /c,  A,  /I,  m,  be  introduced  into  these  equations  : 
then 


where,  if  we  use  umbral  symbols  7^,  Jc2,  i3,  A4,  such  that 

(a,  b,  c,f,g,  »,  /,  m,  wjflf  f8,  f3,  ^4)2-(A:1^4-A:2f2  + 
the  values  of  d,  ]S,  y,  can  be  expressed  in  the  umbral  forms 
d  =  (^oraa  4-  *2cr31  +  48or12)2, 


7= 

The  value  of  dy  -  jS2  is  given  by 
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D= 


A,    H,     G,     L,   px,   pv 
H,     B,     F,    M,    qx,    qv 


G, 


C,     N,     rf,    ry 


L,    M,    N,     D,     t,,     tv 
px,     qf,     rx,     tx,      0,      0 
Pv,    <h,    r\n     'i/>      0,      0 
It  is  convenient  to  introduce  the  umbral  combinations 


-  ^4=  ^23  +  ^2^31  -  *3*12 


Then  we  have 


on  reduction,  where 


Now  that  the  values  of  P  and  Q  are  known,  they  can  be  substituted  in  the 
resolved  equations  for  /c,  A,  JLC,  w.    Owing  to  the  relations 


we  have 


and  similarly 


-  i2m  (ay  -  /32)  =  i  f30  (fct  4  w 

When  we  use  the  value  of  dy  -  /32,  and  insert  these  values  of  /c,  A,  /H,  S,  in  the 
value  of  Z/y,  we  find 


where 
Now 


-  OA(dy-  j8a)=i 


z'zpz 
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and  therefore,  the  value  of  P0  is 

P0=x"px+z"Pl  +  P, 


where 


Similarly 


+2x'z'(Px, 
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where 


Thus,  for  the  value  of  0,  we  find 


,    kl9    PJ,  pz 

,    h,     qr,  qz 

,    A3,    r,,  rs 

,    h,     tx,  tz 
,    pX9    ps 


Also 


"'S?       -*^»       ^*{r> 
/C4,      ./  ,        ta-, 


+  »S°  +  2/4 


Thus,  finally,  the  value  of  Z/y  is  given  by 


where  0  and  V7  are  the  two  foregoing  umbral  determinants. 

The  direction-variables  x'  and  z'  of  the  surface  occur  only  in  the  magnitudes 
P,  Q9  R,  T  \  when  regard  is  paid  to  their  form,  the  expression  for  l/y  becomes 
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analogous  to  the  (less  generalised)  form  in  §  345,  where  the  parameters  p,  q,  of  the 
domain  are  retained  for  the  surface. 

Domainal  flexure  in  the,  bi-parametrie,  representation  of  a  surface. 
353.  Finally,  we  can  construct  an  expression  for  the  value  of  the  domainal 
flexure  of  the  superficial  geodesic.     Let 


then  we  have,  by  the  formula  on  p.  509, 


--  =  2/1*0+  2/2*0  +  ^0  +  2/4  <*0> 


so  that 


and  the  quantity  on  the  right-hand  side  must  be  evaluated. 
In  §  352,  it  was  proved  that 

A  i<  4-  H  A  -{  Gji  +  Lw  =  -  Pa23  -  Qa24, 

and  therefore,  inserting  the  values  of  P  and  Q  obtained  on  p.  510,  we  have 
-  (ay  -  h  (A*  +  II  X  +  GJI  +  im)  =  J 


}  a1282 


that  is, 

-D(^c0  +  //V 

Now  introduce  new  variables  Sl9  #2,  89,  $4,  defined  by  the  equations 


then 

and  therefore 

D  (AK 
Similarly 

D(/7fc0-hJ5A0 


the  symbols  El9  E2,  E3,  /?4,  being  only  for  temporary  use. 


353] 


Bl-PARAMETRIC  REPRESENTATION 


513 


We  have 


and  therefore 


where  &/,  k2',  k3',  &4',  denote  umbral  symbols  congruent  with  ki,  &2,  k&  &4.    Now 


2+  /S3 


dSj 


with  similar  expressions  for  E29  Z?3,  JS?4  ;  and  therefore 

1       &/,  aSl  +  h82+gS3  +  IS4,  px,  pz 


4»    ^,    r, 


where  the  umbral  symbols  &/,  &2',  Ajg',  &4',  are  such  as  to  give  A/2—  a, 
kikz=h,  ...  ,  k4'2=d.  Accordingly  we  have  an  expression  for  the  domainal 
flexure  of  the  superficial  geodesic,  in  terms  of  the  magnitudes  of  the  domain  and 
of  the  quantities  in  the  bi-parametric  equations  defining  the  surface. 


2K 


CHAPTER  XXX 

DOMAINAL  CURVATURES  OF  SURFACES 
Sphericity  of  a  domainal  surface. 

354.  To  obtain  the  sphericity  of  the  domainal  surface  which  is  the  intersection 
of  the  c-region  and  the  co-region,  we  recall  the  magnitudes  connected  with  the 
domainal  flexures  of  the  e-regional  geodesies  alone  and  of  the  ^-regional  geodesies 
alone.  It  has  appeared  that,  in  addition  to  the  principal  linear  measures  of 
domainal  flexure  of  the  regional  geodesies  (§  319),  there  are  also  two  superficial 
measures  of  domainal  flexure  of  regional  geodesies  for  geodesies  originating  in  a 
superficial  orientation  (§  321).  For  the  immediate  purpose,  we  select  the  super- 
ficial orientation  to  be  the  same  for  the  two  regions,  being  that  of  the  surface 
which  is  the  intersection  of  the  regions. 

With  the  notation  of  §  3-15,  we  have 


Now  as  in  §  319,  the  principal  values  of  the  domainal  flexure  of  the  e-regional 
geodesies  are  obtained  by  making  U€  a  maximum  or  a  minimum  for  values  of 
p'  and  </'  lying  in  the  surface  and  therefore  satisfying  the  single  condition 
C70~  1.  These  principal  values  of  yc  are  the  roots  of  the  equation 


— 

y* 


=0; 


when  they  are  denoted  by  yl€  and  y2o  and  when  K€  and  H€  denote  the  two 
superficial  measures  of  domainal  flexure,  we  have 


Similarly,  there  are  two  principal  values  of  yw,  denoted  by  ylw  and  y^  ;  and 
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there  are  the  two  superficial  measures  Kw  and  Hw  of  domainal  flexure  of  the 
cu-regional  geodesies  ;  the  quantities  ylw  and  y^  are  ^ne  roots  of  the  equation 


y<o 

CDV 


y« 

0}v 


while  Arw  and  Hw  are  given  by 


The  quantities  F02,  ^n£22  -  £122,  £?n£?22  -  ,Q122,  are  the  discriminants  of  the 
three  quadratic  forms  C/0,  E7C,  C7W,  respectively  ;   and  the  quantities 

^0^11  "  2//0U12  -f  A0E22>    -Bo^n  ~  2Ht$i2  +  A^Q22i 

are  intermediate  invariants  of  f/0  and  C7e,  and  of  f/0  and  J7W,  respectively.    There 
is  also  the  intermediate  invariant  7ew  of  C7€  and  C/w,  with  the  value 


^i2  4-  ^2 


a  more  geometrical  form  for  /ew  can  be  obtained  as  follows.    Let  4  JA/1  denote  the 
Jacobian  of  two  quadratics  of  the  type  J7A  and  f7M,  so  that 


/'    ~dq' 

then  as  »'  -    ,A-f</'  -^— 2?7A  for  each  of  the  forms,  there  is  an  identity 
op  oq 

U0J(M+  UfJai0+  UtaJ0f=0. 

The  binariants  of  the  system  of  V0  and  Uc  are  connected  by  a  relation 
/„>=  ».»,/«  -  V.'(SaS,-B,fl  -  V?(A,B,-Hfl 
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so  that,  if  ifi€  denote  the  inclination  of  the  direction  p'9  y',  in  the  surface  to  the 
direction  of  a  principal  value  yl€,  where 

1  _cos2</re    sin80c 

7~    yu          y* 
we  have 

Jte~*J\  (  --   -  )  sin  0e  cos  0e. 
\y2€    V\J 

Similarly,  with  a  corresponding  significance  for  i/rw,  we  have 

r 


Consequently,  as  U0—  1,  a  value  for  Jflo  is  given  by 

}  (  l    M  •  /     /    in    M  • 

-     I  ---       lsini/rccos^f-        --    -1  s 

ly«Ay*   yu/  y,\y2a>   yw 


for  brevity. 

But  there  is  also  the  relation 


and  therefore 


giving  a  value  for  I(a) ;  and  the  value  admits  of  further  reduction. 

The  reduction  to  a  standard  form  can  be  attained  by  another  method.  Let 
Pe',  Qei  be  direction-variables,  in  the  surface,  of  one  of  the  principal  directions 
in  the  superficial  orientation  for  giving  the  domainal  flexure  l/yle  of  e-regional 
geodesies,  so  that 


Consequently  we  have 


-"  A,    $„+"-  H 


0 
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Similarly,  if  PJ,  QJ,  be  direction-variables,  in  the  surface,  of  the  principal 

direction  in  the  superficial  orientation  giving  the  domainal  flexure  l/yiw  of 
co-regional  geodesies,  we  have 


Go/2       "    -PJQJ    ~~       Pa,'2  *   °  Vylw    y2w, 

Let  IJL  denote  the  inclination,  to  one  another,  of  these  selected  principal  directions 
of  the  respective  domainal  flexures  of  geodesies  originating  in  the  surface ;  then 

Hence 


Vie 


so  that 


Thus  the  algebraical  invariants  and  co variants  of  the  system  of  three  quadratic 
forms  are  known.  The  geometrical  magnitudes  implicitly  involved  are  the 
two  measures  of  domainal  superficial  flexure  of  the  €-region  and  the  like  two 
measures  of  the  co-region,  together  with  the  inclination  of  principal  directions  of 
the  domainal  linear  flexure,  all  estimated  in  the  orientation  of  the  surface  which 
is  the  intersection  of  the  two  regions. 

To  the  general  covariantive  expressions,  not  specially  referred  to  the  surface, 
a  return  will  be  made  later. 

Superficial  'measure  of  domiinal  flexure. 

355.  As  regards  the  sphericity  of  the  surface,  we  have  (with  the  notation  of 
§  345) 

- 

Po 
so  that,  if  Ks  denote  that  sphericity, 
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But 

-°J  -  +  -; 

PO    p    y' 

also,  we  have 

^hui 
and,  if 

^A'^ 

/IB  is  the  sphericity  of  the  domain  in  the  orientation  of  the  surface.    Further, 

1  -„**+„  dy 

j-g'fa+ff"b 

_    1     /I     cos  t  Wy       1     /I      cos  t\  % 
~~sin2  1  \yc      y^  )  dn    sin2i  \yw      yc  /  dv 

1       /rfv    ^V        \          1       /^V    ^y        \ 
=—  .-5-   /-/cost  -f  —  .-r-   /-/cost 
ye  sin2  1  \a  w    rfi>         /     yw  sin2  6  \dv    an        I 


where  yt  and  yw  denote  (§  349)  the  typical  direction-cosines  of  the  c-regional 
normal  and  the  co-regional  normal  respectively  to  the  surface.    We  therefore  take 


where 

-En         itfii 
l- 


ye, 


-^22  "2 

-    yw4 

€n  wf 

with  the  preceding  notation  ;  and  thus  we  have 


the  equivalent  of  the  relations  on  p.  483. 

To  develop  the  expression  for  Ks,  we  note  that  (§  345)  each  of  the  quantities 
L^i;]  is  a  linear  combination  of  the  quantities  7?tt/j  and  that  the  quantities  gi}  are 
linear  combinations  of  ye  and  yw,  that  is,  of  y\,y^y-^y^\  also,  for  all  values  of 
a,  j8,  A,  we  have 

Hence  all  the  combinations 
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vanish  ;  and  therefore 


where  /£#  is  the  sphericity  of  the  domain  in  the  orientation  of  the  surface,  and 
Kf  is  a  new  magnitude  defined  by  the  equation 


Having  regard  to  the  similarity  of  the  forms 

-  =  W  +  2^MpV  4-  7J22?'2>     -  -  In 

the  one  belonging  to  the  prime  normal  and  the  circular  curvature,  and  the  other  to 
the  direction  and  the  magnitude  of  the  radius  of  domainal  flexure,  all  the  quan- 
tities 7ji3  and  g4i  being  independent  of  the  direction-  variables  of  the  superficial 
geodesic,  and  to  the  fact  that  the  quantity 


is  the  Riemann  measure  of  sphericity  of  the  surface  as  a  configuration  in  the 
plenary  homaloidal  space,  we  may  regard  KF  as  a  measure  of  domainal  flexure  of 
the  surface,  corresponding  (though  in  a  different  range)  to  /i,s.  Thus  the  sphericity 
of  the  surface  is  the  sum  of  (i),  the  sphericity  of  the  domain  in  the  orientation  of 
the  surface  and  (ii),  the  measure  of  domainal  flexure  of  the  surface. 
The  value  of  the  measure  of  domainal  flexure  KF,  developed  from 


arises  by  substituting  the  foregoing  values  of  £u,  £12,  £22.    Because 

X  yfyw  =-  cost, 
we  have 

€^8         11      22  12  e^      '11      22  12      12  22      11         ^2 

-F02(Ar€-/€Wcost4-/iJ. 

Therefore 

I 

f^F  —    •     o~  (^c  ~  ^«w  COS  *  +  A'a>)  j 

smjt 

where  Kf  is  the  domainal  flexure  of  the  e-region,  Kw  is  the  domainal  flexure  of  the 
co-region,  and  Z£W  is  a  composite  measure  :  all  the  measures  being  estimated  in 
the  superficial  orientation  of  the  surface  that  is  the  intersection  of  the  regions. 
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When  the  values  of  the  principal  radii  of  flexure  in  the  e-region  and  the  co-region 
respectively  are  inserted,  and  account  is  taken  of  the  inclinations  of  the  superficial 
directions  in  the  orientation,  the  expression  giving  Kj?  becomes 

Kf  sin2  1  —  ----   +  ------  \  (  --  1  ----  )  sin2  a  +  (  ----  h  ----  )  cos2  u,  >cos  i. 

yi*y*   yia>y*»    \\yi<y*»   y*y**l  \y\<y*«   y\«yj         J 


Other  forms  can  be  obtained.     Thus,  for  instance,  we  find 


•*• 


2  V^H-1 


€13> 


€12>  €13>  €14>  elJ 

^22  >  ^23  >  ^24)  €2> 

€23>  e33'  €34s  €3> 

e24>  €34J  €44>  €4> 


and,  for  all  values  of  a  and  j8, 


€n2wv*  sn2  1 


-",    ... ,    a  --  +  /?--1-4 , 


a^-fjS0^,     ...,    a' 

€n  0>» 


0,      0 
0,      0 


But  the  form  that  will  be  used,  in  what  follows  immediately,  is 


taken  in  connection  with  (i),  the  arc-relation  of  the  domain,  when  specialised  for 
the  surface,  that  is, 


and  (ii),  with  the  typical  equation 


for  the  direction-cosines  and  the  magnitude  of  the  radius  of  domainal  flexure  of 
the  superficial  geodesic. 

Alternative  bi-parametric  representation  of  a  domainal  surface, 
356.  Thus  far,  the  source  of  the  domainal  surface  has  been  bi-regional  within 
the  domain  ;   the  equations  of  the  surface  have  been  those  of  the  two  regions, 
taken  in  combination  ;    and  some  of  the  properties  of  the  surface  have  been 
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dominated  by  its  relations  to  the  regions.  An  alternative  representation  is 
provided  by  postulating  the  domainal  parameters  p,  q,  r,  I,  as  functions  of 
two  independent  parameters  x  and  z  ;  or  by  taking  r  and  t  as  two  independent 
functions  of  p  and  q.  Such  a  representation  is  equivalent  to  the  two  equations 
e=0,  a)=Q,  the  equivalence  being  obvious  when  these  two  equations  are 
combined,  first  so  as  to  eliminate  t,  and  next  so  as  to  eliminate  r  ;  and,  indeed, 
the  bi-regional  representation  is  not  unique,  for  any  two  equations 


-,     a 


where  a/3'-a'/J  is  not  zero,  would  provide  the  same  surface,  while  the  detailed 
expressions  for  magnitudes  and  relations  of  the  surface  would  be  concerned  with 
the  modified  regions.  But  whatever  transformations  of  this  character  be  adopted, 
geometrical  magnitudes  represented  by  expressions  such  as 


I/  1  __  2  cost        1  \ 
lin^Vy,2"   y€yw    %w2/ 


sin 

1 


are  absolutely  invariantive  in  analytical  expression. 

In  particular,  the  transition  to  the  second  method  can  be  made  by  taking 

e(p,  q,  r,  t)=<f>(p,  q)-r=(}, 
to(p,  q,  r,  t)=iff(p,  q)  -  1  =0, 

where  <^  and  ^/  are  independent  functions  of  p  and  q  ;   and  then  the  superficial 
parameters  p  and  q  can  be  changed  to  any  other  independent  parameters  x  and  z. 
When  this  bi-parametric  representation  of  the  domainal  surface  is  adopted, 
we  take  the  element  of  arc  in  the  form 

cfca  =  A  o  dp2  +  2#0  dp  dq  +  B^df  ; 
and  we  use  the  equations 


for  the  domainal  flexure.    Some  inferences  from  these  equations  will  be  made  ; 
where  desirable  or  useful,  reference  will  be  made  to  the  relations 


for  the  combinations  w/*=  J 1 ,  12,  22. 

We  proceed  as  for  the  (spatial)  circular  curvature  of  geodesies  on  a  surface 
existing  freely  in  its  plenary  homaloidal  space.    The  parametric  derivatives  of  the 
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typical  spatial  variable  y  will  be  denoted  by  yl  and  #2,  so  that  (as  compared  with 
the  domainal  parametric  derivatives  of  y)  we  have  (§  347) 


the  variables  6*a/3  being  the  orientation-variables  of  the  surface  in  the  domain. 
It  is  easy  to  verify  that 


and  therefore 


for  all  values  of  mp,  ;  while 


relations  to  be  expected,  because  the  radius  of  domainal  flexure  (with  the  typical 
direction-cosine  /)  is  perpendicular  to  the  tangent  plane  of  the  surface. 
Let  two  sets  of  quantities  be  introduced,  under  the  definitions 


for  the  one  set  ;  and 


for  the  other  set.    It  is  convenient  to  introduce  a  symbol  t  such  that 

8  +  2b=3f; 
and  we  evidently  have 

fl-b=lVA>. 
Then  there  are  the  relations 

-= 


^  =  fr 

r 
^=g 

and 

1  =  ap'4  +  4hp'3y'  +  (ifp'y  2  H  4f  //Vy'3  +  Cr/4. 
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Moreover,  in  connection  with  the  bi-regional  representation  of  the  surface,  we 
have  equations 

•  *      #n2    <Aifin  fin2 

08111*1  =  --^--2      U     UCOSt+  -H-, 
€w2  €nOJv  CO,2 

*.        .      a  #192         ^J?i«i?io  fil92 

b  sin2  i^-12-  -  2    12    12  cos  t  +  -4  , 


€nOJv 


^22^11 

- 


•     o 

sin«  t  - 


357.  On  account  of  the  relations 


for  m/i=ll,  12,  22,  it  follows  that  the  three  directions  typified  by  direction- 
cosines 

tt-^u,    t>-*|12,    c-*fM, 

lie  in  the  domainal  plane  orthogonal  to  the  surface  ;  and  therefore  there  must 
exist  a  homogeneous  linear  relation  connecting  £u,  £12,  £22,  with  coefficients  the 
same  throughout  the  whole  set  of  which  the  linear  relation  is  typical.  It  might, 
in  fact,  be  taken  in  the  form 


e 


ii) 


=0; 


but  there  is  an  analytical  advantage  in  assuming  it  to  be  of  the  form 


with  coefficients  P  and  Q  to  be  determined. 

To  determine  P  and  Q,  we  multiply  the  relation  by  £n  and  add  :  also  by 
and  add  :  also  by  £22  and  add  :  and  we  obtain  equations 


Of  these  equations,  two  uses  are  to  be  made. 
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In  the  first  place,  the  elimination  of  P  and  Q  leads  to  the  condition 

a,  1),  8 
D,  b,  f 
9,  f,  c 

a  condition  which  is  satisfied  identically  when  the  foregoing  values  of  the  con- 
stituents in  terms  of  the  quantities  Eijy  £2U,  are  substituted.  As  the  determinant 
vanishes,  there  are  relations  connecting  its  first  minors  which  can  be  constructed 
as  follows. 

Owing  to  the  identity 

sin2  (<f>  - 1)  -  2  sin  (</>  - 1)  sin  <f)  cos  t  -f  sin2  <f> = sin2  6, 
where  <f)  is  any  quantity,  we  can  modify  the  expressions  for  a,  b,  c,  by  taking 


€„  0), 

F  i2        i 

-12— b¥sin(02-i),      —nub2  sin 02, 

*n  ™v 

E.i  Q        i 

Let  these  values  of  EtJ  and  &„  be  substituted  in  the  expressions  for  f,  Q,  \) ;  then, 
after  simple  reductions,  we  find 

f  rr  (be)*  cos  (02  -  03),    c;  =  (ac)*  cos  (6.3  -  0, ),    ^  =  (ab)  •  cos  (^  -  02). 

It  will  appear  immediately  that  no  two  of  the  angles  0l5  02,  03,  can  be  equal ;  and 
as  square  roots  of  the  positive  minors  be  -  f2,  ac  -  g2,  ab  - 1)2,  will  be  required,  we 
associate  a  positive  sign  with  each  of  those  real  square  roots.  As  the  standard 
of  reference,  we  assume 

and  thus  we  have 


foregoing  values  obtained  for  f,  cj,  I),  we  find 

(ft  -  af  -    a  (be)*  {cos  (0,  -  08)  cos  (0,  -  02)  -  cos  (02  -  03)} 
=  -  a  (be)*  sin  (0,  -  0t)  sin  (02  -  0t) 


With  the 

=  -  a  (be)*  sin  (03  -  0X)  sin  (02  -  0t) 
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and  similarly 

M-bg=     (ab-l)2)*(bc-f2)»-, 
ffl  -  cf)  =  -  (be  -f  «)J(ae-9»)*, 

which  are  the  standard  relations  *  among  the  minors,  all  being  valid  in  virtue  of 
the  relation  V=0. 

In  the  second  place,  the  values  of  P  and  Q  are  given  by  the  two  equations 

& 

so  that 


and  therefore  the  linear  relation   connecting   the   three   typical   magnitudes 
£n»  £12.  £ia>  becomes 

(be  -  f  «)*  £u  -  (at  -  9«)lf  i,+  (ab  -  f)*)-  f  n=o. 

Ifa.  1.     Let  tho  last  equation  be  multiplied  by  I,  and  the  result  bo  added  for  all 
equations  of  which  it  is  typical  ;  then 

(be  -  f)*e  -  (ac  -  BS)*/+  (ab  -  &2)*?  =0. 

Ifo.  2.     When  the  equation  is  multiplied  by  fn,  and  th(»  results  are  added  for  all 
the  equations,  we  have 


and  similarly 


all  valid  in  virtue  of  the  single  equation  Y— 0. 
Ex.  3.     By  direct  substitution,  we  have 
1     '"    ^        *    *.     '*--*^in(02-i)Bm03-8in(03-i)8in0a} 


-  (be)*  sin  i  sin  (02  -  03)  =  (be  -  f2)*  sin  i ; 
and  similarly 

*  The  results  are  similar  to  those  in  the  corresponding  investigation  connected 
with  the  circular  curvature  of  a  geodesic  on  a  surface  existing  freely  in  a  quadruple 
homaloidal  plenary  space  :  see  G.F.D.,  vol  i,  p.  401. 
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Thus  the  relation  (p.  523) 

ftls    En,    £n    =  0 

^22  >      ^22 »      ^22 

becomes  the  preceding  relation 

(be  -  f4)*  f „  -  (oe  -  a2) *  f „  +  (ob  -  f>2)*  fa = 0. 

A'x.  4.     We  had  relations  (p.  521) 

El  /*") 

j.         •  **  it  «»n 


[CH.  XXX. 


where 

rf«/  6///  .         dy  <#y 

V*- sin  i—~~  cos  i -  -T-  .     V^  sin  ft  =  -~  cos  i  -  ~ 
J  dn  dv      y  dv  dn 

Lot  the  relation  be  multiplied  by  I,  using  the  equation 


for  the  evaluation  of  the  right-hand  side  ;  then,  as 

2jlyf=  -  gM  sin  i,       ^  ly^  =  -  gf  sin  ft, 


we  have 
and  similarly 

7 

y 

.9=_ 

y 

When  regard  is  paid  to  the  relations 

//e+flcu* 


#1 


V12 


a, 


-~  ff<--        9a 


1  1 

~   ,       .</w  f  </c  COS  ft  =    —  , 


these  results  can  be  transformed  to  the  expressions  on  p.  482. 
Also  the  relations  on  p.  484  can  be  expressed  in  the  form 


p    y 


P     y 


p    y 


Ex.  5.  When  the  surface  is  referred  (as  in  the  text)  to  p  and  q  as  its  parameters, 
these  being  original  parameters  of  the  domain,  the  reference  can  be  made  by  taking 
r  and  t  as  two  independent  functions  of  p  and  q,  so  that  we  take 
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Denoting  derivatives  of  r  (p,  q)  and  t  (p,  q)  with  respect  to  p  and  to  q  by  a  suffix  1  and 
a  suffix  2,  we  have 

^^l*        C2  =  r2>         €3=-l»         €4  =       0. 
0*!  =  *!,       0>2  =  <2,        0>3=       0,       OJ4=-1, 

so  that  the  su])erficial  variables  s  are 

<S>34_r/        r/          524_       ,          6>41_       ,          #31  _        r          tV23_       r 

-  r^  -  rfa,      -  -  -  -  tl9    —  -  -  J2,     r    -  -  r2>     --  -  -  ri  • 

612  *12  *12  *12  S12 

Also 

^i  =  ^;-»'i^-^w  +  eo»     or     ^  -^w-^^ii  +  ^o. 

for  i/  =  ll,  12,  22,  in  the  first  instance,  and  for  ij'^any  combination  of  the  integers 
1,  2,  3,  4,  involving  3  or  4  or  both  3  arid  4  ;   and  similarly,  for  like  combinations, 


Then  we  have 

7?ii  -  en  +  2r1€18  4-  2«,  €14 


^22  =  ^22  +  2r2e23  f 


while  Sillt  ,Q12,  ^22,  are  th(»  same  combinations  of  the  foregoing  magnitudes  wi}  as 
Ell9  E12,  E22,  are  of  the  magnitudes  €£j. 

358.  Substituting  the  values  (p.  524)  of  Ell9  E129  E22,  in  the  equation 


we  have 


-     =a  Vs  sin  (^1  -  0  ^  2b*P  V  sin  (02  -  t)  -t-  c*  ry'2  sin  (03  -  c) 


=  {a«  /)/2  +  2b*jj'y'  cos  (flj  -  02)  -f-  c  v/2  cos  (Ol  -  03)}  sin  (61  -  1) 
-  {2b  Vj'  «in  (^i  -  ^2)  +  c  V2  sin  (0!  -  03)}  cos  (6l  -  1). 
On  the  right-hand  side,  the  coefficient  of  sin  (6l  -  1) 


the  coefficient  of  cos  (0a  - 1)  is  7\/a8,  where 

and  therefore 

a*     e 
-     =  -  sin  (0i  - 1 

y<    y 
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Proceeding  similarly  from  the  value  of  yw,  we  find 

-a~=- sin01  +  r1cos01. 

yw    y 

When  these  two  relations  are  resolved  for  e'y  and  Tl9  we  have 
e   .  j  f    cos  6l    cos  (0t  -  t)l 

rl  V  V  I 

I  Ye  YIO  J 

T^^-alt-^*™^}. 

I      y,          y«     J 

It  is  easy  to  verify  that 

\y/         1~y2> 

the  three  results  being  in  accord  because  of  the  relation 

sin2 1  _  1      2  cost      1 

2     """"       2  "^        2  * 

Proceeding  from  the  same  initial  equation,  and  retaining  (instead  of  0!)  the 
quantities  02  and  03  in  turn,  we  find  similar  expressions  for /and  g,  with  modified 
two-term  expressions  T2  and  T3 :  the  values  are 

b^     F 
—  -  sin  (02  - 1)  4-  T2  cos  (02  - 1), 

yc    y 

—  —  =  -  sin  (03  —  t)  4-  T3  cos  (03  —  t), 

V       V 

=/  sin  02 -f  T2  cos  02, 

c*     q 

—  -  sin  03  +  TZ  cos  0.,, 

y     y 
where 

T2=(ab-f)2)V2-    (6c  -  f 2)V2, 


Moreover,  the  values  of  2^,  T2,  T^,  satisfy  the  relation 
while 

and  we  have 

where 

PT= (06  -  &«)  V+ («  ~  92)*PY  +  (be  -  f2)  V2, 


359] 


TORSION  AND  TILT 
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a  quantity  that  will  occur  in  the  expression  for  the  domainal  tilt  of  the  superficial 
geodesic.    And,  by  using  the  results  of  Ex.  3,  p.  525,  we  have 


=  W  sin 


Domainal  torsion  and  tilt  of  a  geodesic  on  a  domainal  surface. 
359.  To  estimate  the  domainal  flexural  curvatures,  we  require  a  frame  of  four 
lines  (as  the  domain  is  four-dimensional)  which,  orthogonal  to  one  another,  shall 
constitute  an  organic  frame  for  a  superficial  geodesic.  Of  these,  two  must  be 
gremial  to  the  surface  ;  they  are  the  tangent  of  the  geodesic  with  a  typical  direction- 
cosine  y',  and  the  binormal  of  that  geodesic  with  a  typical  direction-cosine  A3. 
The  other  two  lines,  within  the  tangent  block  of  the  domain,  must  lie  in  the 
orthogonal  plane  of  the  geodesic  represented  by  the  equations 

dy      d\ 
f~^'    dn'    d\ 

One  of  these  two  is  the  direction  of  the  radius  of  domainal  flexure,  with  a  typical 
direction-cosine  I  such  that 

I        dy         dy 

x»  "         I       x»  ** 


where 


1 

7e 


Let  m  denote  the  typical  direction-cosine  of  the  remaining  line,  lying  in  this 
orthogonal  plane  and  at  right  angles  to  the  radius  of  domainal  flexure.  We  easily 
find 

m  .          I  dy     I  dy 
-smi=—  /•-      /, 
7  y«>  dn    ye  dv 


and  this  line  can  be  regarded  as  a  trinormal  within  the  domainal  range.  Let  I/a/) 
and  I/TO  denote  the  domainal  torsion  and  the  domainal  tilt  of  a  superficial  geodesic  : 
then  Frenet  domainal  equations  for  a  superficial  geodesic  are 


_=_ 
ds'     aD     y  ' 

cZA3_m       I 
ds'     TD    aD  * 


2L 
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where  d/dsr  denotes  differentiation  along  the  superficial  geodesic  and  is  the  same 
as  d/ds  only  when  applied  to  magnitudes  of  position.  We  proceed  to  find  expres- 
sions for  the  domainal  torsion  and  the  domainal  tilt  which,  in  the  first  instance, 
are  given  by 


because  of  the  relation  ^  wA3=0. 
From  the  equation 

I        dy        dy 

we  have 

y  ds'      ds'  \yj        ds'  \dn)         ds'  \dvl  '  dn  ds'  '  dv  ds' 

Now 

vt  v^     dy  ^  v  dy 

because  the  binomial  of  the  superficial  geodesic  is  at  right  angles  to  the  ortho- 
gonal plane :  and  the  first  arc-derivatives  of  ~-  and  -=-  along  the  superficial 

geodesic  are  the  same  as  those  taken  along  the  domainal  geodesic.  Hence, 
multiplying  the  equation  throughout  by  A3,  and  adding  for  the  range  of  the  plenary 
homaloidal  space,  we  have 


Similarly,  from  the  equation 

w_  1  dy     I  dy 
y     y<u  dn    y€  dv  ' 
we  have 


fldm        d  fl\\    .         1    d  (dy\     1    d  tdy\     dy  d  (  l\    dy  d  fl\ 
1-     7  +  m—,  (-Hsmi=-    ^7    /)--  j-/(/)  +  /i-/      -  J-/T-?    -     • 
\y  ds          ds  \yl  j  y^  ds  \dnl     y€  ds'  \dv/     dn  ds'  \yj     dv  dsf  \yj 

We  have  ]>]A3w=0  ;  and  therefore,  multiplying  by  A3  and  proceeding  as  before, 
we  have 

d    dy\       1         f     d    dy\ 
~ 
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Now,  as  in  §  345,  we  have 


where 


U19 


with  a  like  expression  for  A^*     But 


2'       €3>       €4 


^12^'  +  #22?'  =  ^2  ^  :3 


«12  «12 
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and  therefore,  in  the  notation  of  p.  485, 
Similarly 

Also 

and  therefore 


,  sn 


F0sint      11  11 


In  the  equation  for  a^,  the  coefficient  of  H0p'  +  BQq'  on  the  right-hand  side 
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by  the  use  of  Ex.  4,  p.  526  ;  and,  similarly,  the  coefficient  of  AQpf 

*•     ,    7T     ,  _     »v 
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and  thus  the  equation  for  the  domainal  torsion  of  a  superficial  geodesic  becomes 


'• 


Consequently,  also, 


's + .%' V  +  Stp'y" + f q'a,    A  „;/ + H0q' 
2  +  cj",    H0p'  +  B0q' 


Again,  in  the  equation  for  ru,  the  coefficient  of  H0p'  +  B0q'  on  the  right-hand 


side 


'  +  On?')  -  -    - 


'  +  Eid) 


—  Wq'  sin  i, 

by  the  result  on  p.  529  ;   and  similarly  the  coefficient  of  -(AQp'  +  HQq')  on  the 
same  right-hand  side  is 

=  -  Wpf  sin  L. 
We  therefore  have 


-  (ab  -  f)2)  V2+  (ac  -  fl2)  *>'?'  +  (bc  -  f2)  V2- 

All  these  expressions,  for  the  domainal  flexure,  the  domainal  torsion,  and  the 
domainal  tilt,  of  any  geodesic  on  a  surface  in  the  domain,  are  formally  similar  to 
the  corresponding  expressions  for  the  circular  curvature,  the  torsion,  and  the  tilt, 
of  a  geodesic  on  a  surface  existing  freely  in  four-dimensional  homaloidal  space.* 

360.  One  other  property  affecting  the  relation  between  the  spatial  torsion  and 
the  domainal  torsion  of  a  superficial  geodesic  may  be  established  here. 

In  connection  with  the  domainal  surface,  we  have  obtained  (pp.  484,  526)  the 
relations 


p    y     PO     p    y     PO     p 

*  G.F.D.,  vol.  i,  §§  215,  234,  235. 
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where  i0,  M0,  N0,  are  secondary  magnitudes  for  the  circular  curvature  of  the 
superficial  geodesic  ;  c,  /,  g,  have  the  same  relation  to  the  domainal  flexure  of 
that  geodesic  as  i0,  M0,  N0,  to  its  circular  curvature  ;  and  AQ,  H0,  J30,  are 
corresponding  magnitudes  for  the  circular  curvature  of  the  domainal  geodesic 
in  the  same  direction. 

Now  consider  the  surface,  which  is  geodesic  to  the  region  at  0  ;  these  quantities 
AQ,  //0,  J30,  are  the  secondary  magnitudes  for  the  circular  curvature  of  its  geodesic 
(being  the  domainal  geodesic  tangent),  so  that 


Let  the  torsion  of  the  geodesic  on  this  geodesic  surface,  which  is  the  torsion  of 
the  domainal  geodesic  tangent,  be  denoted  by  l/crcl,  so  that 


Then,  because 


W  +  Md,    M,p' 


the  foregoing  set  of  relations  leads  to  the  result 

. 


which  is  the  property  in  question  :  and  it  can  be  expressed  in  the  form 

1     cos  i/j(}    sin  </r() 

—  |_  ? 

°0  acl  al) 

where  i/r0  has  the  same  significance  as  on  p.  469. 

Curves  of  domainal  flexure  on  a  surface. 

361.  We  define  the  curves  of  domainal  flexure  on  the  surface  to  bo  those  of 
which  the  superficial  geodesic  tangents  have  a  maximum  or  a  minimum  value  for 
the  domainal  flexure,  among  the  values  for  all  superficial  directions  through  the 
point.  To  obtain  their  directions  and  also  an  equation  for  those  principal  values 
of  the  domainal  flexure,  we  assign  the  critical  equations  for  a  maximum  or  a 
minimum  value  of  1/y2,  where 


1 


V 3 + Cr/4> 


the  variables  pr  and  qr  being  subject  to  the  condition 


534  CURVES  OF  DOMAINAL  [CH.  XXX. 

We  have 


and  therefore 


and  similarly 


Thus  the  critical  equations  can  be  taken  in  the  form 


the  quantity  A  being  undetermined  in  the  formation  of  the  critical  equations. 
Multiplying  the  two  equations  by  p'  and  </'  respectively,  and  adding,  we  obtain  1/y 
as  the  value  of  A  ;  and  therefore 


are  the  two  equations  which  determine  the  directions  and  the  magnitudes  of  the 
principal  values. 

In  the  first  place,  there  is  a  descriptive  property  of  the  curves  ;  the  elimina- 
tion of  y  leads  to  the  result 

ep'+fq',    A0p'-\  H0qf 
fp'  +  gtf,    H<p'+B0f 
Consequently,  we  have  (§  359) 

1=0: 

°D 

that  is,  the  domainal  torsion  of  superficial  geodesic  tangents  to  a  curve  of  domainal 
flexure  vanishes. 

In  the  next  place,  if  we  denote  by  f70  the  quartic  expression  in  p',  q',  which  is 
the  value  of  1/y2,  and  by  U  the  quantity 


the  two  critical  equations  arc 

dp' 


361] 


FLEXURE  ON  A  SURFACE 


535 


that  is,  the  discriminant  of  f70,  regarded  as  a  binary  quartic  in  p'9  q'9  is  to  vanish. 
We  write 


arid  also 


then 


Let  7  and  «/  denote  the  quadrinvariant  and  the  cubiiivariant  of  t/,  so  that 


~ 


a0,    a,,    a2 
al5    a2,    a3 


==  a0a2a4  4-  S^a^g  -  a0a32  -  a4a!2  -  a23. 


a2,    a3,    a4 

The  discriminant  is  73-  27  J2  ;  and  thus  the  equation,  giving  the  principal  values 
of  y,  is 

7S-27J2=0. 

To  develop  this  equation,  we  denote  by  70  and  J0  the  quadrinvariant  and  the 
cubinvariant  of  C70  alone,  so  that 


Now  the  quantities  a,  b,  c,  f  ,  g,  I),  are  subject  to  the  condition 


/\ 


,    I),    9 


=abc  +  2f  g^  -  af 2  -  bn2  -  cl)2 ; 


f),    b,    f 

9,    f,    c 

hence  taking  a  quantity  9,  defined  by 

30=9-b, 

so  that  V02KF—  30,  where  KF  is  the  superficial  measure  of  domainal  flexure 
considered  in  §  355,  we  find 

J0=0/0-403. 

Also  we  take  intermediate  invariants  7X  and  Jl9  according  to  the  definitions 
7!  =  c0a  -  4f  0I)  +  6f  Of  -  4^0f  +  a0c 


being 


( 


32 


92 
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and 


an  equivalent  value  of  which  is 

</i-0/i  +  W(/0-120*)  +  ^^^ 

yo 

Then,  after  substitution,  we  find 


and  after  further  substitution,  the  vanishing  discriminant  /3-27J2  yields  the 
equation 


where 


7),  -  V  -  ISFo2/!  Jj  +  8  IV/o/,  -  ie70«J0, 

Z)1=3/071«-18F0«71J0-27J1*+4TVV. 

7>,=370«71-54J0J1, 

7)4=70«-27Jffl«, 

the  quantity  7)4  being  the  discriminant  of  £/0  alone. 

The  four  quantities  DJD09  for  /x~l,  2,  3,  4,  give  measures  of  the  squares 
of  the  domainal  flexure  of  superficial  geodesies,  this  domainal  flexure  being  a 
linear  measure.  Thus  the  product  of  the  four  principal  domainal  flexures  is 
(Djno)~f  ;  and  similarly  for  other  measures. 

It  is  again  to  be  noted  that,  when  the  domain  becomes  a  (homaloidal)  block, 
the  domainal  flexure  of  a  superficial  geodesic  becomes  its  circular  curvature  ; 
and  the  foregoing  results  attach  themselves  to  the  principal  values  of  that  circular 
curvature  *. 

Ex.     Verify  the  transformations 
(i)          D4-(/0 
(ii)  D0F0-*=(/1 


Asymptotic  curves  of  flexure. 

362.  We  can  define,  for  a  domainal  surface,  asymptotic  curves  of  domainal 
flexure  (being  the  domainal  counterpart  of  asymptotic  curves  on  a  surface  existing 
freely  in  a  four-dimensional  homaloidal  plenary  space)  as  the  curves,  the  super- 

*G.F.D.,  vol.  i,  §§238-240. 
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ficial  geodesic  tangents  along  which  have  zero  domainal  flexure.  The  direction- 
variables  of  these  domainal  asymptotic  curves  are  obtained  by  assigning  a  zero 
value  to  1/y2,  and  therefore  satisfy  the  equation 

dp'4  +  4fy/Y  -I-  Gfy'  Y2  +  4  fyy  3  +  a/3  =  0. 

The  roots  of  this  quartic  may  all  be  real,  and  then  there  are  four  real  asymptotic 
curves  through  a  point  on  the  surface  ;  or  two  may  be  real,  and  the  other  two 
complex  (and  conjugate  to  one  another),  so  that  there  are  two  real  asymptotic 
curves  ;  or  all  four  roots  may  be  complex  (in  conjugate  pairs),  and  then  there  are 
no  real  asymptotic  curves. 

To  resolve  the  equation,  let  p'  =  xq',  so  that  x  is  a  root  of 

az4  +  4t)x*  +  Gtx2  +  4  f  x  -4  -  c  =  0. 
Let  xl9  x2,  #3,  #4,  denote  the  roots,  and  let  t  be  taken  so  that 


so  that  t  is  a  three-valued  function.     Then,  if 

<H-2f=4v, 
the  customary  calculations  give 

a  fa  +  x2)  (#3  •{-  »4)  =  4  (f  -  v), 

while  v  satisfies  the  equation 

Jo^v/o-lt;3, 

where  /0  and  «70  are  the  quadrin  variant  and  the  cubinvariant  of  the  quartic  in  x, 
being  the  magnitudes  of  p.  535.     There  is  the  relation 


and  therefore  the  three  values  of  v  are 

v=0,    t>=-i(0-T),    t>=- 
where 


Then,  corresponding  to  the  value  v~0,  we  find 

a  fax2  +  xsxj  =  2g,    a  fa  +  xj  (x3  4-  z4)  =  4b  ; 
to  the  value  v=  -  1(0  -  T), 

a  faxs  +  x2Xt)  =  2b  +  2T,    a  fa  +  &3)  (x2  +  sc4)  =  2b  4  2g  -  2  Z7  ; 
and  to  the  value 
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The  combination  of  the  first  set  of  values  with  the  relations 

ax&XzXt  =  c,    a  (XL  +  x2  +  #3  +  a?4)  =  -  41), 
gives 


a#3z4=:  g  -  i  (ac  -  g2)*,    a  (&3  +  xj  =  -  21)  +  2i  (ab  -  ^) 

where  the  initial  attachments  of  signs  in  the  expressions  for  x^  and  x.Ax±  are 
obviously  at  our  choice,  and  then  the  attachments  of  signs  in  the  expressions  for 
xl-i-x2  and  a^-fa^  are  a  consequence  of  the  standard  reference  for  the  signs  in 
§  357  in  relation  to  the  minors  of  the  vanishing  determinant  Y. 

Corresponding  results,  which  involve  also  the  magnitude  T,  can  be  deduced 
from  the  other  two  sets  of  values  in  connection  with  the  same  set  of  relations  for 
the  completely  symmetrical  combinations  x:x2x3x^  and  x^  +  x2  +  x3  -h  #4  ;  but,  for 
each  set  of  results,  it  is  necessary  to  select  the  attachments  of  signs  so  as  to 
conform  to  the  same  standard  of  reference.  The  resulting  equivalences  in  the 
expressions  for  #3,  x2,  xs,  #4,  are  satisfied,  cither  in  virtue  of  Y=0  or  else 
identically. 

Orthogonal  centre  of  a  geodesic  on  a  domainal  surface. 

363.  Connected  with  any  point  on  a  domainal  surface,  there  are  two  loci 
which  arise  through  the  aggregate  of  superficial  geodesies  passing  through  the 
point.  One  of  these  is  the  locus  of  the  orthogonal  centre  connected  with  a  geodesic  ; 
the  other  is  the  locus  of  the  flexural  centre. 

The  orthogonal  centre  of  any  superficial  geodesic  is  defined  to  be  the  limiting 
position  of  the  point  of  intersection  of  two  domainal  orthogonal  planes  of  the 
surface  drawn  at  consecutive  points  along  the  geodesic.  As  guiding  lines  of  the 
orthogonal  plane,  we  selected  the  domainal  normals  of  the  two  regions  in  the 
domain  which,  by  their  intersection,  provide  the  surface  ;  then,  later  (§  359), 
there  were  two  organic  lines  of  the  superficial  geodesic  lying  in  that  plane,  one 
being  the  radius  of  domainal  flexure  with  a  typical  direction-cosine  I,  the  other 
being  the  domainal  trinormal  (p.  529)  of  that  geodesic,  with  a  typical  direction- 
cosine  denoted  by  m.  Hence  the  typical  equation  of  the  orthogonal  plane  has 
the  form 


where  a  and  j8  are  parameters  of  the  plane. 

Consider  the  ultimate  intersection  of  two  such  planes  at  consecutive  points 
along  the  superficial  geodesic  in  the  direction  p',  q'.  Its  coordinates  will  be  given 
by  a  combination  of  these  equations  of  the  plane  with  those  which  belong  to 
the  consecutive  plane  and  are  typified  by 
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the  quantity  y  now  denoting  the  typical  space-coordinate  of  the  orthogonal 
centre,  and  symbols  such  as  a  implying  arc-derivation  along  the  superficial 
geodesic. 

The  quantities  a,  j8,  a',  /}',  (the  two  latter  being  associated  solely  with  the 
intersection  of  the  consecutive  orthogonal  planes),  have  to  be  determined.  For 
the  domainal  flexure  and  other  domainal  curvatures  of  the  superficial  geodesic, 
the  equations  of  the  Frenet  type  are 

dy'  _l       dl^X%     y'      e£A3_ra      / 
(Is     y  9     df!    vj)     y  '      ds     rj)     ajj  ' 

From  these  equations,  we  have  (on  taking  summations  for  the  range  of  the  plenary 
space) 

^-\          (II  J      ,V~">          \\         •*    /  V  "^  /\         r\ 


because  the  trinomial,  lying  in  the  orthogonal  plane,  is  at  right  angles  to  the 
binormal  and  the  tangent  which  lie  in  the  tangent  plane  ;  and  therefore,  as 
V^  £M,~O,  we  also  have 


Obviously,  from  the  Frenet  equations, 

v,    ,dl        1 

>     77    -     =  — 

*-*J  ds         y' 
and  as  ^jy'm=0,  we  have 

,dm         ^     dy'         ^ 

'  -    ~  -  ;^  w-f  =  - 
ds          ^      ds 

Again,  we  have  ^mA3—  0,  and  therefore 

v^  .   dm         ^ 


from  the  Frenet  equations  ;  and  therefore 

^  dl  dm      1   /       .   dm\     1  ,dm 


1 

0DTJ) 

These  results  are  used  in  connection  with  the  typical  equation 
-  y'  =  la  +  mj3'  +  1'  a  +  w'jS. 
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Multiply  throughout  by  Z,  and  add  ;  then,  as 


it  follows  that 

o'=0. 

Similarly,  on  multiplying  by  m  and  adding,  we  find 


(These  results  are  only  related  to  the  point  of  intersection  of  the  planes  and  are 
not  continuous  along  the  superficial  geodesic.)  Next,  multiply  by  yr  and  add  ; 
then,  as 


we  find 

a= 

Finally,  multiply  by  ?'  and  add  ;  then,  as 


i    / 1    n  a  i 

~=a.(— «  +  —.)- p  —       , 
y       \<JD     yzJ       OI>TI> 


we  have 


and  therefore 


Hence  the  typical  space-coordinate  y  of  the  orthogonal  centre  is 


and  the  length  p  of  the  orthogonal  radius  of  the  surface  is  given  by  the  equation 


this  orthogonal  radius  being  equal  to  the  radius  of  domainal  flexure  for  all  geodesies 
touching  a  curve  of  domainal  flexure,  because  then  (§  301  )  the  domainal  torsion 
of  the  superficial  geodesic  tangent  vanishes. 

The  result  may  be  obtained  also  as  follows.  The  homaloidal  configuration, 
which  is  orthogonal  to  the  tangent  plane  of  the  surface  (a  plane  having  y'  arid  A3 
as  typical  direction-cosines  of  its  leading  lines),  can  be  represented  by  the  equations 


The  ultimate  intersection  of  this  homaloid  with  the  like  homaloid  at  a  consecutive 
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point  along  the  superficial  geodesic  is  represented  analytically  by  combining  these 
two  equations  with 


But,  for  the  domainal  curvatures, 

%'=',  vy«=i, 

ds       y     -jy 
d\3_m      I      NVA 
7/.v~r;    afl'  ^A' 

and  therefore  the  new  equations  are  equivalent  to 

-y, 


The  orthogonal  centre  lies  in  the  domainal  orthogonal  plane  represented  by  the 
typical  equation 


and  therefore  when  this  set  of  equations  is  combined  with  the  foregoing  set,  we 
have 


that  is,  the  typical  spatial  coordinate  of  the  orthogonal  centre  is  given  by 


Locus  of  orthogonal  centres  of  concurrent  geodesies  on  a  domainal  surface. 
364.  This  orthogonal  centre  of  a  superficial  geodesic  lies  in  the  orthogonal 
plane  of  the  surface  ;    and  therefore  its  locus,  for  all  the  geodesies,  lies  in  that 
plane. 

We  had 

Z 

where 

£„  sint=— ya>+— -y€. 

Also 

m  .     __  1  dy     1  dy 
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and  therefore  we  take 


where 

"  €n  dv     wv  dn 

Now 

dy  dy  .        dy  dy 

y€  sin  i=  r~ cos  * - ~r  >  Vw  sin  l~ "7^  cos L~~  j    > 

an  dv     '  av  an ' 

so  that 


Hence,  by  the  results  in  §  357,  Ex.  4,  we  have 

£      Y      _        ({)C  -  f2)*"    I  ^ 


and  therefore 


-  S»f»=  ~(ac  -92)V2  -2  (be-  f2)V(?'= 
with  the  significance  of  Tlt  T2,  T3,  as  defined  in  §  358,  so  that 


And  we  defined  (p.  522) 


The  magnitudes  ^]15  ^12,  |22»  independent  of  pr  and  j',  satisfy  the  relation 
(§357) 

(be  -  f  »)*f  u  -  (oc  -  fl«)*  f  18+  (ob  -  1)2)^22-0  ; 

and  the  quantities  a""*fu,  b""^^32,  c~^22,  are  typical  direction-cosines  of  three 
directions  in  the  orthogonal  plane,  independent  of  directions  in  the  tangent  plane. 
We  therefore  take  the  first  and  the  third  of  the  three  directions  as  coordinate 
axes  of  reference,  with  coordinates  x  and  z,  denoting  by  ^  the  inclination  of  these 
axes  so  that 
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and  we  retain  the  second  of  the  three  directions  as  a  subsidiary  line  of  reference. 
Then  for  the  orthogonal  centre,  we  take 


while  there  is  the  homogeneous  linear  relation  between  X,  Y,  Z, 


The  typical  space-coordinate  of  the  orthogonal  centre  is  given  by 

"-    —  /  T~- 

and  therefore 


Hence 


because  of  the  relations 


V 


!=, 

7 
Accordingly,  we  have 


7o 
VD 


A0p'*+2H0p'q' 


=0, 


which  is  an  equation  of  the  second  degree  in  x  and  z,  because  there  are  surviving 

terms  in  (ac)*XZ-bYz.  It  follows  that  the  locus  of  the  orthogonal  centre  of 
domainal  flexure  for  the  domainal  surface  is  a  conic  in  the  orthogonal  plane 
of  the  surface. 

The  result  is  the  extension  to  domainal  surfaces  of  the  property  that,  for 
surfaces  in  a  plenary  homaloidal  quadruple  space,  the  locus  of  the  orthogonal 
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centre  of  circular  curvature  is  a  conic  (KommereH's  characteristic  conic)  in  the 
orthogonal  plane.* 

In  passing,  it  may  be  noted  that  the  envelope  of  the  orthogonal  plane  of  a 
domainal  surface  is  represented  by  the  equations 


The  section  of  this  amplitude  by  the  orthogonal  plane  itself  is  the  foregoing 
conic-locus  of  the  orthogonal  centre  of  domainal  flexure  for  the  surface. 

Lemniseate-loeus  of  centres  of  domainal  flexure  of  concurrent  geodesies. 
365.  The  centre  of  domainal  flexure  of  any  superficial  geodesic  lies  in  the 
orthogonal  plane  of  the  surface  ;    and  it  belongs  to  a  locus  arising  out  of  the 
aggregate  of  those  geodesies.     Let  y^  be  the  typical  space-coordinate  of  this 
centre  of  flexure,  so  that 

yD-y=ly, 

and  therefore 


Referring  the  locus  to  the  same  axes  of  coordinates  in  the  orthogonal  plane  as 
have  been  used  for  the  locus  of  the  orthogonal  centre,  we  take 


with  the  corresponding  relation 

{a(bc^n}^Y7^{b(ac-^} 

Also,  we  have 

y2  =  xn2  +  2xj)ZD  cos  p,  +  z//, 

so  that  y  can  now  be  regarded  as  a  function  of  XD  and  z/;  ;  and 


*  Kommerell,  Math.  Ann.,  vol.  Ix  (1905),  p.  554  ;  also  my  G.F.D.,  vol.  i,  §  251. 
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Further,  we  have 

l  =  A0p 
Now 

-  {0*^"  +  2b  J  YDp'q> 

=a/*+  4V  V 
_1 

—      2  » 

r2 

so  that 

(J?>  -  J0)p">  +  2  (  ?>  -  //„) 
Another  equation,  homogeneous  and  linear  in  p'2,  p'q',  q'z,  is 

(.Ywcja*-  Z,,ac  V2+  2  (.Yx,fd*  -  ^rjrJpV/  +  (  J^ca1  - 
Let 

)  -  (  ^  e*  -  U0)  (^,,  fa1  -  Z^c*), 


then 

p"_2/?'_?'i 
in      M0~2V0' 

and  therefore  the  eliminant  is 

M0*=IL0N0, 

which  is  an  initial  form  of  the  equation  of  the  locus. 
For  a  developed  form,  we  use  the  relation 


and  we  find 


]V0-y2 
Thus  the  equation  of  the  locus  is 


where 

TO-  (ac  -  g2)  (ac  -  g2  ->  4ffi  +  4bg)  -  (ac  -  g2)  (/0  -  1202), 

1\  is  a  linear  homogeneous  function  of  XD  and  ZD,  and  T2  is  a  quadratic  homo- 
geneous function  of  XD  and  z&. 

F.I.G.  II.  2M 
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The  locus  of  the  centre  of  domainal  flexure  of  superficial  geodesies  is  therefore 
a  lemniscate  curve,  with  its  (real  or  imaginary)  double  point  at  the  origin. 

Let  QD  be  the  centre  of  domainal  flexure  for  any  superficial  geodesic,  and  Q0 
the  orthogonal  centre  for  that  geodesic,  so  that  the  typical  space-coordinate  of 


and  the  typical  space-coordinate  of  QQ  is 


In  these  expressions,  I  and  m  are  the  typical  direction-cosines  of  two  lines  in  the 
orthogonal  plane,  one  of  them  the  radius  of  domainal  flexure,  the  other  the 
domainal  trinomial  of  the  superficial  geodesic  ;  and  the  two  lines  in  that  plane 
are  at  right  angles. 

The  locus  of  Q0  is  a  conic  ;  and  the  locus  of  Q/>  is  a  lemniscate.  It  is  a  known 
property  that  the  pedal  of  a  conic  is  a  lemniscate  ;  and  thus  the  preceding  forms 
for  y0  and  fa  suggest  that  the  lemniscate-locus  of  the  centre  of  domainal  flexure  is 
the  pedal,  with  respect  to  the  initiating  point  0  on  the  surface,  of  the  conic-locus 
of  the  orthogonal  centre.  To  test  this  surmise,  we  note  that,  if  the  direction 
of  the  tangent  to  the  conic  at  Q0  be  given  by  dx0  and  dz0,  and  if  the  conic  be 
represented  by/(^0,  z0)— 0,  we  have 

df  **   ,   3f  J~  _A 


Again,  the  direction  of  OQD  is  given  by  XD  and  ZD  ;    and  the  condition  that 
should  be  perpendicular  to  the  direction  dx0,  dzQ,  is 

(XD  +  zn  cos  fj)  dx0  -I-  (XD  cos  \L  -f  zj})  rfc0  —  0, 
that  is, 

X    df    7    %     0 
X°K-Z»to=°' 

Now  as  the  conic  is 


we  have 

J£  -  (Zc*  -  BO)O*  +  (  Xa*  -  A0)  c*  cos  M 

0 


-•<w- 

where  (ac)lcos/i=g.    But  the  factor  of  -2(Yb'  -H 


—  —  -  s 
{ab(ac-g2)}" 
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by  the  result  in  §  ,357,  Ex.  2  ;  and  therefore 


Also  from  the  equation  of  the  conic,  we  have 


Zc»- 


where,  for  the  result,  the  explicit  value  of  @  is  immaterial ;  thus 

— -  ( 

OJL'Q 

Similarly,  we  find 
Consequently 

and  the  condition  is  satisfied. 

It  follows  that  the  lemniscate-locus  in  the  orthogonal  plane  is  the  pedal  of 
the  conic-locus  in  that  plane  with  respect  to  the  central  point 
0 ;    and,  in  the  diagram,  we  have  D  ° 


while 


<*D  O 

Various  geometrical  infeicnces  follow  from  this  relationship 
between  the  curves  :  they  will  merely  be  stated,  and  left  without  the  respective 
analytical  verifications. 

(i)  From  the  point  0,  four  normals  to  the  conic  can  be  drawn  :  at  the  foot  of 
every  such  normal,  the  tangent  to  the  conic  being  at  right  angles  to  the  normal, 
there  is  a  point  on  the  lemniscate  ;  and  considerations  of  normality  shew  that  the 
line  is  there  a  tangent  to  the  lemniscate.  Thus  the  conic  and  the  lemniscate  touch 
in  four  points. 

(ii)  At  any  such  point  P,  the  line  OP  is  normal  to  the  lemniscate,  and  there- 
fore is  a  maximum  or  a  minimum  radius  vector,  the  point  being  an  apse  ; 
hence  the  directions  of  the  four  normals  to  the  conic  are  the  directions  of  the 
four  principal  radii  of  domainal  curvature.  Consequently,  the  directions  of 
the  curves  of  domainal  flexure  on  the  surface  are  determined  by  means  of  these 
four  normals. 


548  CENTRE-LOCI  [CH.  XXX. 

(iii)  We  know  (§  361)  that  the  domainal  torsion  \j(jD  of  a  superficial  geodesic 
tangent  to  a  curve  of  domainal  flexure  on  the  surface  vanishes,  so  that 

fp'+ft, 
/ 

that  is, 


-:tfpV8+f?'3,    A0p'  +  HQq' 
'V  4-  3f^V/'2  +  Cry'3,    HQp'  +  Buq' 


=0, 


a  quartic  equation  in  pf  :  </'.    This  quartic  equation  gives  the  directions  connected 
with  the  four  normals  drawn  from  0,  alike  to  the  conic  and  to  the  lenmiscate. 

Ex.     Prove  that  the  value  of  the  quantity  ©  in  the  preceding  investigation 


(ab  -  I)2)V2  +  (ac-fi»)*pY  +  (bc-  f  )V2 

or,  what  is  the  same  thing, 


2Vo  propositions  on  centres  of  circular  curvature  of  superficial  geodesies. 
366.  Two  propositions  are  stated  here,  to  complete  the  consideration  of  the 
loci  of  centres  of  curvature  and  centres  of  flexure  ;   they  can  be  established  by 
analysis  similar  to  that  employed  in  §  113.    They  will  be  considered  in  more  detail 
for  the  special  case  when  the  domain  is  primary  (§§  374-370). 

I.  The  locus  of  the  centre  of  circular  curvature  of  concurrent  geodesies  on  a 
surface  enclosed  in  a  domain  is  a  skew  quartic  curve  lying  in  a  flat,  which  is  ortho- 
gonal to  the  surface  ;  the  curve  is  the  intersection  of  a  sphere  and  of  a  quadric 
cone  with  its  apex  on  the  surface  of  the  sphere,  both  quadrics  lying  in  the  flat. 

II.  The  locus  of  the  centre  of  circular  curvature  of  the  domainal  geodesies 
touching  concurrent  geodesies  on  a  surface  in  the  domain  (or,  what  is  the  same 
thing,  of  concurrent  geodesies  lying  in  any  superficial  orientation  in  the  domain) 
is  a  lenmiscate  curve  in  a  plane  orthogonal  to  the  domain  if  the  plenary  homaloidal 
space  is  six-dimensional,  and  is  a  skew  quartic  curve  in  a  flat  orthogonal  to  the 
domain  when  the  plenary  space  has  more  than  six  dimensions. 

The  relation  between  corresponding  points  of  these  two  loci  and  of  the  locus 
of  the  centre  of  domainal  flexure,  arising  out  of  the  same  superficial  geodesic,  has 
been  established  in  the  investigation  of  §  342. 


CHAPTER  XXXI 

PROPERTIES  OF  PRIMARY  DOMAINS 
Principal  circular  curvatures  of  geodesies. 

367.  The  different  kinds  of  measures  of  curvature,  characteristic  of  a  domain, 
are  expressible  in  simple  form  when  the  domain  is  primary,  that  is,  when  it  exists 
in  quintuple  space. 

The  principal  measures  of  linear  curvature  are  obtained  by  obtaining  the 
maximum  and  minimum  values  of  !//>,  the  circular  curvature  of  a  domainal 
geodesic.  For  this  purpose,  the  conditions  to  be  satisfied,  in  order  that 


may  be  a  maximum  or  a  minimum  subject  to  the  relation 

l  =  V,Ap'*, 
are  the  four  critical  equations 


The  value  of  the  multiplier  A  is  obtained,  from  multiplying  the  equations  by 
p',  </',  /,  I'  ',  respectively,  and  adding  the  products  :  thus 

-=A. 
P 

When  this  value  of  A  is  inserted,  the  critical  equations  become 


Elimination  of  p',  q* ',  /,  t',  leads  to  the  equation 
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which  determines  the  maximum  and  minimum  values  in  question.  Thus  there 
are  four  principal  linear  curvatures,  being  the  roots  of  this  quartic  which  may  be 
written 


with  the  customary  significance  for  Q  and  Y,  while 


22  Q 


Consequently,  there  are  four  measures  of  curvature  of  the  domain,  originating  in 
the  principal  linear  curvatures  ;   these  are 


I 


1       E 


Moreover,  the  same  four  equations  determine  the  four  principal  directions 
corresponding  to  the  four  principal  linear  curvatures,  the  values  of  p'  :  q'  :  r'  :  t' 
being  determined  for  each  of  these  directions  by  any  three  of  the  equations. 
Also,  on  the  assumption  that  no  two  of  these  curvatures  are  equal—  a  contrary 
assumption  would  imply  relations  connecting  the  fundamental  magnitudes  —  ,  it 
is  easy  to  prove,  by  the  usual  kind  of  analysis,  that  every  two  of  these  four  prin- 
cipal directions  are  at  right  angles  to  one  another.  The  domainal  envelopes  of 
these  directions  are  curves  of  curvature  ;  and  therefore  the  domain  possesses  four 
distinct  families  of  curves  of  curvature  which  constitute  a  quadruply  orthogonal 
system  of  curves  in  the  domain. 

The  quantities  El9  E2,  E3,  like  Q  and  Y,  are  invariants  of  the  domainal  con- 
figuration :  and  the  discriminant  of  the  quaternary  quadratic  form  2  (A-OA)pf* 


s 
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When  the  two  quaternary  quadratics  ^  Ap'2,  %]  Ap'2,  are  taken  in  the  canonical 
forms  (obtained  from  interpreting  them  by  means  of  two  quadrics  and  referring 
the  quadrics  to  a  common  self-conjugate  tetrahedron),  we  denote  the  direction- 
variables  by  PQ,  y0',  r0',  t0',  the  new  parametric  curves  being  the  curves  of 
curvature  of  the  primary  domain  ;  and  the  two  forms  then  are 


P 

I  =  A»p0'2  +  JVYo'2  +  ^Vo'2  +  /Vo'2  . 

The  equation  for  the  principal  circular  curvatures  of  domainal  geodesies  then 
becomes 


while  the  invariants  assume  the  values 

Q=40B0C0D0,      Y=A0B0C0D0, 


a=A0B0C0D0  +  B0C0D0A0  +  C0D0A0B0  +  D0A0B0C0, 

0  +  A0D0B0C0  +  C0A0B0D0  +  B0D0C0A0  +  A0B0C0D0  +  C0D0A0B0  . 


Ex.    Denoting  by  «,  A,  ...  ,  the  minors  of  A,  H,  ...  ,  respectively  in  Y,  analogous 
to  the  minors  a,  ft,  ...  ,  of  the  constituents  of  Q,  establish  the  results 

Q 


and  obtain  a  geometrical  interpretation  of  the  concomitant 


>  j  du 


Volumetric  measures  of  curvature  of  a  primary  domain. 

368.  When  a  geodesic  in  any  domain  touches  a  region  *(p,  q,  r,  t)  =  0  in  that 
domain,  its  direction-variables  are  subject  to  the  two  conditions 


and  the  direction  can  be  regarded  as  originating  in  the  region.  Among  these 
regional  directions,  there  are  principal  directions  :  that  is,  such  as  provide  a 
maximum  or  a  minimum  among  all  the  values  of  the  circular  curvature  of  the 
domainal  geodesies  ;  and  it  has  been  proved  (§  293)  that  the  critical  equations 
for  these  principal  directions  in  the  region  are 
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where  t=l,  2,  3,  4,  and  l/o-  is  the  torsion  of  the  domainal  geodesic.  (This  torsion 
vanishes  for  a  direction  that  is  principal  to  the  domain,  but  not  for  a  principal 
direction  in  a  region  of  the  domain.) 

When  the  domain  is  primary,  its  magnitudes  A,  //,...,  are  quantities  of 
position,  and  not  of  direction.  Let  the  magnitudes  p',  </',  r'9  £',  I/or,  be  eliminated 
from  these  four  equations  and  from  the  condition  ^y/  -I-  €2q'  +  €3rf  +  e^lr=0  ;  then 
we  have 
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The  three  roots  of  this  eliminant  equation  are  the  three  principal  values.    On  using 

a,  ft to  denote  first  minors  of  Y  as  a,  h<  ...  ,  denote  first  minors  of  Q,  and 

writing 


a  = 

the  cliniitmnt  assumes  tho  form 
^  _    „     1  v-^ 


Hence,  if  cl?  c2,  c3,  are  the  roots  of  the  cubic,  we  have 

1        1        J  "1 


f,  C»          C., 


2  S«€i2> 

»  =:F3=Va7"2' 


Moreover,  for  each  of  the  three  roots,  the  foregoing  critical  equations  determine 
a  unique  set  of  values  for  p'  :  </' :  r' :  t',  and  the  actual  values  of  the  direction- 
variables  satisfy  the  condition  ^Ap'2=l  ;  so  that  there  are  three  principal 
regional  directions  for  domainal  circular  curvature. 
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These  three  principal  regional  directions  are  at  right  angles  to  one  another. 
Let  y/,  y/,  r/,  $/,  be  the  direction  of  the  domainal  geodesic  with  the  circular 
curvature  l/ct9  for  i=l,  2,  3  ;  then  we  have 

2  fi°  W  -  ^  «i°  W=  '   S  «iK=o, 

cl  °i€w 

that  is, 


and  similarly 

For  any  general  region,  the  quantities  TJ,  r2,  r3,  are  unequal  :  hence 

V^'P^O; 

and,  similarly, 

V>l?VK--<>.     ^Jj,aX  =  0. 

The  orthogonality  of  the  directions  is  thus  established. 

It  follows  also  that  there  are  three  measures  F1?  F2,  F3,  of  circular  curvature 
of  domainal  geodesies  for  directions  in  the  orientation  of  any  region. 

369.  If,  instead  of  assigning  the  equation  of  a  region  as  the  means  of  estimating 
a  domainal  orientation,  we  determine  the  orientation  by  volumetric  variables 
P,  Q,  R9  T,  as  in  §  209,  the  three  measures  of  circular  curvature  of  domainal 
geodesies,  which  originate  in  that  orientation,  are 


We  have  V]aP2—  1  when  the  variables  are  in  canonical  form;   for  the  values 
of  Fj,  F2,  F3,  the  ratios  of  the  variables  P  are  sufficient. 

When  these  magnitudes  F1?  F2,  F3,  are  associated  with  a  specific  region  €—0, 
they  are  isolated  quantities,  certainly  independent  of  directions  touching  the 
region  ;  but  they  are  functions  of  position  only,  and  their  relation  to  the  region  is 
as  intrinsic  in  quality  as  is  their  relation  to  the  domain.  When  they  are  associated 
with  the  variables  P,  Q,  R,  T9  in  the  domain,  they  become  the  measures  of  curvature 
for  any  arbitrarily  assumed  volumetric  orientation  ;  as  functions  of  the  variables 
of  that  orientation,  they  acquire  principal  values,  being  the  maximum  or  the 
minimum  among  all  the  values  which  arise  from  all  admissible  orientations.  These 
principal  values  are  obtained  by  making  the  magnitudes  Fj,  F2,  F3,  subject  to  the 
critical  equations  for  maximum  or  minimum  values  as  functions  of  P,  Q,  R,  T  ; 
but  the  principal  values  do  not  emerge  simply  when  a  parametric  region  is 
postulated  as  the  origin  of  the  magnitudes. 
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Accordingly,  we  take  (as  in  §  269)  any  three  non-complanar  directions  with 
direction- variables  pt',  y/,  /•/,  £/,  for  i=l,  2,  3  ;  and  we  regard  them  as  leading 
lines  for  the  determination  of  a  volumetric  orientation,  with  volumetric  variables 
P,  Q,  R,  T,  defined  by  relations 

p,  Q,  R,  T= 


As  before,  we  have 


^    6',    N 
M,    N,     D 


?2',    r,',    /,' 
q3',    r,',    ^' 


C13 


where  ctj  is  the  cosine  of  the  angle  between  the  directions  determined  by  ij.  (If 
it  should  happen  that  the  three  lines  are  orthogonal,  0=1;  if  they  are  not  ortho- 
gonal, the  canonical  variables  are  P&  *,  Q@  *,  R@~*,  T&~* ',  the  discrimination 
between  the  alternatives  is  unessential  to  the  results.) 

Any  direction  p',  q' ',  /,  t',  lying  in  the  volumetric  orientation  is  such  that 

for  z— /?,  q,  r,  /,  so  that 


^,     ?',     r',     t' 


=0, 


and  therefore 


In  order  to  find  the  principal  values  of  the  circular  curvature  of  domainal  geodesies 
originating  in  the  specified  volumetric  orientation,  we  have  to  make  l//o,  where 


a  maximum  or  a  minimum  for  values  of  the  variables  p',  q'y  r',  t'9  which  are  subject 
to  the  two  conditions 


The  critical  equations  are 


where  ic  and  |  are  left  undetermined  in  the  construction  of  the  equations. 


369]  MEASURES  OF  CURVATURE  555 

Multiplying  by  p't  q',  r',  tf,  and  adding,  we  have 

1_ 
P 
on  account  of  the  two  conditions  ;  so  that  the  equations  are 

/>,-- </,-££;,     (t=],2,3,4), 
P 

where  Xl9  Z2,  X9,  X4,  =  P,  Q,  R,  T.    When  we  eliminate  p',  q',  r',  t',  £,  between 
these  four  equations  and  the  second  condition,  the  eliminant  is 

=0, 
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a  cubic  equation  which,  when  the  determinant  is  expanded,  acquires  the  form 


with  the  former  significance  for  coefficients  of  the  type  a,  a,  a. 

Manifestly,  there  are  three  principal  values  ;    and  the  simple  symmetric 
functions  F1?  F2,  F3,  of  these  principal  values,  in  the  forms 


V  aP2  V  aP2 

—  <-*     --        V  —£j 

'"Vopi"       2~V,aP«' 


3  —  ^ 

*• 

are  three  volumetric  measures  of  circular  curvature  of  domainal  geodesies 
originating  in  the  volumetric  orientation  specified  by  the  orientation-variables 
P,  Q,  R,  T.  As  these  measures  Vl9  F2,  F3,  involve  only  the  ratios  P  :  Q  :  R  :  T 
of  the  orientation- variables,  the  relation  ^aP2—  0  does  not  affect  the  values 
of  the  measures. 

But  the  critical  equations 

1 


also  determine  the  ratios  (and,  with  ^Ap'2=],  determine  the  values)  of  the  set 
of  direction- variables  to  be  associated  with  a  principal  value  of  p  ;  and  thus  there 
are  three  principal  directions  in  any  volumetric  orientation.  As  in  §  368,  these 
three  principal  directions  are  orthogonal  to  one  another. 
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The  value  of  £  is  determinable  as  before.    Because 


and  the  quantities  X,  are  the  orientation-variables  P,  we  have 


where  l/o-  is  the  torsion  of  the  domainal  geodesic  in  the  direction  p',  </',  /,  /'  ; 
and  thus  the  critical  equations  are  the  four  of  the  type 


the  equations  referring  to  the  principal  directions  in  the  volumetric  orientation. 

EJT.  Show  that  when  the*  primary  domain  is  referred  to  its  own  four  curves  of 
curvature  as  parametric  curves,  the  equation  for  the  principal  circular  curvatures 
in  the  volumetric  orientation  Pt  Q,  #,  T,  is 


370.  It  thus  appears  that,  for  any  volumetric  orientation  in  a  primary 
domain,  there  are  three  distinct  measures  of  circular  curvature  of  the  domain, 
each  of  the  measures  being  a  homogeneous  function  (of  order  zero)  of  the  variables 
of  the  orientation.  They  have  been  constructed  from  the  circular  curvatures  of 
domainal  geodesies  originating  in  the  orientation.  But  the  results  are  independent 
of  all  such  geodesies  ;  they  constitute  volumetric  measures  of  domainal  curvature 
in  any  orientation,  and  they  are  dependent  solely  upon  the  orientation. 

Each  of  these  three  volumetric  measures  V^  T72,  r3,  acquires  a  range  of  values 
when  all  the  possible  volumetric  orientations  in  the  domain  are  taken  into  account. 
Thus  each  of  them,  by  itself,  has  its  own  principal  values—  that  is,  the  values 
which  are  a  maximum  or  a  minimum  within  its  own  range  ;  it  will  appear  that, 
for  the  primary  domain,  these  principal  values  are  compounded  of  the  principal 
values  of  the  circular  curvature  of  domainal  geodesies.  Corresponding  to  each 
principal  value,  there  are  principal  volumetric  orientations  ;  it  appears  that  these 
principal  orientations  have,  as  their  leading  lines,  appropriate  sets  of  the  principal 
directions  of  the  circular  curvature  of  domainal  geodesies. 

The  three  measures  will  be  considered  briefly,  in  succession. 

I.  The  general  value  of  the  measure  173  is 
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Hence,  by  the  customary  analysis  for  the  determination  of  the  maximum  and  the 
minimum  values  of  F3,  we  find  that  these  principal  values  are  the  roots  of  the 
quartic  equation 


^    K-hVB, 


.,,     I-   IV3 


K-hV39     5-  6F3>    /-/F3,  m-mF3 
y-gVz,     f-  /F3,     c-flF3,    n-  nV* 
I-  IV  s,    m-mVx,    n-nV.d9    d-  dV^ 
In  this  equation,  when  the  determinant  is  expanded,  the  term  independent  of  F3 


the  coefficient  of  -  F3 


where  EI  is  the  invariant  from  §  367  ;  the  coefficient  of  F32 


with  the  same  source  for  /?2  ;  the  coefficient  of  F34 


and  the  coefficient  of  -  F33 


=  S  (  d  --  ) 
—  '  \    dftj 


abed 


the  equation,  giving  the  principal  values  of  the  measure  F3  is 


Having  regard  to  the  equation  for  the  principal  values  of  the  circular  curvature  of 
domainal  geodesies  on  p.  550,  we  see  at  once  that  the  principal  values  of  F3  are 


Pa  P*  Pi 


that  is,  the  principal  values  of  F3  are  compounded  of  the  principal  values  of  the 
circular  curvature  of  the  domainal  geodesies. 

II.  The  general  value  of  the  measure  F2  is 
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and  the  equation,  which  determines  the  principal  values  of  F2  among  all  the 
values  arising  from  the  variety  of  orientations,  is  similarly  found  to  be  the  quartic 
equation 


-aF2,     n- 


g-9V2,     1-  IV, 


-AF2,  S-  6F2,  f-/F2,  m-mF 
~gV2,  f-/F2,  c-cF2>  n-wF 
- /F2,  m-wF2,  n-nF,,  d-  dV 

The  coefficient  of  F24  in  this  quartic  equation 


=0. 


The  coefficients  of  the  other  terms  can  be  evaluated  by  using  the  forms  connected 
with  the  reference  of  the  whole  domain  to  its  curves  of  circular  curvature  as  the 
parametric  curves,  as  on  p.  551.  For  these  forms,  the  preceding  invariantive 
equation  becomes 

(afl  -  a0F2)  (B0  -  60F2)  (60  -  r0  F2)  (d«  -  d0  F2)  -  0. 
The  roots  of  the  equation  in  this  form  are  of  the  type 

^=§0 


___        __ 


Thus  the  roots  of  the  general  quartic  equation  are  the  four  quantities  of  this  type, 
obtained  by  taking  the  like  combinations  of  the  roots  p1?  p2,  p3,  p4,  of  the  equation 


which  give  the  principal  values  of  the  circular  curvature  of  domainal  geodesies. 
Denoting  the  four  roots  of  this  quartic  in  !//>  by  a,  j8,  y,  S,  we  take  a  quantity 


which  can  have  four  values  arising  out  of  the  various  combinations  of  the  four 
roots  a,  /3,  y,  8  ;  and  the  quartic  equation  satisfied  by  £  is 

Q*¥  -  2&E2  p  +  Q  (E*  +  E,  E.A  +  2f3Y)  £* 

-  (QE*  +  E^E,  +  2QE2Y-  E*Y)  f  +  (E2E^  -  E.E.Y  +QY*)  -  0. 

Consequently,  when  we  take  £=F2,  we  have  the  quartic  equation  giving  the 
principal  values  of  F2  ;  and  the  roots  of  this  equation  are  known  in  terms  of  the 
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roots  of  the  equation  for  the  principal  values  of  the  circular  curvature  of  domainal 
geodesies  :  or  the  principal  values  of  F2  are  compounded  of  the  principal  values 
of  these  circular  curvatures. 

Moreover,  as  the  expressed  values  of  invariantive  forms,  we  have  the  results  : 


and  therefore 
also 

'da/ 


abed     = 


III.  The  general  value  of  the  measure  Vl  is 


and  the  quartic  equation,  which  determines  the  principal  values  of  Vl  among  all 
its  possible  values,  is  found  to  be 

a-aFu     h-  hVl9    g-gV^      1-   IV l    -0, 

g-tf^!,      '-/Pi,    c-cFi,     n-  wF, 
1-  /F1?    m-mFj,    n-wFj,     d-  rfFx 
where  the  term  involving  Ft4  is  i?3  Fj4. 

In  the  same  way  as  for  the  quartic  equation  which  determines  the  principal 
values  of  Fa,  we  determine  the  explicit  forms  of  the  coefficients  of  this  equation  in 
terms  of  the  invariants  Y,  E3,  fi2,  El9  by  means  of  the  canonical  forms  occurring 
when  the  whole  domain  is  referred  to  its  curves  of  curvature.  The  quartic 
equation  then  becomes 

(a0-a0F1)(b0-60F1)(c0-o0F1)(d0-rf0F1)-0; 
and,  in  this  form,  its  four  roots  are  of  the  type 


= IT/rn-  (BoC.D.+C.D^+D.B^) 


i     i     i 

— i i 
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Thus  the  roots  of  the  quartic  equation  for  Fa,  in  its  unspecialised  form,  are  the 
four  quantities  of  this  type  constructed  from  the  roots  of  the  equation 


which  determines  the  principal  circular  curvatures  of  the  domainal  geodesies. 

As  before,  we  denote  the  four  roots  of  this  equation  by  a,  j8,  y,  8  ;   and  we 
use  a  (four-valued)  magnitude  T?  defined  by  the  relation 


The  quartic  equation  satisfied  by  -q  is 


a  -  &Es)  T?  -f  (Q2  Y-  QE,  E.,  +  Ei*E<,)  =  0. 

Consequently,  when  we  take  7]—Vl9  we  have  the  explicit  form  of  the  quartic 
equation  which  determines  the  principal  values  of  Vt  ;  and  the  roots  of  this 
equation  are  known  in  terms  of  the  roots  of  the  equation  for  the  principal  values 
of  the  circular  curvature  of  the  domainal  geodesies  :  or  the  principal  values  of 
Vl  are  compounded  of  the  principal  values  of  these  circular  curvatures. 

Moreover,  we  have  the  following  values  of  the  invariantive  coefficients  in  the 
equation  : 


and  therefore 
also 

vtf. 

da 


abed  =. 


'to. 

IV.  The  principal  orientations,  for  each  of  the  three  measures  Vl9  F2,  F3,  of 
domainal  curvature  in  volumetric  orientation,  are  compounded  from  the  different 
sets  of  three  directions,  which  can  be  selected  from  the  four  directions  of  curves 
of  circular  curvature  of  the  domain. 

The  result  follows  at  once  when  the  whole  domain  is  referred  to  its  curves  of 
circular  curvature  as  parametric  curves.  For  each  of  the  three  principal  measures 
of  volumetric  curvature  of  the  domain,  the  principal  orientations  are  seen  to  be 
the  four  of  the  type 

Q,R,T,  =0; 
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in  general,  we  have,  for  the  particular  reference  of  the  selected  orientation, 

p,<2,#,r,  -  o,  i,  o,  o 

0,    0,    1,    0 
0,    0,    0,    1 

Thus  the  principal  volumetric  orientations  of  a  primary  domain  are  compounded 
by  taking,  as  their  leading  linos,  the  sets  of  three  out  of  the  four  directions  of  curves 
of  circular  curvature  of  domainal  geodesies. 

Superficial  measures  of  curvature  of  a  primary  domain. 

371.  When  we  consider  the  aggregate  of  domainal  geodesies,  which  originate 
in  a  superficial  orientation  with  surface- variables  $12,  .v23,  s31,  $14,  ,v24,  ,<?34,  that  are 
subject  to  the  relation 

(or,  what  is  the  same  thing,  the  domainal  geodesies  which  touch  a  surface  given 
as  the  intersection  of  two  regions  e  —  0,  eo  —  O,  the  orientation- variables  then  being 
expressible  in  terms  of  parametric  derivatives  of  e  and  o>,  as  in  §270),  the 
direction-variables  p',  q',  r',  t',  of  such  geodesies  are  subject  to  the  conditions 


where  we  retain  only  two  independent  relations  out  of  the  four  interdependent 
relations  of  §  272. 

Among  these  orientated  directions,  there  are  principal  directions  :  that  is, 
such  as  provide  a  maximum  or  a  minimum  among  all  the  values  of  the  circular 
curvature  of  domainal  geodesies  for  the  admissible  values  of  the  direction- 
variables.  Such  directions  are  obtained  by  assigning  the  conditions  for  a 
maximum  or  a  minimum  value  of  1/p  ;  the  equations  are 


where  the  quantities  K,  A,  /*,  are  left  undetermined  in  the  construction  of  the 
critical  equations.  The  value  of  K  is  found  at  once,  on  multiplying  the  equations 
by  p'}  g',  r',  t',  respectively  :  adding  :  and  using  the  conditions  attaching  to  the 
variables  :  it  is 

1 
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Thus  the  four  equations  are 


and  there  are  also  the  two  conditions 

S3i(l'  +  Si2r>  '=0, 


When  the  quantities^',  q',  /,  t1,  A,  /*,  are  eliminated  determinantally,  there  results 
the  equation 


=  0, 
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obviously  a  quadratic  in  1  /p.  In  evaluating  the  determinant,  the  relation 
$235i4  +  %524  +  5i26'34—  0  is  used,  and  an  irrelevant  factor  5122  can  be  removed. 
Let 


so  that  the  quantities  S0,  Sly  S2,  are  surface-covariants  of  the  whole  system 
of  concomitants  of  the  domain  ;   then  the  foregoing  quadratic  equation  becomes 


-> 
P 


~ 
P 


Thus  there  are  two  principal  values  of  the  circular  curvature  of  domainal 
geodesies  originating  in  any  superficial  orientation  within  the  domain  ;   and,  in 
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every  such  orientation,  there  are  two  principal  directions  of  circular  curvature. 
Let  these  two  circular  curvatures  be  denoted  by  \fpl  and  l//>2  ;  then  there  are 
two  superficial  measures,  Ks  and  Hs,  of  domainal  curvature  belonging  to  any 
superficial  orientation,  and  they  are 

TT         1         1        Sl         rr  1          S2 

H.=-  +  -=«1-,    K8=  —  =  ^. 

Pi      P2      ^0  PlP2      ^0 

These  two  measures  correspond  to  the  two  measures  (K  and  H9  the  "  specific  " 
curvature  and  the  "additive"  curvature)  of  a  Gaussian  surface  in  triple 
homaloidal  space.  Of  these  two  superficial  measures,  Ks  actually  is  the  same  as 
the  sphericity  (the  Biemann  measure  of  curvature)  of  the  domain  estimated  in 
the  assigned  orientation. 

Further,  the  two  principal  directions  of  circular  curvature  of  domainal  geodesies 
lying  in  the  assigned  orientation  are  at  right  angles  to  one  another.  Let  the 
direction-variables  of  these  leading  directions  be  p±,  ft',  /•/,  £/,  (with  quantities 
*i>  ^i>  Mi>  f°r  ^e  critical  equations,  the  value  of  /cx  being  I/Pi),  and  p2'9  ft',  r2',  t2', 
(with  quantities  /c2,  A2,  |u,2,  for  the  critical  equations,  the  value  of  /c2  being  l//>2). 
On  multiplying  the  four  critical1  equations  for  the  direction  p/,  ft',  r^,  ^',  by 
Pz>  121  r2*>  V>  respectively,  and  adding  the  products,  we  have 


Pi 


and  similarly,  on  multiplying  the   four   critical  equations   for  the   direction 
Pt>  <I2>  rz>  t2>  by  pit  qi,  TI,  ti,  respectively,  and  adding  the  products,  we  have 


» 

H-  «M«  i')  =  0. 


We  assume  that  the  orientation  is  arbitrarily  selected,  so  that  ^  and  p2  are 
unequal  ;  then  the  two  relations  require  the  conditions 


the  second  of  which  shews  that  the  two  leading  directions  in  the  assigned  orienta- 
tion are  at  right  angles  to  one  another. 

Ex.  1.    Verify  that  each  of  the  magnitudes  S0,  Sl9  /S2,  satisfies  the  two  partial 
differential  equations 


= 

96*34 
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Ex.  2.    Shew  that  the  quantities 


s 


{<*-*>(£)•}. 

are  concomitants  of  the  whole  system  of  the  domain  ;  and  obtain  their  values. 


372.  These  two  measures  of  superficial  curvatures  are  functions  of  position  in 
the  domain  and  of  the  orientation-  variables  s^  ;  and  therefore,  like  the  circular 
curvature  of  geodesies  as  a  function  of  direction-  variables,  and  like  the  volumetric 
curvatures  as  functions  of  the  regional  variables,  they  also  have  principal  values  : 
that  is,  values  which  are  a  maximum  or  a  minimum  among  those  arising  when  all 
the  possible  superficial  orientations  are  taken  into  consideration. 

Proceeding  as  in  §  313,  we  find  that  the  critical  equations  for  the  principal 
values  of  Hs  are  the  set 

9^-H  —  =0 
dStf       *dsij 

for  the  six  combinations  i/=23,  31,  12,  14,  24,  34.  These  equations  are  linear 
and  homogeneous  in  the  six  linearly  independent  orientation-  variables  su  ;  and 
when  these  variables  are  eliminated,  there  results  a  sextic  equation  in  H5.  Thus 
there  are  six  principal  values  for  Hs  ;  and  also  there  are  six  principal  orientations 
for  that  measure  of  superficial  curvature  of  the  domain. 

Similarly,  the  critical  equations  for  the  principal  values  of  K,  are  the  set 

dS2         3^o 


for  the  same  six  combinations  ij.  The  principal  values  of  K8,  thus  determinate, 
are  six  in  number,  being  the  roots  of  another  sextic  equation  ;  and  associated 
with  each  such  principal  value,  there  is  a  principal  superficial  orientation. 

The  forms  of  the  sextic  equations  are  derivable  immediately  from  the  respective 
sets  of  critical  equations  ;  the  discussion  of  their  roots  is  simplified  by  referring 
the  primary  domain  to  its  curves  of  circular  curvature  as  the  parametric  curves. 
When  this  reference  is  effected,  and  when  the  orientation-variables  of  the  super- 
ficial orientation  continue  to  be  denoted  by  %,  we  find 
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I.  Consider  the  principal  values  of  K5  ;  they  are  given,  together  with  the 
ratios  of  the  variables  of  the  associated  principal  superficial  orientations,  by  the 
six  equations 

as,      ds. 

dstj       8ds^ 
that  is,  by  the  six  equations 

1 

s24  I  . 
534  J 


Not  all  the  quantities  s^  can  vanish  ;  but  their  simultaneous  values  are  subject 
to  the  relation 

=  0. 


In  the  first  place,  let  s12  be  distinct  from  zero  ;  then 
that  is, 


where  p±  and  p2  are  principal  radii  of  circular  curvature  of  domainal  geodesies. 
With  this  value  of  Ks,  an  equation 

becomes 


which,  on  the  hypothesis  that  the  principal  radii  of  circular  curvature  are  unequal, 
(that  is,  a  hypothesis  of  unconditioned  generality  for  the  domain),  can  be  satisfied 
only  by 

«ai=0. 

Similarly,  for  this  value  of  Kg,  all  the  other  equations  can  be  satisfied  only  if 
s23=0,    s14=0,    S24=0>    $34=0. 

When  the  sets  of  values  of  the  variables  s  are  thus  known,  and  note  is  taken  of 
their  definitions  as  given  in  §  272,  we  see  that  the  two  parametric  curves 
p=  variable,  q,  r,  £=  constants;  and  q=  variable,  p,  r,  t,  =  constants;  that  is, 
the  directions  of  the  two  curves  of  curvature,  corresponding  to  Pl  and  p2,  are 
the  guiding  lines  of  the  superficial  orientation.  We  thus  have  a  principal  value 
of  Ks  given  as  the  product 


Pip* 
of  two  principal  circular  curvatures  of  domainal  geodesies,  and  the  corresponding 
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principal  orientation  is  compounded  of  the  curves  of  curvature  appertaining  to 
those  principal  circular  curvatures. 

Similarly  for  each  of  the  other  possibilities  from  the  critical  equations.  The 
final  inference  is  that  the  six  principal  values  of  the  superficial  measure  Ks  are 
the  products  of  the  six  several  pairs  of  principal  curvatures  of  domainal  geodesies 

111111 

'  *  '          PlPl'  '  * 


and  that  the  principal  orientation,  appertaining  to  a  principal  measure  Ks,  is 
compounded  of  the  directions  of  the  two  curves  of  curvature  appertaining  to  those 
circular  curvatures  of  which  the  measure  Ks  is  the  product. 

II.  When  the  measure  H,  is  similarly  discussed,  the  final  inference  is  that  its 
six  principal  values  are  the  sums  of  the  six  several  pairs  of  principal  curvatures  of 
domainal  geodesic 

11          11          11          11          11          11 

-+-,       —I--,       —  +  --,       •-  +  —  ,       -  +  -  ,       -+-, 

P2      P'3  P3      Pi  Pi      P>2  Pi      Pi  P*      Pi  P3      Pi 

and  that  the  principal  orientation,  appertaining  to  a  principal  value  of  the  measure, 
is  compounded  of  the  directions  of  the  two  curves  of  curvature  appertaining  to 
those  principal  circular  curves  of  which  that  value  is  the  sum. 

To  obtain  the  developed  expressions  of  the  equations  (in  their  general  form) 
for  Ks  and  H,,  we  proceed  as  follows.  When  the  roots  of  the  quartic  equation 


4  —  0 
are  denoted  by  a,  j8,  y,  8,  and  when  £  and  £  denote  the  six-  valued  quantities 

f  =  aj8,     £  =  a  +  ft 
then  £  is  a  root  of  the  sextic  equation 

3  6  -  «2« 


and  £  is  a  root  of  the  sextic  equation 

)  ?  -  (4a0a1a2  +  of)  ? 

+  a^a3  -  4a0a1a4)  £ 


The  principal  values  of  Kg  are  given  by  the  ^-equation,  those  of  Ha  by  the 
^-equation. 

As  regards  the  equation  for  the  principal  values  of  Ks,  where 


373]  SUPERFICIAL  MEASURES 

we  use  a  symbol  [PQ,  RS\  according  to  the  definition 
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where  P,  Q,  R,  S,  are  any  four  of  the  quantities  A,  B,  C,  D,  F,  G,  H,  L,  M,  N9 
and  similarly  for  P,  Q,  R,  8  ;  and  then  the  equation  for  the  principal  values  for 

Ksis 


[AB,HH],  \GH,  AF],  [UP,  BG],  \AM,HL],  [HM,    BL],  \GM,  FL] 


\GH,  AF],  [CA,  Off],  [FG,  CH],  [  GL,AN],  \  FL,  HN],  [Cl,  ON] 
[HF,  BG],  [FG,  CHI  [BC,  FF],  [HN,GM],  [BN,  FM],  [FN,  CM] 
[AM,  HLl  [GL,AN],  \HN,GM],  [AD,  LL\,  [HD,  LM],  [GD,  LN] 
[HM,  BL],  [PL,HN\,  [BN,FM],  [HD,LM],  [BD,MM],  [FD,  MN] 

[GM,  FL],  \CL,  GN\,  [FN,CM],  \  GD,  LN],  [FD,  MN],  [CD,  NN] 

and  its  developed  form,  expressed  in  terms  of  the  measures  of  circular  curvature 
of  the  domainal  geodesies  El9  E2,  E3,  Y,  is 


-0, 


-  2QE2Y)K*  +  (KiKJf-  QY*)K*  -  J^K,  +  Y3  =  0. 

The  equation  for  the  principal  values  for  Hs  is  the  same  formal  determinantal 
equation  as  for  Ks,  when  the  symbol  [PQ,  R8]  is  defined  by  the  relation 

[PQ,  RS]^PQ-RS-SR+QP-n»(PQ-RS)  ; 

its  developed  form,  expressed  in  terms  of  the  measures  of  circular  curvature  of 
the  domainal  geodesies  El9  E2,  E$,  Y,  is 

^  +  EtfR* 


Also,  a  comparison  of  the  two  forms  of  each  equation  leads  to  the  explicit 
evaluation  of  invariantive  combinations  of  the  two  sets  of  quantities  A,  //,..., 
A,  II, ... ,  in  terms  of  the  curvature  invariants  El9  E2,  E3,  Y,  of  the  domain. 

373.  When  a  domain  is  primary,  so  that  the  plenary  homaloidal  space  is 
quintuple,  there  are  only  four  kinds  of  curvature  to  which  any  curve  in  the 
domain  is  subject ;  they  are  the  circular  curvature,  the  torsion,  the  tilt,  and  the 
coil.  Hence,  for  domainal  geodesies  in  particular,  the  curvatures  of  higher  grade 
do  not  exist :  that  is,  a  measure  of  such  a  curvature  is  zero. 

In  §  294,  the  relation 

fist  = 

u2, 


W2, 


568  LOCI  OF  [OH.  XXXI. 

has  been  obtained,  as  typical  of  the  direction-cosines  of  the  fifth  normal  of  a 
domainal  geodesic  and  the  fifth  curvature  of  the  geodesic,  when  the  domain  exists 
in  any  plenary  homaloidal  space.  Accordingly,  should  the  domain  be  primary, 
the  expression  should  then  provide  a  zero  value  for  l/p5,  the  typical  direction- 
cosine  IQ  then  having  no  significance.  For  a  primary  domain,  we  have 


for  all  the  combinations  i,  j,  —  1,  2,  3,  4  ;  and  therefore 


-  Y  (Atlp'  +  Ai2q'  +  A,.3r'  f  J/40=  Yvt, 

for  all  the  values  of  i.  When  these  values  of  the  quantities  77  are  inserted,  the 
determinant  vanishes,  for  all  the  different  magnitudes  £6.  As  these  magnitudes  do 
not  simultaneously  vanish  because  ^/62~1,  it  follows  that  l/p6  must  vanish, 
the  torsion  and  the  tilt  not  being  zero.  Thus  the  necessary  requirement  is 
satisfied. 

It  may  be  added  that  all  the  quantities  £,-  of  §  295  vanish  for  a  primary  domain 
because  all  the  magnitudes  denoted  by  ml}  vanish  ;  and  therefore,  as  required,  the 
expression  for  l/p5  on  p.  343  vanishes  for  a  primary  domain. 

Cent  MS  of  circular  curvature  and  of  flexure. 

374.  It  has  already  (§  255)  been  proved  that  the  locus  of  the  centre  of  circular 
curvature  of  geodesies  of  a  region  existing  in  a  plenary  quintuple  space  is  a 
lemniscate  curve  which  lies  in  the  plane  orthogonal  to  the  region. 

In  connection  with  this  result,  it  is  proper  to  consider  various  loci  connected 
with  centres  of  curvature  and  centres  of  flexure  which  appertain  to  regions 
and  to  surfaces  in  a  primary  domain.  For  this  purpose  we  take  geodesies,  which 
have  a  common  tangent  and  belong  respectively  to  a  domain,  to  a  region  in  the 
domain,  and  to  a  surface  in  the  domain  :  the  surface  being  postulated  analytically 
as  the  intersection  of  two  regions  in  the  domain.  It  is  not  necessary  to  give  further 
consideration  to  parametric  curves  in  the  domain  when  it  is  primary  ;  for  the 
investigation  of  §  255  is  concerned  with  the  quintuple  homaloid  (that  is,  with  a 
plenary  space  for  a  primary  domain)  of  which  the  five  leading  lines  are  the  tangent 
to  the  curve,  the  three  domainal  normals  to  the  three  regions  intersecting  in  the 
curve,  and  the  normal  to  the  domain. 

Accordingly,  let  two  general  domainal  regions  be  given  by  the  parametric 
equations  e(p,  q,  r,  t)=Q9  CD  (p,  q,  r,  t)  =  0,  as  in  §340.  Their  intersection  is  a 
domainal  surface.  Through  any  point  0  on  this  surface,  let  a  superficial  geodesic 
be  drawn  ;  its  tangent  touches  the  e-region,  the  co-region,  and  the  domain.  Let 
the  geodesies  in  the  e-region,  the  co-region,  and  the  domain,  respectively,  be  drawn 
having  this  direction  for  their  tangent.  When  the  domainal  normals  to  the 
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e-region  and  the  co-region  are  drawn,  and  also  the  prime  normal  to  the  domainal 
geodesic  (which  is  the  normal  to  the  domain),  we  have  the  construction  represented 
in  the  diagram  (§  342),  in  which  the  flat  OF^F^Y  is  orthogonal  to  the  tangent  plane 
to  the  surface  at  0,  this  plane  not  being  indicated  in  the  diagram. 

Now  that  the  domain  is  restricted  to  be  primary,  the  normal  OF  to  the  domain 
is  the  same  for  all  geodesies  through  0 ;  that  is,  for  the  totality  of  superficial  and 
other  geodesies  through  0,  that  normal  can  be  regarded  as  a  fixed  line  in  the 
plenary  space.  Also  when  the  e-region  is  a  definite  region  in  the  domain  (and  not 
merely  a  member  of  the  set  a0e-f  c0co=0,  ate  h  c^co^O,  which  by  their  intersection 
determine  the  surface),  the  domainal  normal  OFe  is  a  fixed  line  in  the  plenary 
space  ;  and,  when  the  co-region  is  similarly  regarded,  the  domainal  normal  OFW  is 
also  a  fixed  line  in  that  space,  while  OY  is  at  right  angles  to  the  plane  Ff)Fw 
which  is  the  domainal  plane  orthogonal  to  the  surface.  We  thus  have  three 
non-complanar  directions  OY,  OFC,  OF^  invariable  for  all  directions  through  0 
on  the  surface  :  they  are  convenient  leading  lines  for  the  flat  orthogonal  to  the 

d?j   dfj 

surface,  and  their  typical  direction-cosines  F,  -^- ,  -^ ,  do  not  involve  any  direction- 
variables  of  a  superficial  geodesic.  But  the  lengths  of  the  lines  OF,  OF€,  OFW, 
vary  from  one  geodesic  direction  to  another  geodesic  direction,  for  they  respec- 
tively denote  the  radius  of  circular  curvature  of  the  domainal  geodesic,  the  radius 
of  domainal  flexure  of  the  geodesic  in  the  c-region,  arid  the  radius  of  domainal 
flexure  of  the  geodesic  in  the  co-region. 

The  centres  of  domainal  flexure  for  a  geodesic  in  the  e-region,  for  a  geodesic  in 
the  co-region,  and  for  a  geodesic  on  the  surface  S  which  is  the  intersection  of  the 
regions,  are  Ff,  F^  F0)  respectively.  The  locus  of  Fe  is  the  portion  of  the  line 
OF^  limited  by  the  principal  centres  of  domainal  flexure  of  the  e-region  in  the 
orientation  of  the  surface  S.  Similarly  the  locus  of  Fw  is  the  portion  of  the  line 
OFW,  limited  by  the  principal  centres  of  domainal  flexure  of  the  co-region  in 
the  same  orientation.  And  it  has  been  proved  (§  365)  that  the  locus  of  F0  is  a 
lemniscate  curve  in  the  plane  F€OF^  orthogonal  to  the  surface  and  lying 
in  the  tangent  block  of  the  domain. 

The  centres  of  circular  curvature  for  the  four  geodesies  are  :  F,  for  the  domainal 
geodesic  ;  Cc,  the  foot  of  the  perpendicular  from  0  on  YF€,  for  the  geodesic  in 
the  e-region  ;  (7W,  the  foot  of  the  perpendicular  from  O  on  YF^.  for  the  geodesic 
in  the  co-region ;  and  C0,  the  foot  of  the  perpendicular  from  0  on  YF0,  for  the 
geodesic  on  the  surface  S. 

The  locus  of  F  consists  of  limited  portions  of  the  line  OF,  lying  within  the 
ranges  between  the  centres  of  principal  circular  curvature  of  the  primary  domain  : 
it  is  not  a  proper  locus  in  the  customary  sense  of  the  word,  because  every  point 
on  one  of  the  portions  is  a  centre  of  circular  curvature  for  an  unlimited  number 
of  domainal  geodesies.  The  locus  of  C€  is  a  lemniscate  curve  in  the  plane  YOF€ ; 
and,  similarly,  the  locus  of  Cw  is  a  lemniscate  curve  in  the  plane  YOF 
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Also,  we  know  (§  141)  that  the  locus  of  the  centre  of  circular  curvature  of 
concurrent  geodesies  on  a  surface,  existing  in  a  plenary  space  of  more  than  four 
dimensions,  is  a  twisted  quartic  in  a  flat  orthogonal  to  the  surface.  In  the 
present  instance,  when  the  plenary  homaloidal  space  for  S  is  five-dimensional, 
this  spatial  flat  orthogonal  to  the  surface  is  the  flat  OF€F^Y  ;  and  accordingly 
the  locus  of  C0  is  a  twisted  quartic  in  the  flat  OF€FMY. 

These  scattered  results  for  circular  curvatures  can  be  established  together,  in 
relation  to  the  flat,  by  means  of  the  same  set  of  formulae  when  the  domain  is 
primary.  Let  the  typical  space-coordinates  of  (7€,  CYW,  C0,  be  y€9  y^,  yQ,  respectively, 
so  that 

v  __  y--  Y  p  ,     y  -  y=  Y  p       ?/  —  v—  Y  p 
where 

P<~  P     r*dn9 


dy        dy 


PQ      P     y     P 

With  the  notation  of  §§  342,  345,  we  can  take 
Y£ 


where 


f-^-t*"2 


Y 

Po" 


also, 


where  (§  345) 


For  the  representation  of  coordinates  in  the  flat,  we  take  the  direction  OF€  to 
be  the  axis  of  a  variable  zl9  the  direction  OF^  to  be  the  axis  of  a  variable  22,  and 
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the  direction  OY  to  be  the  axis  of  a  variable  z,  the  last  axis  being  perpendicular 
to  the  plane  zlOz2  through  the  other  two,  and  the  angle  zlOz2  being  denoted 
by  i  as  before.  Then  for  any  current  point  in  the  flat,  with  a  typical  space-variable 
y,  we  have  coordinates  21}  z2,  z,  referred  to  these  axes,  with  the  definitions 


375.  I.  We  begin  with  the  locus  of  C€.    For  that  locus,  we  have 


Now 

and  similarly 
hence 

Again, 


-1 


and  similarly 


^^  "*     y         /f  ) XT'  ^C       y  _.     (e) If*      f*r\Q 

Consequently 

-Jf 

€n 


-  (Zi  cos  i  +  za)  =  -  -  (EllP'*  +  2filtp     +    ^q     cos  i  ; 


and  therefore 


Moreover,  we  have 
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Thus  the  equations  for  the  locus  are 
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while,  always, 


As  v2=0,  the  locus  lies  in  the  plane  F€OY,  that  is,  in  the  plane  z^Oz.  To  obtain 
the  equation  of  the  plane  locus,  we  eliminate  pr  and  qf  between  these  equations  ; 
and  we  obtain  this  eliminant  in  the  form 


H0,     B0 


HO, 


A0,     #0 


*, 


The  plane  curve,  thus  represented,  is  a  lemniscate  curve  having  a  double  point 
(real  or  imaginary)  at  0,  an  equivalent  form  of  the  equation  being 


where  u±  is  of  the  form  042  +  ^zl9  and  ?/2  of  the  form  a2z2-i-2^2zzl^  y22i2- 

II.  In  the  same  way,  we  find  the  locus  of  C^  to  be  a  curve  in  the  plane 

that  is,  in  the  plane  z20z,  the  value  of  zl  being  zero  ;  and  the  equation  of  the  locus 
in  that  plane  is  the  foregoing  equation  when  we  substitute  z2  for  zx,  u>v  for  en, 
and  Qn,  Q12,  i322,  for  JUn,  J512,  £22,  respectively. 

III.  For  the  locus  of  Cy0,  the  centre  of  circular  curvature  of  the  superficial 
geodesic,  we  have 


Then 


1 

Po2 

1_ 

Po2 


z__±_ 
Po2~Po2 
v       1 
Po2 


Po 


=g€+gOJco^L 
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while 


z2  cos  i  +  z22 


and,  always, 


Thus  there  are  four  equations  involving  p'  and  q',  together  with  the  coordinates 
of  a  point  on  the  locus ;  consequently,  the  eliminant  must  consist  of  a  couple  of 
relations  between  these  coordinates,  and  the  locus  is  a  skew  curve  in  the  flat. 

One  of  these  relations  can  be  obtained  as  the  determinantal  eliminant  of 
p'2,  p'q',  q'2,  from  the  four  equations,  in  a  form 

z  ,     A0,    H0,     B0 


E 


22 


which,  because  of  the  value  of  p02,  represents  a  sphere  in  the  flat  passing  through 
the  initial  origin  0  of  reference. 

Further,  resolving  the  first  three  of  the  four  equations  to  obtain  the  values  of 
jo'2,  2p'q',  q'2,  and  again  eliminating,  we  find 


0>        "0 


-€n 


cost),    J5n, 


which  represents  a  quadric  cone  in  the  flat,  with  its  vertex  at  the  initial  origin  0 
of  reference. 

The  required  locus  of  the  centre  of  circular  curvature  of  the  superficial  geodesies 
through  0  is  the  intersection  of  the  sphere  and  this  quadric  cone :  that  is,  the 
locus  is  a  twisted  quartic  in  the  flat. 

Ex.  Verify  that  tho  flat-coordinates  of  the  centre  of  circular  curvature  of  a 
superficial  geodesic  can  be  expressed,  in  terms  of  the  magnitudes  of  the  domain 
and  of  the  two  regions,  by  the  equations 

1  1  1  1     /  1      2  cos  i      1  \      1 

_, _ ,  _^  ^ i  j i         j 

pz     y€  (Zl  +  Z2  COS  i)     yw  (Z2  +  Zl  COS  i  j     p2     \  y,2       y€yw      yjl  sin2  t ' 

As  before  (§  143),  we  can  associate  the  curves  of  circular  curvature  on  the 
surface  (that  is,  the  directions  of  principal  circular  curvature  at  0)  with  this  locus ; 
for  the  radius  vector  from  0  to  any  point  of  the  locus  is  the  radius  of  circular 
curvature  of  the  geodesic  in  the  corresponding  direction  on  the  surface,  and 
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therefore  a  principal  direction  on  the  surface  is  to  be  associated  with  a  radius 
vector  which  is  also  a  normal  to  the  curve. 

These  normals  from  0  to  the  locus  may  be  determined  as  follows.    We 
introduce  variables  t,  tl9  t2,  by  the  definitions 

fj        o          f  »  j        jy 

"o>      #0     >     *a=  z  »      A»     "o 

#12»      #22  -€«(2i  +  22COBl),      #U,      #i2 

-  €n  (Zl  4-  C2  COS  t),      Elly      E22 

and  we  use  V  to  denote  the  determinant 

A0,     H0,     BO 

#11  >       #12  >       #22 

o      o       o 

^^iij    ^^la*    ^^22 
Then 


'1  = 


1  +  C8  COS 
COS 


and 


and  the  equations  of  the  sphere  and  of  the  quadric  cone,  the  intersection  of  which 
is  the  locus,  become 

Vp^=Aj  +  H^+B^    ^=40,. 

Let  the  flat-coordinates  of  the  foot  of  a  normal  from  0  to  the  curve  be  denoted 
by  z,  3J,  z29  (with  corresponding  quantities  t,  f1?  12)  ;  and  let  the  direction-  variables 
of  the  tangent  to  the  curve-locus  be  denoted  by  z',  z/,  z2,  (with  corresponding 
quantities  f  ,  f/,  £2')  5  these  direction-variables  are  given,  as  to  their  ratios,  by 
the  relations 

2?/'-yi/  +  2f^/=0, 

J  (^lor  -f  flo?/  +  IVY)  =  {22'  +  (^i  -f  52  cos  t)^'  -I-  fe  cos  i  +  22)22'}  V. 
The  condition  of  normality,  being  the  condition  that  the  radius  vector  from  0  to 
the  point  z,  z19  z29  shall  be  at  right  angles  to  the  tangent  at  that  point  with 
direction-variables  z',  Z/,  z.2',  is 


zz' 


l  -f  z2  cos  t) 


cos  1  4-  z2)  z2  =  0, 


which,  when  we  substitute  for  z',  z^9  z2,  in  terms  off,  ^',  i2i  becomes 
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When  the  condition  of  normality  is  used,  the  two  former  equations  for  the  ratios 
of  f  ,  £/,  £2',  become 


In  order  that  the  three  relations,  linear  and  homogeneous  in  t',  £/,  t2',  may  coexist, 
the  quantities  z,  zly  z2,  with  the  associated  quantities  i,  tl9  i2,  must  satisfy  the 
relation 


A  2 

£L%> 
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A 

2>      **0 


17 

" 


=  0. 


n 

ia 


- 
-    ---  Z2, 


This  equation  represents  a  quadric  cone,  having  its  vertex  at  the  origin.  We 
therefore  infer  that  the  directions  of  the  prime  normals  of  the  superficial  geodesies 
in  the  four  principal  directions  on  the  surface  (that  is,  at  the  four  curves  of  curva- 
ture) are  given  by  the  four  generators  common  to  this  quadric  cone  and  the 
former  quadric  cone  tL*=4:tt2,  the  cones  having  a  common  vertex;  and  the 
lengths  of  the  four  principal  radii  of  curvature  are  the  lengths  of  these  generators, 
intercepted  between  the  initial  point  0  and  the  quartic  curve  which  is  the  locus  of 
the  centres  of  circular  curvature.  The  superficial  direction-  variables  of  the  curves 
of  curvature  arc  given  by  the  equations 


Orthogonal  centre  of  geodesies  on  a  surface  in  a  primary  domain. 
376.  It  was  proved  (in  §  142)  that  a  surface  in  a  plenary  quintuple  space 
possesses  an  orthogonal  centre,  defined  as  the  ultimate  intersection  of  the  ortho- 
gonal flat  at  0  with  the  orthogonal  flats  at  points  in  the  immediate  vicinity  of  0. 
(The  point  is  a  spatial  orthogonal  centre  and  is  distinct,  in  significance  and  position, 
from  the  domainal  orthogonal  centre  of  §  363,  when  the  surface  is  a  domainal 
surface.)  The  five  equations  for  the  spatial  orthogonal  centre  are  :  the  pair 


(the  symbols  y±  and  y2  belonging  to  the  parametric  leading  lines  in  the  tangent 
plane  of  the  surface),  these  two  being  the  equations  of  the  orthogonal  flat  at  0  : 
and  the  trio 
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(with  the  preceding  notation),  these  three  being  equations  derived  in  connection 
with  the  equations  of  orthogonal  flats  at  points  near  0.  This  orthogonal  centre 
lies  in  the  orthogonal  flat  of  which  the  leading  lines,  as  selected  in  §  342,  have 

typical  direction-cosines  Y,  -j   ,  -j* ;  and  therefore,  for  all  the  five  coordinates, 


we  can  take 


Also  we  have 


dy 


J  I)  J  "  ~ 
dn 


for  the  combinations  ij=  11,  12,  22. 

Let  £,  £x,  £2  be  the  flat-coordinates  of  the  spatial  orthogonal  centre,  so  that 


cos  i=  2    (y-  y)=- 


and  therefore 
Now 

and  therefore 
and  similarly, 

Again 


COS  i+  £2= 


^y)  =  X  COS  t-f  ^, 


so  that 


2  j~  rju  = (En  -f  QU  cos  t), 

<m  en 

V  ^  d. V  -  1        FT  7^ 

7V  — '-  'YJil— (j-^n  COS  I  j-  ^12)  > 

rfy  €n 

and  similarly  for  the  like  combinations. 
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Of  the  five  equations  for  the  orthogonal  centre,  the  first  two  are  satisfied 
unconditionally.  When  substitution  of  the  quantities  y-y,  in  terms  of  £,  £1?  £2, 
is  made  in  the  remaining  three,  we  find 


-(^  C,  cos  0  - 


,  cos  i  +  W  =  £T0 


The  equation  of  the  sphere,  which  contains  the  quartic  curve-locus  of  the  centre 
of  circular  curvature  of  the  superficial  geodesic,  is 


and  therefore  the  centre  of  that  sphere  is  given  by 


that  is, 

and  similarly 

Hence  the  spatial  orthogonal  centre  of  the  superficial  geodesic  is  the  further 
extremity  of  the  diameter,  drawn  through  0,  of  the  sphere  on  which  lies  the 
locus  of  the  centre  of  circular  curvature — in  accordance  with  the  result  already 
(§  142)  established  for  a  surface  in  a  plenary  quintuple  homaloidal  space. 


F.I.G.  u. 
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CHAPTER  XXXII 

GEODESIC  PARALLELS  IN  A  DOMAIN 
Levi-Civita  parallels. 

377.  Geodesic  parallels  in  a  general  domain  may  be  discussed  in  the  same 
manner  as  those  in  a  region.  One  aim,  however,  is  the  construction  of  closed 
figures  of  the  type  of  a  parallelogram  or  a  parallelepiped  (that  is,  figures  bounded 
by  geodesic  edges  which,  when  taken  in  opposite  pairs,  can  be  regarded  as  con- 
stituted by  conventionally  parallel  pairs)  ;  and  consequently  the  inferences  from 
definitions,  such  as  Levi-Ci  vita's,  Severi's,  and  others  indicated  in  §  232,  which 
do  not  lead  to  the  construction  of  such  closed  figures,  are  not  developed  for 
domains  in  the  same  detail  as  for  regions. 

As  it  is  incumbent  to  conserve  the  primary  fundamental  conditions  of  paral- 
lelism (either  explicitly  or  implicitly)  which  are  common  to  all  the  modes,  we  begin 
with  the  Levi-Civita  system,  as  having  been  the  earliest  to  be  formulated. 

At  a  point  0  of  a  domain,  let  two  domainal  geodesies  OA  and  OB  be 
drawn  :  the  geodesic  OA,  with  an  element  dsl  of  arc  and  with  direction-  variables 
V\>  3i'*  r/5  '/>  a^  ^  :  the  geodesic  OB,  with  an  element  ds%  of  arc  and  with 
direction-  variables  j»2',  q2',  r2',  t2',  at  0.  At  any  point  X  in  the  geodesic  OA,  let  a 
domainal  geodesic  XV  be  drawn,  having  at  X  a  typical  spatial  direction-cosine  c. 
In  the  Levi-Civita  definition,  the  law  of  parallelism  is  postulated  by  the  property 
that  the  domainal  geodesies  through  successive  points  X  along  OA  make,  with  a 
selected  aggregate  of  lines  of  reference  in  the  plenary  space  of  the  domain,  the  same 
several  angles  as  are  made  by  the  domainal  geodesic  OB  with  those  lines.  Let  / 
denote  the  typical  direction-cosine  of  any  one  such  line  ;  then  we  are  to  have 

y^cl=  constant, 
for  the  different  geodesies  c  ;  and  therefore  we  have 


holding  at  0,  for  all  the  lines  /,  as  a  first  condition  (or  aggregate  of  conditions)  of 
the  defined  parallelism. 

The  demand,  expressed  analytically  by  this  condition,  could  not  be  exacted 
for  all  lines  I  in  the  homaloidal  plenary  space  of  the  domain  ;  for  it  would  require 

dc 

-   =0,  that  is,  c  constant,  for  the  typical  direction-cosine,  and  a  constant  direction 

(ts^ 

is  not  possible  in  a  completely  general  domain.     Accordingly,  the  aggregate  of 
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lines  of  reference  must  be  selected  ;   and  the  selection  is  made  by  choosing  the 
aggregate  of  all  possible  directions  in  the  tangent  block  at  0,  so  that 


where  K,  A,  //,,  v,  are  arbitrary  parameters,  linearly  independent  of  one  another. 
In  order  that  the  foregoing  condition  of  parallelism  may  now  be  satisfied,  we  must 
have 


At  0,  the  typical  direction-cosine  of  OB 


and  therefore,  when  j>2',  </2',  rg',  ^2',  are  regarded  as  parametric  along  OA,  so  as  to 
represent  c  at  the  successive  points  X,  we  have 

dc  __         dp*          dq2'         dr2'         dt2' 

d*=  ?/l  &i  *"  y2  4"  +  y*  ds~+y*  5»T 


But 


, 

J-=  ^1  +  ?/!«!  +  ^2^1  +  ^91  +  2/4*1, 


using  the  symbols  of  §  306  :  or,  writing 


we  have 
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do 
for  A  =  1,  2,  3,  4.    When  the  value  of  -7-  is  inserted,  and  the  relations 


for  A,  fji,  =1,  2,  3,  4,  in  all  combinations,  are  used,  we  have 

(J;  + 


for  A=  1  ,  2,  3,  4.    The  determinant  of  the  quantities  A^  is  ,Q,  different  from  zero  ; 
and  therefore  the  four  magnitudes,  occurring  linearly,  all  vanish  :  that  is, 


These  relations  will  be  called  the  primary  conditions  of  parallelism  for  domainal 
geodesies. 

Let  the  geodesic  arc  OX  along  the  domainal  geodesic  OA  be  small,  and  let 
its  length  be  denoted  by  x.  Then,  up  to  the  first  order  of  small  quantities,  the 
direction-variables  of  the  domainal  geodesic  XU  (drawn,  at  X,  so  as  to  be  parallel 
to  the  geodesic  OB  at  0)  are 


If  these  direction-  variables  are  required  to  the  closer  approximation  represented 
by  the  retention  of  the  second  power  of  x,  their  formal  values  are 


with  three  like  values  for  the  other  three  direction-  variables  ;    we  therefore 
require  the  values  of  the  second  arc-derivatives  of  p2',  q2'9  r2',  t2'. 
From  the  primary  conditions,  we  have 


'  +  tt«l' 
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with  corresponding  values  for  derivatives  of  <72',  r2',  t%  \  and  therefore 


,  r  > 
~      2 


Now 

^  »^  ^  ^  ^ 

la  fi 


and  similarly  for  the  arc-derivatives  of  j8lf  y^  §!,  along  0/1  ;  and  therefore,  arising 
out  of  the  first  line  in  the  second  derivative  of  p2',  there  will  be  two  aggregates  of 
terms.  One  of  these  aggregates 


in  the  notation  of  §  307  ;  the  other 

= 
while 


with  like  values  for  <//',  r/',  £/'. 

Let  the  value  of  the  first  of  these  aggregates,  as  obtained  in  §  306  (p.  357),  be 
substituted,  and  the  whole  expression  be  reduced.  There  are  three  sets  of  terms, 
one  involving  the  symbols  of  the  type  Ftjk9  one  involving  the  four-index  Riemann 
symbols  of  the  type  (ij,  kl),  and  one  free  from  all  the  symbols  of  these  two  types. 
We  take  them  in  turn. 

(i)  The  full  set  of  terms  involving  Fijk  is  found  to  be 


with  the  former  notation. 

(ii)  The  full  set  of  terms  involving  the  Riemann  four-index  symbols  is  found 
to  be 


where  the  /^-summation  is  for  the  values  (i  =  1,  2,  3,  4,  while 

#M(1,  12)=  S  SKPi'O/*,  ofl  +  fc'ftt,  ajSJ  +  r/^,  oj8)  +  <1'(4/i, 
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the  a,  j8,  summation  being  for  the  set  of  values  23,  31,  12,  J4,  24,  34,  with 

*14  =  ;PlV  ~  'l  'ft'  1 


*31  =  **!  V  - 


-I/ft'.  *84=  '/'/-  «/*V  j 

(iii)  The  full  set  of  terms,  free  from  the  symbols  r^7c  and  from  the  four-index 
symbols,  reduces  to  zero. 
Hence,  finally, 


Similarly  we  find 


K,A'M(i,  12)}. 


KA;(i,  12)}, 


')  +       XI  KAd,  12)}, 

r/2/  '  1 


c 
Ex.    The  value  of  -y-  ,  for  the  parallelism,  is 

^i 

^iP/^Ma'  f 

^2C 

Find  the  value  of  ^—  g  ;  and  verify  that  the  relation 

Cttfj 

^      d2c  _„ 

^y^-u 

is  satisfied  for  the  values  A  =  l,  2,  3,  4. 

Second-order  approximation  in  the  permanent  arc-relation. 

378.  It  is  convenient  to  establish  two  general  results  at  this  stage,  noting  their 
effect  upon  the  preceding  investigation. 

Consider,  at  the  point  X  in  OA,  a  domainal  direction,  with  direction-  variables 
Pt'.Qt.R,',  ?V,  given  by  values 

K  V) 


where  jP2,  $2,  /?2,  ?2,  are  magnitudes  of  the  second  order  of  small  quantities  (that 
is,  of  the  order  x2,  though  they  may  arise  in  other  associations  and  not  be  dependent 
upon  x  alone).  It  is  to  be  noted  that  these  expressions  conform  to  the  primary 
conditions  of  parallelism,  and  that  they  contain  those  portions  of  the  terms  such 
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as  %x*-^r  which  do  not  involve  the  four-index  symbols.*    As  these  are  to  be 
ds^ 

domainal  directions  at  X  in  OA,  the  permanent  arc-relation 

^C  4      P  '2—1 
^j  AX*  2     —  ! 

must  be  satisfied  :  accordingly,  some  relation  must  be  satisfied  by  the  quantities 

*  2>   Q%>   -^29  *•  2' 

To  obtain  the  relation  indicated,  we  must  take  approximations  up  to  the 
second  order  of  small  quantities  inclusive.  Thus,  using  the  notation  of  p.  357,  we 
have 


with  like  expressions  for  all  the  two-dimensional  combinations  of  P2',  Q2',  R2',  T%  : 
also,  the  values  of  the  primary  magnitudes  at  X  are  given  by  expressions  of  the 
form 

.       dA     , 


up  to  the  second  order.  When  these  values  are  substituted  in  the  permanent  arc- 
relation,  it  must  be  satisfied  for  all  values  of  x  :  or,  what  is  the  same  thing,  the 
finite  terms  (free  from  x)  must  balance  and  the  aggregate  terms  of  each  successive 
order  must  vanish. 

The  finite  terms  in  V  A  XP'* 


and  thus  they  balance  the  right-hand  side  in  the  relation. 

The  aggregate  of  terms  of  the  first  order  may  be  denoted  by  xSl9  where 


A  A 


on  using  the  results  of  §  307  :   that  is,  the  terms  of  the  first  order  of  small  quan- 
tities disappear  from  the  equation,  without  any  residual  condition. 
The  aggregate  of  terms  of  the  second  order 

J2A 


dA 

^ 


*  The  aggregate  of  terms  in  P2',  Q2',  #2',  T2',  other  than  %P2,  J§a,  J^2,  $T2,  is  the 
same  as  would  occur  if  the  domain  were  'developable  into  a  block;  its  geodesies, 
parallel  to  OB,  would  develop  into  straight  lines  parallel  to  the  development  of  OB  ; 
and  the  said  aggregates  would  give,  up  to  the  second  order,  the  direction  -variables  of 
the  parallel  geodesies  in  the  developable  domain. 
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and  this  aggregate  is  to  vanish.  The  expression  for  the  coefficient  of  \x*  in 
the  first  term  is  derivable  from  the  result  in  §308  by  taking  t=l,  i=j=2. 

The  combinations  of  the  type  S  :*""?*'»  being  the  coefficients  of  the  quantities 

a$i 

yi2>  ^i2>  $i2>  <f>i2>  *n  *^e  first  term  in  the  second  line,  are  similarly  derivable 
from  the  results  in  §  307.  When  these  values  are  substituted,  and  reduction  is 
effected,  the  condition  is  found  to  be 


where  the  orientation-variables  s  have  the  meanings  assigned  on  p.  582,  and 
where  the  summation  extends  over  the  combinations  of  a,  /?,  y,  S,  which  have 
significance  for  these  orientation-  variables. 

When  this  condition  is  satisfied  by  JP2,  Q2,  JR2,  T2,  the  arc-relation  is  satisfied, 
so  far  as  approximations  up  to  the  second  order  (inclusive)  are  concerned.  Mani- 
festly, it  is  a  purely  analytical  condition  affecting  all  directions  at  X  inclusible 
under  the  forms  adopted  for  the  postulated  direction-variables  P2',  Q*>  RZ'I  ^Y- 

Ex.  The  application  to  the  Levi-Civita  parallels  is  immediate.  They  arc  included 
in  the  postulated  form,  by  taking 


r.-ggS  {««,*•.(!.  12)}. 

When  these  values  are  substituted  in  the  left-hand  side  of  the  relation,  the  coefficient 
of*,  (1,12) 


and  so  for  the  others  ;  so  that  the  relation  becomes  equivalent  to 

ft'ffid,  12)+ft'Jr,(l,  12)  +^,(1,  12)+*2'K4(1,  12)-  2  (aft 
which  is  an  identity  on  the  substitution  of  the  values  of  the  quantities  K^ 

379.  In  the  next  place,  we  consider  the  relation  of  the  angle  AXU,  between 
the  domainal  geodesies  XA  and  XV  at  X,  to  the  angle  AOB,  between  the  domainal 
geodesies  OA  and  OB  at  0.  In  the  Levi-Civita  definition,  and  in  the  Severi 
definition,  of  parallel  geodesies  the  two  angles  are  definitely  equal  ;  in  alternative 
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definitions,  such  as  that  which  facilitates  the  construction  of  a  regional  cell  (§  240), 
the  difference  of  the  angles  is  a  magnitude  of  the  second  order  of  the  small  arc- 
length  OX.  We  proceed  to  find  the  value  of  the  difference  up  to  the  second  order 
of  small  quantities,  when  the  direction-  variables  of  the  domainal  geodesic  are  the 
quantities  P2',  Q2f,  R2',  T2',  of  §  378. 

At  X9  the  direction-  variables  of  the  domainal  geodesic  XA  in  the  direction 
X  A  are  the  four  magnitudes  of  the  type 


up  to  the  second  order  ;  and  therefore  we  have 
cos  AXU=  £  (AxPt'  (Pl'  +  xPl" 


When  the  postulated  values  of  P2'»  62'?  ^2'*  ^Y>  are  substituted,  we  range  the 
terms  on  the  right-hand  side  in  aggregates,  of  successive  orders  of  powers  of  the 
small  quantities. 

The  aggregate  of  finite  terms 


The  aggregate  of  terms  of  the  first  order  of  small  quantities 

=  x  S  ^  PI  W  - 

JA 

=*S^;  ft  V  - 

-o, 

when  the  value  of  the  sum  in  the  first  term  is  substituted  from  the  result  in  §  307. 
The  aggregate  of  terms  of  the  second  order  of  small  quantities 


We  substitute,  in  the  first  term,  the  value  of  the  expression  (§  308)  containing 
the  second  arc-derivatives  of  the  quantities  A,  when  k=l9  i=I,j=2,  so  that  all 
the  variables  sa]8  vanish  :  thus  all  the  terms  which  could  involve  the  four-index 
symbols  disappear.  We  substitute  also  the  values  of  the  expressions  containing 
the  first  arc-derivatives  of  the  quantities  A.  Then,  on  reduction,  it  is  found  that 
the  total  aggregate  of  surviving  terms  consists  only  of  those  contained  in  the  third 
summation  in  the  first  line,  being 

Hence  we  have 

cos  AXU-cos 
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up  to  the  second  order  of  small  quantities.    If  therefore 

AXU=AOB+V, 
we  have 

V  sin  AOB=  -f  (V1^  W}&  W1^*  V1^}, 

V  being  a  small  quantity,  the  lowest  part  of  which  is  of  the  second  order  ;  and  the 
value  of  that  lowest  part  is  given  by  the  foregoing  relation. 

As  in  the  preceding  investigation,  the  result  is  a  purely  analytical  relation 
affecting  all  directions  at  X  inclusible  under  the  forms  adopted  for  the  postulated 
variables  P2',  Q2',  R2f,  T2'. 

Ex.  Again  the  application  to  the  Levi-Civita  parallels  is  immediate.  On  sub- 
stitution, the  right-hand  side 

i(l.  12)  +  <jr1'#2(l,  12)  +*•/*,(!,  12)+^4(1>  12)}=0: 


and  thus,  verified  up  to  the  second  order,  V=0.  Up  to  the  second  order,  the  angle 
at  X  is  equal  to  the  angle  at  0  ;  the  fundamental  property  of  the  Levi-Civita  definition 
ultimately  is  the  full  equality  of  the  two  angles. 

Severi  parallels. 

380.  The  Severi  definition  of  a  domainal  geodesic  X  U,  which  at  X  is  geodesi- 
cally  parallel  to  the  domainal  geodesic  OB  at  0,  requires  that  the  direction  of 
X  U  at  X  shall  be  contained  in  the  surface  which,  at  0,  is  geodesic  to  the  domain  : 
this  geodesic  surface  being  determinate  by  the  two  domainal  geodesies  OA  and 
OB.  It  also  requires  that  the  angle  AXU  shall  be  equal  to  the  angle  AOB. 

Accordingly,  let  the  direction-  variables  of  the  geodesic  XU  at  X  in  the  direction 
XU  be  P./,  Q2',  R2'9  T2f,  as  postulated  formally  in  §  378.  The  four  quantities 
jP2,  Q2,  R2y  T2,  in  the  expressions  of  these  variables  have  to  be  determined  so  as 
to  conform  to  the  foregoing  requirements,  which  are  : 

(i)  the  angles  AXU  and  AOB  shall  be  equal,  and 

(ii)  the  initiating  direction  of  XU  at  X  shall  lie  in  the  surface  which  at  0  is 

geodesic  to  the  domain  constituted  by  the  domainal  geodesies  OA 

and  OB. 


Precedent  to  all  imposed  conditions,  the  permanent  arc-relation  2  AXP^—  1, 
for  the  direction  X  U  at  X  ,  must  be  satisfied.  Hence,  after  the  result  in  §  378,  we 
must  have  the  general  condition 


where  the  a/?  and  y8  summations  are  for  the  orientation-magnitudes  sAfl9  as  defined 
in  §  377  and  constructed  from  the  direction-  variables  at  0  of  the  domainal  geodesies 
OA  and  OB. 
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The  requirement  of  equality  between  the  angles  AXU  and  A  OB  annihilates 
the  quantity  V  of  §  379  ;  and  therefore,  as  a  special  limiting  condition, 


Next,  we  must  obtain  the  special  limiting  conditions  expressing  the  require- 
ment that  the  direction  of  XV  at  X  shall  lie  in  the  surface  which  is  geodesic  at  0 
to  the  domain.  Let  the  surface  be  represented  by  the  parametric  equations  e=0 
and  o>=0  ;  the  relations,  which  (up  to  the  second  order  of  approximation  in- 
clusive) secure  its  geodesic  quality,  have  been  obtained  in  §  344.  Then  the  special 
limiting  conditions  on  the  geodesic,  which  arise  from  the  requirement  that  it  shall 
lie  in  this  surface,  are 


Up  to  the  second  order  of  small  quantities  inclusive,  we  have 


with  like  values  for  e2w,  63(<r),  e4(jr)  ;    and  therefore  the  first  of  the  superficial 
relations  is 


the  summation  on  the  left-hand  side  extending  over  the  four  sets  of  terms  associated 
with  the  parameters  of  the  domain.  The  second  of  the  superficial  relations  has 
the  similar  form 


These  relations  must  be  developed  up  to  the  second  order  of  small  quantities 
inclusive. 

In  the  first  of  the  relations,  the  aggregate  of  the  finite  terms 

because  the  direction- variables  of  OA  and  OB  satisfy  the  equations 

In  that  same  relation,  the  aggregate  of  terms  of  the  first  order  is  xS^  where 
Now  we  have 
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To  evaluate  the  first  summation  in  Sl9  we  take  separately  the  aggregate  of  terms 
which  involve  the  quantities  elV  :  this  aggregate 


When  the  umbral  notation  of  §  344  is  used,  so  that  we  have  €ij=mim,>,  the  fore- 
going expression  is  changed  to  the  form 


Because  the  direction  p^,  y/,  r/,  £/,  lies  in  the  superficial  orientation  given  by 
the  equations  .R0=0,  T0=0,  we  have 


and  because  the  direction  p2,  q29  r2,  f2',  lies  in  the  same  orientation,  we  have 

w^ 
Consequently  the  foregoing  aggregate 


l'p2'  +  Jf  ^.(ftV  +?1>2')  +  Jf.Vfc'- 

The  surface  under  consideration  is  geodesic  to  the  domain,  so  that  the  relations 
(in  umbral  expression) 


are  satisfied  (§  344)  ;  and  therefore  the  foregoing  aggregate  vanishes. 
Thus  the  first  summation  in  St 


Hence 


that  is,  the  aggregate  of  terms  of  the  first  order  of  small  quantities  disappears 
from  the  first  of  the  surface-relations. 

The  aggregate  of  terms  of  the  second  order  in  that  same  relation 


where 

«.=  S  ajifc'  -  2S|;  yu-  2  {-it 

In  the  first  term  of  this  expression  for  S2,  we  have 
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with  the  convention  a?/^/,  a2'=?i'»  ^3'=^',  £4'=*i'  ;   and  therefore,  with  the 
further  convention  Zi'=p2',  3a'=ga',  Z3=92>  *i-t*>  the  first  term  in  S2 


The  complete  coefficient  of  the  combination  x/xkzi  is 

2  fo«  -  CziAfc  -  €12  Ajk  - 

or,  when  the  quantities  eyw  are  introduced  from  §  325,  this  complete  coefficient 

=  2  (e 


Hence 


and  therefore 


To  evaluate  this  form  of  S2,  we  use  the  umbral  representation  of  the  magnitude 
'3  ^n  §  3^^  as  giycn  by  ^,,'3,  so  that 


Because  the  direction  p/,  </!',  ^^  ^',  lies  in  the  superficial  orientation  R0=  0, 
T0=0,  we  have 


and  because  the  direction  p2',  q^  r2',  t2',  lies  in  the  same  orientation,  we  have 

9*' 
Thus 


The  surface  is  geodesic  to  the  domain,  so  that  the  relations  (in  umbral  expression) 

6Y=0,    £^2=0,    ^^=0,    <?23=0, 
are  satisfied  (§  344)  ;  and  therefore 

S2=0. 
Hence  the  aggregate  of  terms  of  the  second  order 


and  consequently  the  first  of  the  two  relations,  securing  that  the  direction  XU  at 
X  lies  in  the  geodesic  surface,  becomes 


Similarly  the  second  of  the  two  relations,  for  the  same  purpose,  is 
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These  are  the  relations  which  must  be  satisfied  if  the  direction  P2',  Q2,  RZ>  ^V, 
as  formulated  in  §  378,  lies  in  the  geodesic  surface.  The  relation,  which  expresses 
the  equality  of  the  angles  at  X  and  0,  has  already  been  stated  (p.  587). 

Thus  the  four  equations  for  P2,  Q2,  ^2*  ^2*  are 

(aft  yS),Vy6 


where  7\  12  is  the  sphericity  of  the  domain  in  the  orientation  at  0  constituted  by 
the  two  directions  p/,  q^,  r/,  ?/,  and  p2',  q2,  r2,  /2'  ; 


and  therefore 


(?,'-?/  cos  12) 
(/-2'  -  f/  cos  12) 
(^./-  ^/  cos  12) 

To  compare  the  directions  of  the  two  geodesies  which  are  drawn  through  the 
point  A",  one  according  to  the  Levi-Civita  definition  of  parallelism,  the  other 
according  to  the  Severi  definition,  it  is  sufficient  to  note  their  direction-variables. 
For  the  Levi-Oivita  parallel,  the  ^/-variable  is 


for  the  Severi  parallel,  it  is 

)         ^(K-Kcos  12). 


Manifestly  these  are  not  the  same  as  one  another  ;  the  angle  between  the  two 
directions  is,  in  general,  a  small  quantity  of  the  second  order.  But  if  the  domain 
be  of  constant  sphericity*,  the  two  directions  coincide  —  as  was  first  pointed  out 
by  Severif  :  the  verification  of  the  statement  is  simple. 

*  Throughout  this  treatise,  only  general  amplitudes  are  discussed,  whatever  be 
their  dimensions.  There  aro  many  investigations  concerned  with  specialised  amplitudes, 
in  particular,  amplitudes  having  a  constant  Ricmann  measure  of  curvature  ;  the 
earliest  of  these  appear  in  the  memoir  by  Beltrami,  "  Teoria  fondamentale  degli  spazii 
di  curvatura  costante  ",  Ann.  di.  Mat.,  Ser.  2,  t.  ii  (1868),  pp.  232-255. 

t  See  §  228  ;  Seven's  statement  was  made  for  an  amplitude  of  any  number  of 
dimensions,  and  not  solely  for  a  region  or  a  domain.  When  the  amplitude  is  a  surface, 
there  is  no  scope  for  differences  of  definition. 
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Third  side  of  a  domainal  geodesic  triangle  and  the  surface  geodesic  at  the  vertex. 
381.  The  preceding  investigations  relate  to  a  direction  XU,  through  a  point 
X  on  the  geodesic  OA,  the  direction  being  postulated  as  providing  a  domainal 
geodesic  parallel  to  the  geodesic  OB  under  the  Levi-Civita  definition  and  under 
the  Severi  definition  respectively.  The  results,  with  the  interchanges  of  symbols 
proper  to  a  change  from  a  point  X  on  OA  to  a  point  Y  on  OB,  furnish  the  variables 
for  a  direction  Y  V  that  provides  a  domainal  geodesic  parallel  to  the  geodesic  OA 
under  the  respective  definitions. 

Let  the  domainal  geodesic  XY  be  drawn.     Its  direction-variables  at  X  are 
(§§  310,  311)  p',  (,',  r',i',  where 


with  like  values  for  qr,  /,  I',  with  definitely  known  values  for  the  second-order 
magnitudes  P0,  the  direction  p0',  g0r,  rQ',  /0',  being  a  direction  in  the  geodesic 
surface  at  0  such  that 


where  OY=y,  a  small  quantity  of  the  same  order  as  x,  but  independent  of  x. 
Obviously  we  have 

i>ifo'=o,    2>iK=o. 

If  this  domainal  geodesic  XY  should  lie  in  the  surface  which  is  geodesic  to  the 
domain  at  0,  the  two  tangential  conditions 


at  Ar  should  be  satisfied.    We  proceed  to  prove  that  the  conditions  are  not  satisfied, 
so  that  the  domainal  geodesic  XY  does  not  even  touch  the  surface  at  X. 
The  first  of  these  conditions  is,  up  to  the  second  order  of  small  quantities, 


€l +  X £i  +  *•*"  SO  (P"  -  X  ^  r»Pl/P''  - 


For  analytical  purposes,  we  may  substitute  the  direction  p0',  q0',  r0',  /0',  for  the 
direction  p2',  q2f,  r.2',  /2',  without  affecting  the  geodesic  surface  ;  and  the  analysis 
of  §  380  will  apply  to  the  substituted  direction.  Thus  we  have 


S  /lK  -a  s-  r..-  S 

(I'«>1  U-Aj 

and  therefore  the  first  condition  becomes 
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Similarly  the  second  condition  becomes 

2x*0=o. 

Now  (§311) 

Po^Po'K  **£  sin2  12  +  "|  ^  K,A*,(0,  12)}, 

**  O3£     n 

with  corresponding  values  of  Q0,  J?0,  ro,  where  the  quantity  K  denotes  the 
sphericity  of  the  domain  at  O,  and  the  magnitudes  7vM(0,  12)  are  defined  in  §  306. 
Hence,  as  ]j^J  ^^V  =  0,  ^<*>iPo'  =  ®>  so  that  the  terms  in  A"  disappear  from  the 
conditions,  the  two  conditions  become 


Those  conditions  are  not  satisfied  for  a  domain  which  is  of  a  quite  general  char- 
acter :  and  therefore  the  domainal  geodesic  XY,  joining  the  two  points  X  and  Y 
near  0  all  in  the  surface  geodesic  at  0,  does  not  lie  in  the  geodesic  surface. 

Consequently  the  surface  is  geodesic  to  the  domain  at  0  in  all  directions  ;  but, 
at  any  point  other  than  0  in  its  range,  it  is  geodesic  to  the  domain,  only  in  the 
direction  of  a  geodesic  joining  the  point  to  0,  such  geodesic  being  common  to  the 
domain  and  the  surface. 

The  conditions,  however,  are  satisfied  when  the  sphericity  of  the  domain  is 
constant  —  a  statement  verifiable  at  once  from  the  forms  of  the  quantities  A'M(0,  12). 

The  direction  XU,  when  drawn  through  X  parallel  to  the  geodesic  OB  under 
the  Severi  definition,  is  tangential  to  the  surface  which  is  geodesic  at  0  to  the 
domain  ;  and  its  direction-  variables  at  X  are  the  four  magnitudes  of  the  type 

*Y  =  Pa'  ~  *y»-  2*2(Aoo/>i'  V)+  1&KM  ~  Pi  COB  12). 

Similarly,  at  a  point  Y  on  OB  near  0  such  that  arc-distance  0Y=y  where  y  is 
small,  there  is  a  surface-direction  YV,  parallel  to  the  geodesic  OA  under  the 
same  Severi  definition  ;  and  its  direction-variables  at  Y  are  the  four  magnitudes 
of  the  type 

PI  =  PI  -  yyi2  -  \f  (/Wi  V1)  +  V#12  (p/  -  P*  cos  fa). 

The  superficial  geodesic,  through  X  in  the  direction  XU,  and  the  superficial 
geodesic,  through  Y  in  the  direction  YV,  intersect  because  they  lie  in  the  surface  ; 
and  they  constitute  a  Peres  parallelogram  (as  in  §§  124-126). 

Ex.  Prove  that,  as  in  §  124,  the  lengths  of  the  third  and  the  fourth  sides  of  this 
Peres  parallelogram  are 

x-\Klzxy(y  +xvo$  12),       y-^K^xyfa+ycoa  12), 

and  that  the  fourth  angle  of  the  parallelogram  exceeds  the  angle  AOB  by 

s\n  12. 


But  a  domainal  geodesic  through  X,  initiated  in  the  superficial  direction  XU, 
and  a  domainal  geodesic  through  7,  initiated  in  the  superficial  direction  YV, 
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both  directions  being  tangential  to  the  surface  which  is  geodesic  at  0  to  the 
domain,  do  not  intersect  in  general ;  an  assumption,  that  they  do  intersect,  leads 
as  follows  to  conditions  that  are  not  satisfied. 

On  the  assumption  that  such  domainal  geodesies,  with  the  direction-variables 
PI,  Qi,  RI,  TI,  and  P2',  <?2',  #2'»  TV,  do  intersect  at  a  point  0',  let  the  length  of 
the  arc  YO'  be  denoted  by  x-\-X  and  that  of  the  arc  XO'  by  y+  Y,  where  X  and 
Y  are  certainly  of  order  higher  than  the  first :  an  initial  supposition,  that  they 
are  of  the  third  order  at  least,  will  be  verified  in  the  course  of  the  analysis.  The 
values  of  the  domainal  parameters  at  0'  must  be  the  same  by  the  broken  geodesic 
paths  0X0'  and  0  YO'  in  the  domain .  Accordingly,  from  these  equivalent  values  of 
the  ^-parameter  at  0'  estimated  up  to  the  third  order  of  small  quantities  inclusive, 
we  have  a  relation 


'W+fa+xw+Kx+xw, 

the  left-hand  side  being  attained  by  the  path  0X0'  so  that  P2"  and  P2'"  must  be 
estimated  at  X,  and  the  right-hand  side  being  attained  by  the  path  OYO'  so  that 
Pt"  and  P/"  must  be  estimated  at  F. 

The  values  of  P2"  and  P/'  will  be  required  up  to  the  first  order  of  small 
quantities  inclusive,  as  they  are  multiplied  by  quantities  already  of  the  second 
order  at  least.  Wo  have 

p  "—  _  v  r  <A'>P  '2 

*2     —          sj*  11         *2 

always  ;   for  the  required  approximation,  we  take 


The  value  of  the  first  summation  in  the  coefficient  of  x  is  given  by  the  result  in 
§  306,  when  Jc—  1,  i^2,j=2  ;  and  therefore 


ft'2)  +  g£  ^K,A'/t(2,  12)}]  . 
Similarly 

/V)  +  ^  i>iA(l,  21)}]  . 


As  P2"'  and  P/"  already  are  multiplied  by  magnitudes  of  the  third  order  at  least, 
the  approximation  is  attained  by  taking 


'2i> 
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The  j?-relation  thus  becomes 

Ppi"' 

(p/  -  PI  <*>s 


_ 

w  -  i^2  (  AooPi  V2)  +  6*2/2A'12  (  j>!  -  p,'  cos  12)  +  ZPl' 


and  therefore 

-Pl'  cos  12)  -  -^  *y«  {^  ^/v,(2,  12)} 

=  XPl'  f-  WKM-pJ  cos  12)  -       *M  V  0^(1  ,  21)}. 


There  are  three  similar  relations,  arising  out  of  the  parameters  q,  r,  t,  respectively. 
In  the  first  place,  it  is  clear  that  X  and  Y  cannot  be  of  only  the  second  order 
of  small  quantities.    As  the  other  retained  terms  are  of  the  third  order  (and  the 
unretained  terms  are  of  order  higher  than  three),  we  then  should  have 

y      / Y^n  '        Yn  ' \n  '        Vr  ' Tr  '        Vf  ' Xl  ' 

manifestly  an  incongruous  set.    Thus  X  and  T,  if  not  zero,  must  be  of  the  third 
order  at  least. 

In  the  second  place,  if  these  four  relations  coexist  as  determining  two  magni- 
tudes X  and  F,  there  must  be  conditions 

*M>      *'2>      **3>     *^4       """^J 


where,  for  i=l,  2,  3,  4, 

J i~y  ^  {a^A^(2,  12)}  -  x  ^  {a^ A"j[i(l,  21)}, 

the  quantities  x  and  y  being  arbitrary.  Such  conditions  are  not  satisfied.  The 
four  relations  are  incongruous,  so  that  the  fundamental  assumption  is  untenable  : 
domainal  geodesies,  drawn  in  the  Severi  directions  XU  and  YV9  do  not  intersect. 

Domainal  geodesies,  under  primary  conditions  of  parallelism,, 

drawn  to  form  a  quadrilateral. 

382.    Much  of  the  foregoing  analysis  can  be  applied  for  a  different  and  distinct 
investigation. 

Consider  a  direction  XU  at  X  with  direction-variables  P2',  Q2',  &/>  ^Y>  having 
the  values  postulated  in  §  378  in  the  form 
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and  three  similar  expressions,  the  magnitudes  P2)  Q2,  R2)  T2,  being  of  the  second 
order  of  small  quantities  but  otherwise  left  for  determination.  Consider  also  a 
direction  YV  at  Y  with  similar  direction-  variables  of  like  form 


PI=PI  -  y  2  Aift'K  -  i^OWiW1)  +  IPi, 

and  three  similar  expressions,  the  magnitudes  P1?  Ql9  R19  Tl9  being  of  the  second 
order  but  otherwise  also  left  for  determination.  Both  these  directions  XU  and 
Y  V  satisfy  the  primary  conditions  (§  377)  of  geodesic  parallelism  (that  is,  X  U  to 
OB,  and  YV  to  OA)  ;  their  form  also  contains  the  second-order  term  common  to 
the  direction-variables  of  a  Levi-Civita  parallel  and  a  Severi  parallel.  As  there 
are  two  sets  of  quantities  Pl  ,  Q^  ,  Rl9  Tl9  and  P2,  Q2,  R2,  T2,  left  for  determination, 
let  a  limitation  be  imposed  which  provides  them  with  the  same  interchangeability  as 
is  possessed  by  the  other  respective  parts  of  P1/,  Q/,  /S/,  J/,  and  P2',  Q2,  R2,  T2, 
when  the  symbols  for  the  two  geodesies  OA  and  OB  are  interchanged. 

It  is  required  to  determine  the  disposable  magnitudes  of  the  type  P  so  that,  if 
possible,  the  domainal  geodesic  initiated  in  the  direction  XU  and  the  domainal 
geodesic  initiated  in  the  direction  YV  shall  intersect.  (It  will  be  noted  that 
neither  the  fundamental  property  of  the  Levi-Civita  definition  nor  that  of  the 
Severi  definition  has  been  developed  here.)  If  0'  be  the  point  of  intersection,  let 
the  geodesic  arcs  YO'  and  XO'  be  denoted  by  x  +  X  and  y+Y  respectively,  where 
A'  and  Y  will  be  of  at  least  the  second  order  of  small  quantities.  Proceeding  in 
the  same  way  as  in  the  earlier  investigation,  the  value  of  the  ^-parameter  at  0' 
provides  a  relation  which,  up  to  the  third-order  approximation,  has  the  form 


and  there  are  three  similar  relations  which  arise  from  the  parameters  7,  r,  t, 

respectively. 

Moreover,  there  are  the  permanent  arc-relations  at  X  and  at  Y,  which  must 

1)0  satisfied,  being  V  AXP**=  1  and  ^  AYP^=  1  respectively.    By  §  378,  these 

are 

a=i^A'12  sin2  12, 
i  -  i»*  A'w  sin2  12. 

The  assumptions,  as  to  formal  interchange  of  Pl9  $,,  Rlt  Tl9  and  P2,  Q^  R^  T2, 
with  the  interchange  of  OA  and  OB,  are  in  accord  with  these  relations. 

Thus  far  in  the  analysis,  we  have  assigned  no  special  discriminating  charac- 
teristic of  parallelism  which  might  affect  the  second-order  terms  in  the  direction- 
variables  of  XU  at  X  and  of  YV  at  Y.  In  the  case  of  the  Levi-Civita  definition, 
when  the  appropriate  values  of  Pl  and  P2  are  inserted,  the  ^-parameter  relation 
becomes 

p,'  Y  -  Pi'X=        V)  {«,HA;(2,  12)}  -S  {a^d,  21  )}  ; 
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and  there  are  similar  forms  for  the  other  three  relations  :  the  whole  set  of  relations 
is  not  satisfied,  and  so  the  Levi-Civita  domainal  parallels  through  X  to  OB  and 
through  Y  to  OA  do  not  meet.  Similarly,  by  substituting  the  values  of  P1  and  P2 
(and  the  other  quantities)  appropriate  to  the  Severi  definition  of  parallelism,  we 
find  that  the  Severi  domainal  parallels  through  X  to  OB  and  through  Y  to  OA 
do  not  meet.  (The  corresponding  Severi  parallels,  belonging  to  the  geodesic 
surface  at  X  and  at  Y  respectively,  do  intersect.  But  at  X,  there  is  the  deviation 
between  the  superficial  geodesic  and  the  domainal  geodesic,  measured  by  the 
domainal  flexure  of  the  superficial  geodesic,  a  multiple  of  x  and  therefore  a 
magnitude  of  the  first  order  ;  and  the  similar  consideration  holds  at  F.) 

The  equations  thus  far  obtained,  even  though  analytical  expression  of  the 
interchangeability  of  the  magnitudes  Ply  $,,  Rl9  T\,  and  /*2,  Q&  jR2,  T2,  has  not 
been  formulated,  are  inadequate  for  the  precise  determination  of  these  magnitudes. 
As  the  definitions  propounded  by  Levi-Civita  and  by  Severi  do  not  lead  to  parallels 
at  X  and  at  Y  which  intersect,  a  property  of  intersection  of  such  parallels  requires 
some  alternative  definition.  Instead  of  assuming  (as  is  assumed  in  both  those 
definitions)  that  the  angles  at  A'  and  at  Y  are  equal  to  the  angle  at  0,  we  consider 
the  two  equivalent  assumptions  that  the  opposite  sides  of  the  quadrilateral  are 
equal  :  so  that  YO'  =  OX,  XO'  =  OY  ;  arid  therefore,  in  the  preceding  analysis, 
we  take  .¥=(>,  r==0. 

The  ^-parameter  relation  now  can  be  expressed  in  the  form 

-  '  («A'3.  1 


3))]  =  x  [p,  -  ^  V  (,^(1,  21)}]  . 


The  quantity  P2  is  of  the  second  order  of  small  quantities  ;  and  it  must  vanish 
when  #=(),  because  X  then  coincides  with  0  and  /Y  becomes  p2',  that  is,  P2  must 
contain  r  as  a  factor.  Similarly,  Pl  must  contain  y  as  a  factor.  We  therefore  can 
denote  the  common  value  of  the  two  sides  of  the  relation  by  xyP,  where  P  is  a 
small  quantity  of  the  first  order  :  and  now 


and  there  are  corresponding  expressions  for  Q2  and  Q±  in  terms  of  a  quantity  Q, 
for  R2  and  5a  in  terms  of  a  quantity  ft,  and  for  T2  and  Tl  in  terms  of  a  quantity 
T.  Now,  by  direct  calculation,  we  find 


A(1KA(2,  12)  =  fiAru  sin*  12, 
)=0,     V  V«A«^^(i,  21)=fiA'M  sin2  12  ; 
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and  now  the  permanent  arc-relations  become 


We  thus  obtain  two  equations,  of  explicit  analytical  form,  for  the  determination 
ofP,Q,R,T. 

But,  owing  to  the  interchangeability  of  P2  and  P{  concurrently  with  the  inter- 
changeability  of  the  sides,  the  quantity  P  must  be  symmetrical  (or  unchangeable) 
as  regards  the  variables  of  the  sides.  Also,  it  is  a  small  quantity  of  the  first  order 
in  small  quantities  ;  and  therefore  we  can  take 


with  the  expectation  that  A  —  D,  B—  C.     Similarly 


T=x(At1'  +Bt2') 

When  these  values  are  substituted  in  the  latest  forms  of  the  arc-relations,  these 
become 

x  (A  cos  e  +  B)  +  y  (C  cos  €  +  /))=  &K12  sin2  12, 
x(A  +  B  cos  e)  +  y(GY-fZ)  cos  e)—  \yK-&  sin2  12. 
Now  x  and  y  are  independent  of  one  another  ;  hence 

A  cos  €  +  /?=£A'12  sin2  12,     C  cos  e-f  D=(), 

A  +  B  cos  €  =  0,  C  +  D  cos  €  =  IK  12  sin2  12  , 

and  therefore 

A=D=  -  \Ku  cos  12,    J3=CI=-JA'12. 
Consequently,  we  have 

^=*A'ia^(ft'-K  ^s  iaj  +  yOi/-^  cos  12)}, 
with  corresponding  values  for  Q,  R,  S. 

To  complete  the  knowledge  of  the  quadrilateral,  we  require  the  angles  at  X 
and  Y.    We  had  AXU=AOB  +  VA-,  where  (p.  586) 


12  «in2      +  J^A'12  sin2  12] 
=  -  2^Ar12sin2  12, 
so  that 

V4y=  -^xyKl2  sin  12. 

Similarly,  if  BYU  =  AOB  +  VF,  we  have 

Vy=  -  lxyK12  sin  12, 
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so  that  the  angles  at  X  and  Y  are  equal  to  one  another,  though  neither  of  them  is 
equal  to  AOB.  Finally,  we  determine  the  angle  at  0'  by  estimating  the  area  of 
the  quadrilateral  :  we  have 

AOB  +  (TT  -  AXU)  +  (rr-BY\7)  +  XO'  Y  -  ^^K^xy  sin  12, 
that  is, 

XO'Y  =  AOB. 

Hence  in  the  quadrilateral  thus  defined,  the  opposite  angles  are  equal  to  one 
another. 

Domainal  parallelogram. 

383.  Gathering  together  all  the  results,  we  can  summarize  them  in  the  state- 
ment : 

When  two  domainal  geodesies  OX  A,  OYB,  are  drawn  at  a  point  0  in  a 
domain,  and  small  arcs  OX  —  x  and  OY  —y  are  measured  along  them  respectively,  a 
quadrilateral  0X0  'YO  can  be  completed  by  drawing  a  domainal  geodesic  through 
X  in  a  direction  with  variables  P2',  $./,  R2',  Zy,  and  a  domainal  geodesic 
through  y  in  a  direction  with  variables  P/,  Qt',  /?/,  71/,  where 

/Y  =p2'  -  x^  rn}>1'p.;  -  &  (r300JOl'  V)  +  1  2 

Qz'=q,'  -  x  V  AllPl'j,t'  -  |-x2(J3oo?W)  +  * 


&llPlP*    -  £y2(^30()Pl  W2)  +  3  T!  ^{#4^/x(l>  21  )}  4-  jfj 

the  quantities  P,  ^,  7Z,  3T,  being  given  by 

'  ~Pi  cos  12)  +  y(p/  —  7>2'  cos  12)} 


=  Kl2{x(  q2'  -  ry/  cos  12)  +  y(  y/  -  g^  cos  12)} 
=/i12{^(  r2'  -  TI  cos  12)4-  y(  /•/  -  r2'  cos  12)} 
=  KU{XI(  t2'  -  ti  cos  12)  +  y(  </-  ^  cos  12)} 
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(The  values  of  the  direction-variables  are  accurate  for  approximations  of  the 
second  order  of  small  quantities  inclusive.)  The  domainal  geodesies  drawn 
through  X  and  Y  in  the  specified  directions  intersect  in  a  point  0',  completing 
the  quadrilateral.  The  opposite  geodesic  arc-sides  of  the  quadrilateral  are 
equal,  so  that  YO'  =  OX,  XO'  =  OY.  The  opposite  angles  of  the  quadrilateral 
are  equal,  so  that  XO'  Y=XOY  ;  and,  finally, 

OXO'=OYO'=7T-XOY+  tKl2xsm  12. 


The  geodesic  quadrilateral  thus  obtained  will  be  called  a  geodesic  parallelogram 
in  the  domain. 

Moreover,  it  is  convenient  to  have,  at  the  point  0'  of  intersection  of  the 
domainal  geodesies  through  X  and  F,  the  final  values  of  the  parameters  of 
the  domain.  The  value  of  the  ^-parameter  at  0' 

+  i*  v'  +  W  +  yP*  +  i  W  +  MY", 


the  values  of  P2"  and  P2'"  being  taken  at  X  :  that  is,  the  value  *  of  the  ^-para- 
meter at  0' 


-  2  -  G  ( 


2  i    p    -  -  G      oo 

+  $xy{x(pi'-pl'  cos  lZ)  +  y(pi'-pz  cos  12 

where  /i12  denotes  the  sphericity  of  the  domain  at  0  estimated  for  the  orientation 
determined  by  the  two  geodesies  OA  and  OB.    The  value  at  0'  of  the  ^-parameter 

(aK  +  y^ 

q2'  -  <//  cos  12)  4-  y(q±  -  q2'  cos  12)}  A'12  ; 

and  similarly  for  the  other  parameters  r  and  t. 

Ex.     Show  that,  up  to  the  third  order  of  small  quantities  inclusive*,  the  length  of 
tho  geodesic  diagonal  00'  of  the  foregoing  geodesic  parallelogram 


where  I2  =  x2  -f  t/2  I  2xy  cos  1 2. 

Domainal  cell :  domainal  paralleloid. 

384.  The  diagram  represents  a  paralleloid  in  the  domain,  determined  by  four 
small  conterminous  geodesic  edges  OA,  OB,  OC,  OD,  no  three  of  which  lie  in  a 
superficial  orientation  at  0,  and  the  whole  set  not  lying  in  a  regional  orientation  at 
O.  To  construct  the  configuration,  we  complete  the  geodesic  parallelograms,  OAHB, 

*  The  results  should  be  compared  with  the  corresponding  values  in  the  like  investiga- 
tion (§  233)  for  a  region. 
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OAGC,  OAFfD,  OBFC,  OBG'D,  OCH'D,  each  having  as  a  pair  of  adjacent  edges 

two  of  the  preceding  set  of  four  domainal  geodesies.    Then,  with  OAHB,  OBFC, 

OCGA,  as  three  adjacent  parallelogrammic 

faces,  we  frame  a  domainal  cell  (similar 

to  the  small  regional  cell  of  §§  240-243) 

having  Df  for  its  vertex  diagonally  oppo- 

site to  0  ;  a  similar  domainal  cell  having 

OBFC,  OCH'D,  ODG'B,  as  adjacent  faces, 

with  A'  as  its  vertex  diagonally  opposite 

to   0  ;    a  similar   cell,  having   OCH'D, 

ODF'A,  OAGC,  as  adjacent  faces,  with 

B'  as  its  vertex  diagonally  opposite  to  0  ; 

and  a  fourth  similar  cell,  having  ODF'A, 

OAHB,  OBG'D,  as  adjacent  faces,  with  C" 

as  its  vertex  diagonally  opposite  to  0. 

Finally,  through  A\  B',  C',  Dr,  we  draw 
domainal  geodesies  respectively  parallel 
to  OA,  OB,  OC,  OD,  (in  the  sense  of 

parallelism  as  used  in  §  382),  and  of  lengths  equal  to  those  four  edges  ;  and  we  shall 
require  them  to  meet  in  a  point  0'  ,  the  vertex  of  the  paralleloid  opposite  to  0. 

In  this  figure,  we  denote  the  small  lengths  of  OA,  OB,  OC,  OD,  by  x.  y,  z,  w, 
respectively,  and  the  direction-  variables  at  0  of  these  domainal-geodesic  edges  by 
Pi>  P*->  Pa-  P*i  respectively,  in  each  instance  with  like  variables  q',  r',  /'. 

Let  x,  y,  z,  w,  =1l,  12,  ?3,  /4,  respectively,  and  let 


for  all  the  six  combinations  y  =  l,  2,  3,  4,  in  pairs.    Then  the  direction-  variables 
p  for  twelve  edges  of  the  paralleloid  are  known,  after  §  383,  as  follows  : 


21)}+ 


AH:  ft,'- 

CF:  ft,'- 

/^:  K- 

^6?:  «.'- 


VI  +  *       (^  «i,/V(3,  23)}  +  $ 


r/y    13 
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DF':   Pl' 

AIT:   pt'-xyu- 

DG':   v' 


14)}  +  ^P14 


'/'f/) 

J  +  4  -     <  ^  «, 


3  ^  {X  aia A'  (3,  43)}  +  >P34 


The  </',  y',  T,  direction-variables  for  these  geodesic  arcs  at  their  initial  points  have 
forms  corresponding  to  the  respective  //-  variables,  as  given  for  AH  and  for  BH 
in  the  results  in  §  383. 

Characteristic  quantities  for  a  cell. 

385.  To  complete  the  domainal  cell  having  OA,  OB,  OC,  for  its  conterminous 
edges  at  0,  we  draw  domainal  geodesies,  one  through  F  parallel  and  equal  to  OA, 
one  through  G  parallel  and  equal  to  OB,  and  one  through  H  parallel  and  equal  to 
00  ;  and  we  make  these  three  geodesies  meet  in  a  point  D'.  As  p  direction- 
variables  for  these  geodesies  at  F,  G,  //,  respectively,  we  postulate 

FD'  -.  jtg>=ti  -  (yy»  +  =y«)  -  if  *Wi'  dtp*  + 

GD':   p'3\1)=p2' 
HD'  :    P'™=]>3' 

with  like  values  for  the  respective  7',  y',  /',  variables  ;  the  second-order  parts  of 
the  type  P$,  P($,  P($,  remain  for  determination  by  the  conditions  of  con- 
currence in  a  point  />'  with  FD'^x,  Gl)'  =  y,  HD'^z.  In  addition  to  the 
conditions  of  concurrence,  there  are  limitations  of  analytical  symmetry  between 
P(*L  PM,  fw*  arising  when  the  variables  of  the  three  edges  are  analytically 
interchanged.  There  are,  moreover,  the  permanent  arc-relations  of  the  domain 
to  be  satisfied,  at  V  for  the  direction  FD',  at  G  for  the  direction  GD',  at  H  for 
the  direction  HD'. 

We  begin  with  the  arc-relations.    At  F,  we  must  have 


and  we  take  approximations  up  to  the  second  order  of  small  quantities  inclusive  : 
we  therefore  substitute  * 

*  An  equivalent  form  for  .4^  is  A  (p>%  qp,  />,  tp),  where 

PF  =  p  +  (ypi  +  zps')  -  i  ^  Tn  (yp2f  -f  ^3')2 
with  like  valuofl  for  qp,  ry,  tp^  up  to  the  second  order  of  small  quantities. 
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dA       dA     .  I    d*A    n      d*A        9d*A 


:Pi'2  -  2K  (yy»  +  *Vi3)  -  Pi  t  AooPi'  (SPa'  +  *K)*1  +  (2/71 

with  the  adopted  convention  (§§213,  237)  as  to  the  second  derivatives  of  the 
quantities  A  along  different  geodesies  ;  and  so  for  the  other  terms.  In  the  arc- 
relation,  thus  modified,  the  finite  terms  give  the  condition 


satisfied  without  any  residue.    The  terms  of  the  first  order,  which  should  vanish, 


by  the  results  of  §  307,  these  vanish  ;  and  thus  there  is  no  residuary  condition 
from  the  first-order  terms.  The  terms  of  the  second  order  must  vanish  ;  and  their 
aggregate 


dA 


When  we  substitute  from  §  307  for  the  combinations  which  involve  first  arc- 
derivatives  of  the  primary  magnitudes  A  of  the  domain,  and  from  §§  308,  309  for 
the  combinations  which  involve  the  second  arc-derivatives  of  the  same  magnitudes, 

this  aggregate  becomes 

2  V 


where  saj3  are  ^ne  orientation-  variables  of  p.  582,  formed  with  the  direction- 
variables  of  OA  and  OB,  and  taft  are  the  like  orientation-magnitudes  formed 
with  the  variables  of  OA  and  OC.  We  write,  for  all  the  combinations  a/J, 


and  then  the  necessarily  vanishing  second-order  terms  provide  a  residuary  relation 


as  arising  out  of  the  domainal  arc-relation  at  F  for  the  domainal  geodesic  FD'. 

Similarly,  the  domainal  arc-relation  at  G  for  the  domainal  geodesic  GD' 
leaves  a  residuary  second-order  condition 

78)^(2,  31)a^(2,  31)J  ; 
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and  the  like  arc-relation  at  H  for  HD'  leaves  a  residual  condition 
^ti^Pg^iSKajS,  ySK0(3,  12)0^(3,  12)J. 

In  the  next  place,  the  conditions  of  concurrence  of  FD',  GD',  HD',  must  he 
obtained.  They  are  obtainable  from  the  property  that  the  values  of  the  domainal 
parameters  at  D',  in  relation  to  their  values  at  0,  must  be  the  same  whatever  be 
the  path  from  0  to  /)'.  One  such  path  finishes  with  FD'  ;  the  equivalence  of 
the  paths  OBF  and  OCF  has  already  been  used  in  forming  the  values  of  the 
parameters  at  F,  so  that  (after  the  result  on  p.  599)  we  have 


where 

I\*=  (y(P*-lh  cos  23)  +  z(pt'  -p3'  cos  23))  £23, 

with  corresponding  values  for  qv,  T>,  (p.  As  we  choose  a  length  x  along  FD'  equal 
to  the  arc-length  x  along  its  parallel  OA,  the  value  pD>  of  the  ^-parameter,  by 
the  broken  path  ending  in  FD',  is 


up  to  the  third  order  inclusive,  the  values  of  P.^1*  and  P'^(I)  being  taken  at  F  . 
As  P23(1)  is  multiplied  by  #3,  we  need  only  its  finite  part  for  this  approximation  : 
that  is,  we  take 

I,r3p  '"(1  )_!«£«  '" 

6jr  r%      '  —  6J*  pl    . 

As  Pas0  is  multiplied  by  x2,  we  need  its  value  up  to  the  first  order  inclusive  ; 
and  therefore 
p"(i)_  _  V  r  ( 

r  23          *          *_>  •*   1  1 


2  "a 

=ffM(l.  31)}]. 


When  these  values  are  substituted  in  pD-,  as  obtained  by  the  indicated  path  to 
D',  we  find 

Plr  =P  +  xp  ~    -  '  '2  -  -  ' 


When  we  write 


the  second  line  in  pjy  is 
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and  the  first  line  is  completely  symmetrical  in  the  quantities  connected  with  the 
directions  OA,  OB,  00. 

A  similar  expression  for  pjy  is  obtainable  by  the  broken  geodesic  path  ending 
in  GD',  the  first  line  of  it  being  the  same  as  the  foregoing  first  line  ;  and  a  third 
similar  expression  for  pD>  is  obtainable  by  the  broken  geodesic  path  ending  in 
///)',  the  first  line  again  being  the  same  as  the  foregoing  first  line.  The  three 
values,  thus  obtained  for  pD>,  must  be  equal  ;  and  therefore  we  have  the  conditions 


We  denote  the  common  value  of  these   three  quantities     by  the  symmetric 
expression 


which  is  necessarily  of  the  third  order  of  small  quantities,  and  therefore  PJ23 
must  be  a  finite  magnitude  ;  then 


Now  we  have 


^fi^'A'^l,  21)  +  y1/A'2(l,21)  +  fI'A',(l,2])  +  <1'A'4(l,  21)}=0, 
and  likewise 


so  that 
Also 


=  su  sn  1   = 
with  the  foregoing  notation  ;  and  therefore 


When  substitution  is  made  in  the  second-order  condition  from  the  domainal 
arc-relation  at  F  for  the  geodesic  FD',  we  have 

V 


or,  as  the  variables  .sa/3  arise  out  of  the  directions  OA  and  OB,  while  the  variables 
tap  arise  out  of  the  directions  OA  and  OC,  we  shall  express  the  right-hand  in  the 

form 

afc    yS 

12,    13 
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6  /  j 


ajS,    yS 
12      13 


Similarly  the  arc-relation  at  G  for  GD'  and  the  arc-relation  at  H  for  HI)'  lead 
to  the  respective  equations 


V-iy    (2)P       —  IV 
2J"\       ^123— 6  7j 


and 


a]8,  yS 

23,  21 

a/?,  yS 

31,  32 


The  quantities  P123,  (>123,  JB123,  7\23,  are  symmetrical  as  regards  the  three 
directions  OA,  OB,  OC,  so  that,  having  regard  to  the  dimensions  in  the  parametric 
direction-variables,  we  shall  have 


#188=  ^123  y/  +  ^123  ft'  +  ^128  ft'- 
•^123~  ^123  ri  ~^~  '  123  T2  +  "123  ^3  » 
J-  123  —  ^123  'l  ~^"  ^123  ^2  +  "  123  ^3  • 

Then  the  three  equations,  arising  from  the  second-order  conditions  surviving  from 
the  tire-relations  at  F,  G,  H,  respectively,  become 


+  rits  cos  12  +  Ww  cos  13  =  1  V 


aj3,     y8 


£7, «  cos  12 +7 


123 


?/123  cos  1 3  -f  F123  cos  23  +  TF1 


12,  13 

a/3,  yS 

23,  21 

a/J,  yS 

31,  32 

The  values  of  f/123,  F123,  Wv^,  can  be  regarded  as  known. 

When  we  siimmarize  the  results,  the  ^/-variable  for  the  domainal  geodesic  FD' 
at  F  in  the  direction  FD',  geodesically  parallel  to  OA,  is 

P\  ~  (yyi2  ^  Z7i'^  ~  i T-^ooyV  (l/Pz  ~+  ZP\*)2\ 


the  JE>'- variable  for  the  domainal  geodesic  GD'  at  6r  in  the  direction  GD',  geodesically 
parallel  to  OB,  is 

}>*'  -  (-723  +  ®yai)  -  K 


606  MAGNITUDES  FOR  A  [CH.  XXXII. 

and  the  jt/-variable  for  the  domainal  geodesic  HD'  at  H  in  the  direction  HDf 
geodesically  parallel  to  OC,  is 

ft'  -  (^31  +  2/732)  -  iLAooft'  (op/ 


Also  the  value  of  /?  at  1)'  is 
7>/x  =p  +  a:/V  +  yp2'  +  zp3'  -  l^  Fn  (xVl'  +  yp2'  +  zp3')»  -  -J-(T30()  (xPl'  +  yp2'  +  zp3')s] 


+  i  (yzP&  + 

By  appropriate  changes  and  interchanges  of  directions  and  variables,  the 
direction-variables  of  sets  of  three  geodesic  lines  terminating  in  A',  in  B',  and 
in  C",  respectively,  can  be  deduced  from  the  direction-variables  of  the  three 
geodesic  lines  FD',  CW,  HD',  terminating  in  //.  Thus  the  direction-variables  p' 
for  FA',  G'A',  II'  A',  are 

H'A'  :       '- 


G'A'  : 


+  575 

Owe 

and  the  value  of  /?  at  /!'  is 

PA  '  =  P  +  m>*  '«•  -7Js'  +  wpt  -±H  ru  (yp.,1  +  zp3'  +  wpt')*  -  -J  [F.^,  (yp2'  +  zp3' 

f- 

The  direction-variables  p'  for  F'B',  OB',  H'B',  are 
ff  'B'  :      l'-(  z 


3,  43)+ 


pt- 
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and  the  value  of  p  at  Bf  is 

Pn'=P  +  zp3  +wp*  +xPi~  2  ^rn(zp3'  +wpt'  +fl5p/)'-iLAoo(« 
4-  ^  (zwP34  4-  wxPfr  4  a»P18)  4  #zwP341. 

Finally  the  direction-variables  p'  for  F'C',  G'C',  H'C',  are 


"C'  :   K  -  (wyM  +  afai)  -  2  [  AooK  (i^/  4- 


4-  xptf] 
,(2,  42)4  0x^(2,  12))]  + 


4  yy4a)  - 


4  ^  V]  [aiu{wxK M(4,  14)  +  wyK^(4,  24)}]  4  g ( xP41 4  2/P42) 4  xyP^rz 

•*M     IJL 

and  the  value  of  p  at  6r/  is 


Vc.  ^ 


The  values  of  the  direction-variables  </',  /,  //,  for  each  of  the  lines,  are  deduced 
from  those  of  the  direction-variables  p  of  the  line  by  the  customary  changes  of 
the  variable  pt'  into  <//,  r/,  //,  resj)ectively  (for  i—  I,  2,  3,  4),  and  of  the  minors 
<t^  into  a2M,  a3/1,  a4/1,  resj)ectively. 

Characteristic  quantities  for  a  parallcloid. 

386.  To  complete  the  paralleloid,  having  a  vertex  (/  diagonally  opposite  to  0, 
it  is  necessary  to  draw  domainal  geodesies,  one  through  A'  parallel  to  OA  (in  the 
sense  of  parallelism  stated  in  §  382)  and  equal  in  length  to  OA,  another  through 
B'  similarly  related  to  OB,  another  through  C'  similarly  related  to  OC,  and  a 
fourth  through  //  similarly  related  to  OD.  All  these  four  geodesies  are  to  meet 
in  0'.  We  postulate  direction-  variables  p'  for  the  four  geodesies,  at  A'  in  the 
direction  A'O',  at  B'  in  the  direction  B'O',  at  C'  in  the  direction  C"0',  and  at  D' 
in  the  direction  D'O',  as  follows  : 


A'O'  :  Pi=pi- 

B'O'  :  P2'  =  ft'  -  (  zy23  4  roy*  4  xy21)  -  1  [^aooft'  (  -Pa'  +  ™K  4-  x^/)2]  4  P2, 


where  the  determinable  magnitudes  P1?  P2,  P3,  P4,  are  of  the  second  order  of 
small  quantities.  The  direction-variables  qf,  /,  //,  for  the  respective  directions 
at  A',  B1,  C'  ,  D1  ',  are  deduced  from  the  direction-  variables  ;/,  by  the  customary 
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changes  of  parameters  by  the  association  of  determinable  magnitudes  Qiy  Rt,  7\, 
for  i=l,  2,  3,  4.    In  order  to  determine  the  magnitudes  Pt,  Qh  Ri9  Tj,  we  have 

(i)  the  permanent  arc-relations  at  A'  \  B'9  C',  D'  ;  and 
(ii)  the  conditions  which  arise  by  equating,  at  0',  the  values  of  the  para- 
meters attained  at  0'   by  the   broken  geodesic   paths   ending  in 
A'O',  B'0\  f'O',  I/O',  respectively. 

We  begin  with  the  residuary  conditions  from  the  arc-relations  at  A'  ,  B1  ',  C",  //, 
the  approximations  in  these  relations  being  taken  up  to  small  quantities  of  the 
second  order  (or,  what  is  effectively  the  same  range,  up  to  third-order  arc- 
derivatives  of  domainal  parameters).  At  D'9  this  relation  is 

v;^/Y^i. 

Up  to  the  second  order  of  small  quantities  inclusive,  we  have,  as  in  §§  213,  237, 

4          (        d  d  il    \       I          1    f        d  d 

Ar>'  =  A  +  \x-.    +y-j-  +  z  ,--  M+-J  [jr-j    +y  T 
\   ds1     J  rfa2       dsj         ~  \   cJs}     y  rf*2 

P4'2  =  Pi*  -  *2pt  Cifu  4-  ?/y24  4-  cy34)  +  (  jy 

-  pJ^aooP;  ('Pi  +  yP*  +  tP*)*}  +  2p4'P4> 

with  corresponding  values  for  the  other  primary  magnitudes  at  D'  and  for  the 
other  combinations  of  the  direction-  variables  P4',  Q±,  R±,  2\'. 

When  these  values  are  substituted  in  the  arc-relation,  the  finite  terms  on  the 
left-hand  side  =  ]^  Ap^2,  and  therefore  balance  the  right-hand  side.  The 
aggregate,  of  the  terms  of  the  first  order  of  small  quantities,  is  found  to  be  zero  : 
so  that  there  is  no  residual  first-order  condition.  The  aggregate,  of  the  terms  of 
the  second  order  of  small  quantities,  must  vanish  ;  and,  as  a  consequence,  there 
is  a  residual  second-order  condition,  which  ultimately  reduces  to 


where  an  index  in  a  symbol  ,v^4)  implies  that  the  variable  safi  is  formed  from  the. 
direction-  variables  of  OA  and  OD  ;  or,  if  we  write 


the  condition  becomes 

£K<4>/»4}  =  4  VL(oj8,  yS)aa(J(4,  liJ3)a^(4,  123)]. 

Similarly,  the  arc-relations  at  A',  B',  C',  respectively,  produce  the  residual  arc- 
relations 

l,  234)], 


with  y,  z,  w,  in  the  composition  of  its  quantities  era/3  ; 

(2,  341)ay0(2,  341)], 
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with  z,  w,  x,  in  the  composition  of  its  quantities  ora/3  ;  and 

,  412)], 


with  w,  x,  y,  in  the  composition  of  its  quantities  aa&. 

Next,  we  have  conditions  arising  out  of  the  values  of  the  parameters  at  0', 
which  (relative  to  0)  are  the  same  whatever  be  the  broken  geodesic  path  from  0 
to  0'.  Consider  the  geodesic  path  which  ends  with  the  geodesic  portion  D'O'  ;  in 
the  value  of  a  parameter  at  D',  the  equivalence  of  broken  geodesic  paths  from  0 
to  D'  has  been  used  ;  consequently  the  single  value  of  the  parameter  p  at  0', 
when  0'  is  attained  by  a  path  ending  with  D'O',  is 

=  Pjy  +  irfY  +  illMY'  +  i««Y", 

up  to  the  third  order  of  small  quantities,  the  length  of  D'O'  being  w9  the  same  as 
OD,  and  the  values  of  P4"  and  P4'"  being  taken  at  D'. 

As  PI"  is  multiplied  by  w3,  and  as  the  whole  approximation  does  not  proceed 
beyond  the  third  order,  we  have  P4"'=^4'">  so  that 


As  P4"  is  multiplied  by  w2,  we  shall  require  the  value  of  P4"  up  to  the  first  order 
inclusive  ;  accordingly,  we  take 


up  to  this  order,  where 


+  ~  S  KA(  4,  24)}, 

«s=  2  ^ft'1  -  2  X  rnp4'y«=  r/W,  ft'»J  +  3^  S  K,A',(4,  34)}, 

by  the  results  of  §  306. 

When  the  values  of  P4',  P4",  P4///,  are  substituted,  and  like  terms  are  collected, 
we  find 

Po.  =  p  +  xpj  +  yp2' 


,  34)}], 


F.T.O.  II.  2Q 
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up  to  the  third  order  of  small  quantities  inclusive.  In  this  expression,  the  total  of 
the  first  two  lines  is  actually  and  formally  symmetrical  in  magnitudes  connected 
with  the  four  directions  OA,  OB,  OC,  OD  ;  the  total  of  the  last  two  lines  is  formally 
special  to  the  mode  of  approach  to  0'  by  D'0\  Let 


w 


so  that  the  total  of  the  last  two  lines 


Similarly,  values  of  p0*  are  obtainable  by  the  other  methods  of  approach  to 
0',  ending  in  portions  A'0'9  B'O',  C'O',  respectively.  As  the  four  values  thus 
obtained  must  be  the  same,  we  have 


yzP 


23 


=  zP3  +  £  (  xyPl 

each  expression  being  of  the  third  order  of  small  quantities.  The  common  value 
of  the  four  expressions  is  therefore  symmetrical  in  magnitudes  and  direction- 
variables  appertaining  to  the  four  initiating  directions  OA,  OB,  0(7,  OD\  and 
therefore,  having  regard  to  the  terms  in  the  four  forms,  we  could  take  this 
common  value  to  be 


3  4-  zxP3l  +  xyPl2  4-  wxPu 
+  zwxPM  +  iiwyPw  +  xyzPw 

But  our  approximation  has  extended  only  so  far  as  to  include  terms  of  the  third 
order  in  the  values  of  the  parameters,  and  terms  of  the  second  order  in  the  values 
of  the  direction-  variables.  A  term  xyzwP  is  of  the  fourth  order,  and  it  is  not  the 
sole  term  which  would  be  of  that  fourth  order  in  the  value  of  po>  :  accordingly,  in 
the  development  of  the  approximation  actually  retained,  consideration  of  the 
order  of  the  term  xyzwP  requires  its  exclusion.  We  thus  have 


6  (3*12  +  2*2 


*4  =  i  (^*14  +  2/*2 

all  of  them  quantities  of  the  second  order. 

These  inferences  from  the  community  of  value  in  the  various  expressions  for 
Po*  leave  no  magnitudes  for  determination  ;  and  the  same  conclusion  holds  for 
the  expressions  for  qo*,  r0',  tO'.  Thus  the  direction-variables  P/,  Qt'9  JB/,  71/,  are 
determinate  up  to  the  second  order  of  small  quantities  inclusive  ;  and,  in  these 
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forms,  they  must  satisfy  the  residual  conditions  from  the  four  arc-relations  at 
A',  J3',  C",  J5',  which  also  have  been  taken  to  the  same  second  order  of  approxima- 
tion. These  arc-relations  are  inclusible  in  the  single  form 


where  A,  /it,  i>,  p,  arc  the  integers  1,  2,  3,  4,  in  cyclical  order,  and  A=l,  2,  3,  4,  for 
the  four  relations. 

The  verification,  that  the  relations  are  satisfied,  is  obtained  by  direct  sub- 
stitution.    We  have 


;(],  41)}], 
and 


/A^l,  iwl)  4  r!%(l,  w!l)  +  <1/JBT4(l> 
for  the  values  m=2,  3,  4  ;  and  so 


We  therefore  have  to  calculate  the  right-hand  side.    Now 

SV^^A^yjKW^K-K  cos  i^+yto'-p,'  cos  12)}] 

=yEa  siu«  12=y  S  (°^.  yS^SV. 
and  similarly  for  the  terms  in  P13  and  Pn  ;  hence 


=  S  [  W. 

Again,  as  on  }).  604, 


for  all  the  pairs  of  values  for  m,  w=2,  3,  4  ;  and  therefore 


Consequently, 
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where 


=    oraj3(l,234)ay8(l,234); 
and  therefore  the  second-order  condition 


,  234^(1,  234)] 
is  satisfied. 

In  the  same  way,  we  can  verify  the  other  three  second-order  conditions  which 
assign  the  obtained  values  for 


respectively. 

All  the  required  conditions  are  satisfied,  by  the  values  obtained  ;   and  there- 
fore we  have,  as  the  p  direction-variable  of  A'O'  at  A', 


PI  =Pi  -  (Wia  +  2713 

l,  41)}] 


up  to  the  second  order  of  small  quantities  inclusive.  There  are  similar  values  for 
the  direction-variables  p'  of  B'O'  at  B',  of  C"0'  at  C',  and  of  D'O'  at  D'.  Further, 
the  direction-variables  y',  /,  t',  of  the  same  four  dimensional  geodesies  at  the 
same  points  are  derivable  from  respective  direction-  variables  p',  by  appropriate 
changes  (i)  of  p'  into  qr,  r',  t',  successively,  with  simultaneous  changes  (ii)  of  yM 
into  SM,  #„-,  ^,  (iii)  of  F,Jk  into  J<lfc,  8Wfc,  0wfc,  and  (iv)  of  a^  into  a2/z,  a^,  a4M. 
Finally,  the  value  of  the  ^-parameter  at  0'  is 


-  it  Aoo  (ap/  +  «P2'  +  «Pa 

+  wxPu 


and  there  are  corresponding  values  at  0'  for  the  other  three  parameters. 

The  essential  magnitudes  of  the  paralleloid  are  therefore  known,  up  to  the 
retained  orders  of  approximation  which  are  the  second  for  direction-  variables  and 
the  third  for  the  parameters. 


CHAPTER  XXXIII 

PARAMETRIC  CURVES  IN  A  DOMAIN 

387.  A  curve  in  a  domain  can  be  represented  analytically  as  the  intersection 
of  three  parametric  regions 


The  direction-variables  p',  q'9  r',  t',  of  its  tangent  are  such  that 


and  therefore 


(2,3,4)     -(3,4,1)     (4,1,2)     -(1,2,3) 
where  the  denominator  symbols  are  defined  by  the  relation 

(ij,k)=    0i9    639    0, 

X;>    Xh    X> 
The  common  value  V  of  the  fractions  is  given  by 


or,  as  6,     /,    m 

/,     c,     n 

w,     n,     d 
and  so  for  the  other  combinations  of  minors  in  12,  we  have 


V2"" 


6,     /,    m 
/,     cf     n 

M,       n,       rf 


(2,  3,  4)2 


1  ,  cos  a>3,  cos  a>2 
cos  co3,  1  ,  cos  col 
cos  a>2,  cos  co,  1 
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where  0#9  <f>n,  Xv>  are  the  domainal  dilatations  of  the  regions  0,  0,  #,  respectively  ; 
and  where  o)l5  co2,  o>3,  are  the  angles  between  the  ^-region  and  the  ^-region  (as 
measured  by  the  angle  between  their  domainal  normals),  between  the  ^-region 
and  the  0-region,  and  between  the  0-region  and  the  ^-region,  respectively.  Thus 


The  direction-  variables  of  the  curve  of  intersection  are  thus  expressible  in  terms 
of  the  first  derivatives  of  the  parametric  functions. 

It  is  convenient  to  have  the  direction-  variables  of  the  domainal  normals  to 
the  regions.     We  denote  by 

dp        dq        dr         dt 


the  direction-  variables  of  the  domainal  normals  to  a  region  $(p,  q,  r,  t)  =  Q.     Thus 
we  have 


- 
(in  Q 

with  corresponding  values  for  the  normal  derivatives  of  q,  r,  t  :  also 

°*      4  fy  +  fffy  +n  dr  +  T  dt 
-fr~—Aj-  +  li  ,    -  +  Cr  ,—  +  L,   -, 

Vy        dn0        dn0        anQ        an0 
with  corresponding  values  for  Q2,  03)  04,  while 

QOJ^aBf. 

There  are  corresponding  equations  connected  with  the  ^-region  and  with  the 
^-region  for  the  similarly  associated  magnitudes  of  those  regions. 

388.  We  denote  the  second  derivatives  of  p,  q,  r,  ?,  along  the  curve  by 
Po">  ?o">  ro"?  ^o''?  using  p",  q"  ',  r",  t",  to  denote  the  second  derivatives  of  the 
parameters  along  the  domainal  geodesic  in  the  same  initial  direction  p'9  q',  /,  l'9 
that  is,  along  the  domainal  geodesic  which  touches  (and  is  touched  by)  the  curve. 
As  the  curve  lies  wholly  in  the  0-region,  we  have 

ffiPo"  +  *rfo"  +  V 
Consequently 


using  the  symbol  6tl  to  denote  Qi,-9irt)-QtAli-OsQti-6i®tl.  But,  if  i/y9 
denotes  the  domainal  flexure  of  the  geodesic  of  the  0-region  in  the  direction 
p',  q',  r',  t',  that  is,  of  the  geodesic  in  that  region  touching  the  curve,  then 
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and  therefore,  if  we  take 

Po=Po"-p",    Oo=?o"-7",    R0=r0"-r",    T0=t0"-t", 
the  foregoing  relation  becomes 


Similarly,  with  the  corresponding  significance  of  y$  for  the  ^-region  and  of  yx 
for  the  ^-region,  we  have 


But  the  arc  lies  in  the  domain,  so  that 

S^'2=i, 

and  therefore,  differentiating  along  the  arc,  we  have  (as  always) 


that  is, 

% 

The  four  equations  thus  obtained,  linear  in  P0,  QQ,  R0,  T0,  can  be  resolved  as 
follows.     The  last  equation,  being 


indicates  that  the  quantities  P0,  Q0,  RQ,  TQ,  can  be  regarded  as  direction-  variables 
of  a  line  in  the  domain,  at  right  angles  to  the  tangent  to  the  curve.  There  are 
three  non-complanar  domainal  directions  at  right  angles  to  this  tangent  :  for  it 
lies  in  the  tangent  flat  of  each  region  and  therefore  is  perpendiciilar  to  the  three 
domainal  normals  of  the  respective  regions  ;  and  consequently  P0,  Q0,  #„,  7"0, 
determining  a  direction  lying  in  the  domain,  must  lie  in  the  flat  which  has 
the  three  domainal  normals  for  its  guiding  lines.  Thus,  with  suitable  quantities 
K,  A,  /x,  we  can  take 

«         dp      \  dp         dp 
PO=K  ~-  +  A  -/-  -f  IJL  f~  , 
dn0       dn^       dnx 


n         dr         dr         dr 

^0  =  *     7          '^^J  —  +  /X"7      "> 

dnd       dn^       dnx 
dt          dt          dt 

*O—K  7    +  ^3  —  I-M-J    ; 

dne       dn$    r  dnx 
and  the  values  of  K,  A,  JK,,  now  must  satisfy  the  three  earlier  equations. 
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Let  the  values  be  substituted  in  the  first  equation.    The  coefficient  of  K 


the  coefficient  of  A 


the  coefficient  of  p 


and  therefore  we  have 

K  +  A  cos  o>3  4 

Similarly,  from  the  second  equation,  we  have 


and  from  the  third  equation, 

jccosa>24- 


(When  the  values  of  P0,  Q0,  /?0,  T0,  are  substituted  in  the  fourth  equation,  it  is 
satisfied  without  leaving  any  residual  condition  :  the  relations 


dp 


dp 


dp 


merely  express  the  property  that  the  domainal  normals  of  the  regions  are  at  right 
angles  to  the  curve,  which  lies  in  each  of  the  regions.) 

Thus  the  second  arc-variations  of  p,  q,  r,  t,  taken  along  the  arc  of  the  curve, 
are  given  by  the  equations 


dr 


dr 
T- 
dn^ 


dr 


dt 
"+|i*^ 
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where  K,  A,  /x,  are  expressible  in  terms  of  the  domainal  flexure  of  the  respective 
regional  geodesic  tangents  of  the  curve  by  the  equations 


K  +  A  COS  0>3  +  fJL  COS  a>2=  — 

7e 

,  1 

/ccosa>3-{-  A  4-^  cos  a^— 


Obviously,  these  equations  are  analogous  to  the  intrinsic  equations  of  a  geodesic 
in  a  domainal  region,  and  to  the  intrinsic  equations  of  a  geodesic  on  a  domainal 
surface  given  as  the  intersection  of  two  regions. 

Circular  curvature  and  domainal  flexure  of  the  curve. 

389.  The  derivation,  of  the  magnitude  of  the  circular  curvature  of  the  curve 
and  also  of  the  spatial  direction-cosines  of  its  prime  normal,  is  immediate.  For 
the  typical  point-variable  in  the  plenary  space,  we  have 


+  2/3       +  04<o 

yo//-n+y»(V'-O+y4(C-- 

-  y30n  -  2/4 


Let  Y0  denote  the  typical  spatial  direction-cosine  of  the  prime  normal  to  the 
curve,  and  let  /o0  denote  its  radius  of  circular  curvature  ;  then 

Y0=y0"Po. 

Also,  when  the  values  of  P0,  QQ,  R0,  T0,  are  substituted,  the  coefficient  of* 

dp         da         dr         dt 


-  , 

dne  ' 

being  the  typical  spatial  direction-cosine  of  the  domainal  normal  to  the  0-region  ; 
and  similarly  the  coefficient  of  A  and  the  coefficient  of  fj,  respectively  are 

dy       dy 
dn$  '    dnx  * 

Moreover, 
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the  customary  equation  connected  with  the  circular  curvature  of  the  domainal 
geodesic  in  the  direction  p'9  q',  r  ',  t'  ;  thus 


pQ      p       dn0        d 
holding  for  each  of  the  spatial  point-variables. 

390.  Next,  an  estimate  must  be  made  of  the  magnitude  and  the  direction  of 
the  domainal  flexure  of  the  curve,  being  the  arc-rate  of  its  deviation  from  the 
domainal  geodesic.  This  estimate  can  be  framed  in  two  ways. 

In  the  first  place,  the  deviation  is  estimated  by  the  rate  of  variation  between 
the  direction  of  the  curve  and  the  direction  of  the  domainal  geodesic  tangent.  The 
typical  direction-cosines  of  the  tangents  to  the  curve,  at  0  and  at  a  point  distant  8 
from  0  along  the  arc  of  the  curve  (8  being  small),  are 

y',    ^y."8h..., 

while  the  corresponding  quantities  for  the  geodesic  tangents,  at  0  and  at  a  point 
distant  8  from  0  along  its  tangent,  are 

y',    2/'4</"8  +  ...; 

The  two  first  tangents  coincide  ;  let  de  denote  the  small  angle  between  the  two 
second  tangents  ;  and  let  y  denote  the  radius  of  domainal  flexure,  so  that,  by 
definition,  we  take 

1     T.     de 
=:Lim      . 

7    5-^0  § 

In  an  orb  of  representation  in  the  plenary  homaloidal  space,  let  I  denote  the 
typical  spatial  direction-cosine  of  the  elementary  arc  rfe,  so  that 


the  unexpressed  terms  involving  powers  of  8  higher  than  the  first  ;  thus 

\r  *•'-*'• 

In  the  second  place,  the  deviation  of  the  curve  from  the  domainal  geodesic 
tangent  is  estimated  by  the  deviation  in  distance  between  the  two  points,  011  the 
curve  and  on  the  geodesic  respectively,  at  the  small  distance  8  from  0.  The  typical 
space-  variables  for  these  two  points  are 


respectively  ;   and  therefore,  if  V  denote  the  actual  distance  between  them,  while 
I  has  its  preceding  significance, 


390] 

so  that 
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By  this  mode  of  estimating  the  deviation,  the  definition  of  the  radius  of  flexure 
would  be 


and  therefore  we  have 


1     ..     /2V\ 

y=te\H; 
I     „    , 


the  same  result  as  before. 
Now 


and  therefore  we  have 


0"—°, 

Po 


i  _YO   r 


y    PQ    P 

as  the  relation  between  the  domainal  flexure  of  the  curve,  and  the  circular  curva- 
tures of  the  curve  and  the  domainal  geodesic  tangent.  Also  we  have,  by  the 
earlier  relation, 

i=K^-+A^4M?-, 

y       d>te        an$        dtix 

where  the  quantities  K,  A,  /z,  are  expressed  in  terms  of  the  domainal  flexures  of 
the  regional  geodesic  tangents  by 

1 

K  -f  A  COS  OJjj  4-  JU,  COS  C02 ~=    - 

70 
1 

/ccoso>o-{  A 


fC  COS  OJ2  4   A  COS  CUi  +  JLC 


Consequently,  the  typical  direction-cosine  I  of  the  radius  of  domainal  flexure  of 
the  curve  is  given  by  the  equation 


I          dy         dy  dy 

y  '        d) 

2 

> 

i  . 

—   ,        COSCUg,  1  , 


dn 


COSO>3,      COSCJ2 


1  . 

-     ,       COSC02,      COSCOj,          1 


=0. 
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The  magnitude  y  of  the  radius  of  domainal  flexure  can  be  regarded  as  given  by 
any  one  of  the  equations 

—  =K*  +  A2  -f-  fJL2  +  2 XfJL  COS  W1  -f  2fJLK  COS  0>2  +  2/C  A  COS  0>3, 

Y4 


1 

K          A         fJi 

y2~ 

ro   y*   y/ 

1 

i 

i           i 

y2' 

~~  > 

y*    '     7x 

i 

i    , 

COS  OJ3,      COS  6t>2 

y/ 

i 

COS  C03, 

1         ,      COS  0>! 

i 

COS  0)2i 

cos^,        1 

y/* 

sii 

_...  ..   .  —  _1_ 

i  r»r\H  /§i_  P.A.Q  /§!„  — 

sin2ci>2       2    .  . 

-f  —      0-  -  H  ---  (COS  C03  COS  OJl  -  COS  COo) 

2 


2    ,  . 

-\  -----     (COS  0),  COS  OJ2  -  COS  COo), 


where 


S=  I  -  COS2  CO!  -  COS2  CU2  ^  COS2  C03  +  2  COS  O^  COS  O>2  COS  OJ3. 


Perpendicular  on  tangent  to  the  curve  and  the  prime  normal. 

391.  The  identification  of  the  direction  of  the  prime  normal  of  the  curve  with 
the  limiting  position  of  the  perpendicular  on  the  tangent  to  the  curve  from  a 
neighbouring  point  on  the  curve,  as  that  point  is  made  to  approach  0,  and  the 
derivation  of  the  foregoing  typical  relation  between  directions  and  curvatures, 
can  be  effected  as  follows. 

The  tangent  line  of  the  curve  lies  in  the  tangent  block  of  the  domain  ;  and 
thus  its  equations  can  be  taken  in  the  form 


typical  of  the  set  for  all  the  point-coordinates  in  the  plenary  space,  the  parameters 
A,  jil,  v,  w,  being  subject  to  the  three  conditions 


4  =  0, 
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Let  /70  be  the  length  of  the  perpendicular,  from  a  neighbouring  point  with  a 
typical  coordinate  77,  upon  the  tangent  line  to  the  curve  ;  and  let  the  typical 
direction-cosine  of  that  perpendicular  be  F0,  so  that,  if  the  foregoing  point,  with 
the  typical  coordinate  y,  be  the  foot  of  the  perpendicular,  we  have 


=  T?  -  (y  +  Xyl 

as  the  typical  equation.  Because  770  is  the  perpendicular  in  question,  the 
quantity 

S  ft  -  (y+  tyi+£02  +  J#s  +  Sft)}1 

must  be  a  minimum  for  all  admissible  values  of  A,  /Z,  i>,  w9  that  is,  for  all  values  of 
A,  /Z,  v,  w,  satisfying  the  three  conditions.  The  four  equations,  critical  for  this 
minimum,  are 


for  i=l,  2,  3,  4,  where  P,  Q,  J2,  are  multipliers  undetermined  in  the  construction 
of  the  critical  equations. 

These  equations  can  be  written  in  the  form 


and  it  is  easy  to  verify  that  the  direction  typified  by  Y0  lies  in  the  flat  which, 
within  the  domain,  is  orthogonal  to  the  curve. 
They  also  can  be  taken  in  the  form 

AX+ 
HX+ 

GX+ 


Now 

accurately  up  to  the  second  power  of  8  inclusive.     Also 

%y 
and,  as 

W  =  VIP* 

we  have 
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Hence 


H{q'8+  \-(q0" 


Similarly  for  the  other  quantities  ^yt(ri-y),  for  i—  2,  3,  1.    Let 


v0=  P  -  r'S  -  i(  r0"  +  D  ®ll7/2)  S*=  v  -  r'S  - 
n>0=5-  ''S-i(?0"+2^n/»'2)82=^-  «'8- 
then  the  equations  are 


^0-t-  ffv0+  7xo0 
//A0+  5Mo+  ^0+  A/o>0 


Consequently 


Thus  there  are  two  sets  of  expressions  for  the  values  of  the  quantities  A0,  /*„,  v0,  wa. 
From  the  former  set,  we  have 


But  second  differentiation  of  the  equation  0(p,  q,  r,  t)  =  0  yields  the  relation 
and  therefore 


'2  —  u  » 
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and  similarly,  from  the  same  first  set, 


rx 
From  the  second  set  of  expressions  for  A0,  /x0,  v0,  w0,  we  have 

0i  AO=  -  P  S  ^i2  -OS  «*I*L  -  *  S  «*ixi 


that  is,  equating  the  two  values  of  ]>j0iA0, 


J  8a  -  =  P0N  +  @<£n  cos  o>3  4-  ##„  cos  0*2- 

Ye 
Similarly  we  find 


J  8z~  =  R^v-\-PBN  COHOI8+  Q<t>n 
^X 

It  follows,  from  the  equations  which  define  K,  A,  fi,  in  terms  of  yfl,  y0,  y^,  that 


and   therefore,    inserting   these   values   of  P,    Q,    #,    in   the   expressions   for 
A0,  MO>  ^o*  wo»  wc 


Consequently 


1  22  f    dp  ,  \  dp  t      dp  \ 

=  -  go2  l/cTL4-  A,    -  +  /x  -     -I 

\    dne       dUj       dnxl 

i  ^9  f     dq      .  dq          dq  \ 

^=-^(K-^-+  A  -^4-^-  M 

\   d'/20       rf/^       dnxj 

±  ^  /    dr      v  rfr         dr  \ 

^=-|8a(f>    +A-y    -h/x  7-  1 

\    dn0       dn^    ^  dnxl 

!  S2  /    eft      ,  dt          dt\ 
™o=  -|8  2Ui  -  +  A^  -4-ft-v 

\    rf%        rf/^    ^rfnx/ 


The  tyy>ical  equation  for  the  length  and  the  spatial  direction-cosines  of  the 
perpendicular  /70  is 
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the  unexpressed  terms  containing  powers  of  8  higher  than  the  second  ;  and  there- 
fore, up  to  the  second  power  of  S  inclusive, 


p         -\  dne 

The  radius  of  circular  curvature  of  the  curve,  denoted  by  p0,  is  such  that 

2/7, 


PO        8-+ 

and  therefore 

yo_  Y       dy     .  dy         dy 
Po      p       dn0       dn^        dnx 

As  this  relation  is  typical  of  the  whole  set,  we  verify  the  typical  relation 

y  _y   . 

*  o —  •*  o  > 

and  thus  the  two  methods  of  determining  the  magnitude  of  the  radius  of  curvature 
of  the  curve  and  its  direction-cosines  lead  to  the  same  result. 

The  quantities  ye,  y^,  yx,  which  occur  implicitly  through  the  quantities  K,  A,  /x, 
in  these  equations,  are  the  domainal  flexures  of  the  geodesies  in  the  0-region,  the 
(^-region,  and  the  ^-region,  respectively,  all  in  the  direction  ])',  q',  /,  t'9  touching 
the  curve.  The  circular  curvatures  of  these  geodesies,  and  their  respective  sets  of 
spatial  direction-cosines,  are  given  by  the  typical  equations 

Ye_Y      I    fy_ 

Po      P      7e  dn0 


P*      P 


while 


Px      P 


p    y 

Y  dy 
—  +^-,  - 
p  dn0 


dy 
r"  . 
dnx 
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392.  A  geometrical  construction  can  be  made,  indicating  some  of  the  properties 
of  a  rectilinear  frame  connected  with  these  equations. 

Let  Agl9  Ag2,  Ag&  represent  (in  magnitude  and  direction)  the  radius  of 
domainal   flexure   of  the   geodesies   in   the   0-region,    the   ^-region,    and   the 
^-region,  respectively,  drawn  in  the  same  direction 
p' ',  q'9  r1 ',  t' ,  as  the  curve  which  is  the  intersection  of 
those  regions.     Then  from  the  equations 


/        dy      .  dy         dy 


dn0 


'  dnv 


we  have 


i  dy          \  I 

.  I*  -7    ~*  +  A  cos  co3  f  a  cos  co2—      , 

dne  r          * 


and  similarly 

lyz^_=_l     !yj?y=JL. 

*t    ^-^  //-M  A/.*  A/     ^^  /7/W  »\/ 


-   - 

dn 


FIG.  37. 


Let  a  perpendicular  Ag  be  drawn  in  the  flat  g^g^g^A  to  the  triangle  g\g$g&  meeting 
it  in  g ;  then  Ag,  in  magnitude  and  direction,  represents  the  radius  of  domainal 
flexure  of  the  curve  of  intersection  of  the  regions. 

Again,  let  AC,  in  magnitude  and  direction,  represent  the  radius  of  circular 
curvature  of  the  domainal  geodesic  which  touches  this  curve  of  intersection.  Then 
the  radius  of  circular  curvature  of  the  geodesic  in  the  0-region  touching  the  curve 
is  represented  (in  magnitude  and  direction)  by  the  perpendicular  Ac^  drawn  in 
the  plane  ACgl  upon  the  line  Cg1 ;  the  radius  of  circular  curvature  of  the  tangential 
geodesic  in  the  ^-region  is  similarly  represented  by  the  perpendicular  Ac2  drawn 
in  the  plane  ACg2  upon  the  line  Cg2 ;  and  the  radius  of  circular  curvature  of  the 
tangential  geodesic  iri  the  ^-region  is  similarly  represented  by  the  perpendicular 
AC.J  drawn  in  the  plane  ACg&  upon  the  line  Cg%. 

The  radius  of  circular  curvature  of  the  curve  of  intersection  of  the  three 
regions  is  represented,  in  magnitude  and  in  direction,  by  the  perpendicular  Ac 
drawn  in  the  plane  A  Cg  upon  the  line  Cg. 

Further,  there  arc  three  domainal  surfaces  of  intersection,  of  the  three  regions 
taken  in  pairs  ;  and,  in  each  of  these  surfaces,  there  is  a  superficial  geodesic 
touching  the  curve  of  intersection,  the  domainal  flexure  and  the  circular  curvature 
of  which  can  similarly  be  represented  in  the  diagram.  Thus  for  the  surface  which 
is  the  intersection  of  the  ^-region  and  the  ^-region,  the  radius  of  domainal 
flexure  of  the  geodesic  tangential  to  the  curve  is  represented  by  a  perpendicular 
AGl  drawn  to  the  line  g^g^  the  line  gGl  being  at  right  angles  to  g2g3 ;  and  the 
radius  of  circular  curvature  of  that  geodesic  is  represented  by  the  perpendicular 
drawn  from  A  upon  the  line  CGV 


F.I. G.  II. 
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Other  inferences  can  be  derived  from  the  four-dimensional  frame 
thus  constructed,  the  tangent  of  the  curve  of  intersection  being  orthogonal  to 
the  block  of  the  frame.  With  the  frame,  a  (four-dimensional)  globe  on  AC  as 
diameter  can  be  constructed  ;  all  the  foregoing  centres  of  domainal  flexure  and 
centres  of  circular  curvature  lie  in  this  globular  range. 

The  analytical  values  of  the  circular  curvature  and  the  domainal  flexure  of 
the  curve  follow  at  once  from  the  full  equations.  Thus  (p.  620)  the  typical 
equations  for  the  flexure  are 

/  dy  .  du  du 
-=*-*  +  A  JL+/i  JL 
y  dne  dn^  dnx 

where 

—  =K  +  A  cos  co3  -f-/>t  cos  o>2, 
7e 

1  , 

—  —  K  cos  o>3  +  A  -f-  JJL  cos  a*!, 


-  —  K  cos  oj2  4-  A  cos  aj±  -f  /z, 


and,  for  the  circular  curvature, 


'- 


PO    p    y 

As  noted  in  the  geometrical  construction,  the  radius  of  domainal  flexure,  the 
radius  of  circular  curvature  of  the  domainal  geodesic  tangent,  and  the  radius  of 
circular  curvature  of  the  curve,  lie  in  one  plane.  If  0  denote  the  inclination  of 
these  two  radii  of  circular  curvature,  we  have 

p  cos  ^=y  sin  $=PQ, 


Further,  we  have 

-  -  rr/c2  4-  A2  +  p*  -f  2  XfJL  COS  C^  -f  2/i/C  COS  O>2  +  2/C A  COS  0>3, 

y 


and  therefore 

JT»  a  •    2  O 

/=   "yT"1' 


. 

(cos  w  cos  &  _  cos  w  \ 


sin2co2       2    , 

H  --  o      H  --  (COS  O>Q  COS  COi  -  COS  OU«>) 

2 


sin2co3       2    ,  x 

H  --  r—  H  --  (COS  CDi  COS  O>2  -  COS  0>3), 

y* 
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where,  as  usual, 

3=1-  COS2  0>!  -  COS2  Ct>2  -  COS2  0>3  +  2  COS  Wi  COS  0>2  COS  0>3. 

Diverse  forms  can  be  given  to  the  expression  for  1/y,  some  of  them  being  the  equi- 
valent of  the  properties  of  the  tetrahedron  Ag^g^g^  in  the  diagram  on  p.  625,  with 
Ag  as  the  perpendicular  from  A  on  the  face  <7i<72<7a  :  or  (what  is  the  equivalent) 
of  a  spherical  triangle  on  a  sphere  with  A  as  centre.  And,  in  this  same  association, 
the  domainal  flexure  of  the  curve  can  be  brought  into  corresponding  analytical 
relations  with  the  domainal  flexures  of  geodesies,  tangential  to  the  curve  and 
drawn  upon  surfaces  which  are  the  pair-intersections  of  the  three  regions. 

Ex.     Shew  that,  if  quantities  /c,  A,  /I,  are  defined  by  the  equations 

~  /f    Oil  =  *tf  +  ^J  cos  ^3  +  1*13  COS  W2» 

VN 

1    7         -  T 

-  -7-  9ij  =  KU  COS  0>3  +  Ai}  +  ptj  COS  WL 

<Pn 

1     -          -  -r 

---  Xii=  Ki)  COS  W2  +* 
Xv 

for  all  values  of  i  and  jt  then 


with  the  usual  conventions  x1}  x2,  x3,  o?4,  =^),  ^,  r,  ^. 

Binormal  of  the  curve  :  the  torsion. 

393.  In  estimating  the  further  curvatures  of  the  curve,  it  proves  convenient, 
in  the  tangent  block  of  the  domain,  to  change  the  leading  lines,  from  the  set  of 
directions  of  the  parametric  curves  at  a  point,  to  the  set  of  directions  connected 
with  the  curve  and  constituted  by  its  tangent  and  the  three  domainal  normals 
to  the  three  regions  the  intersection  of  which  is  the  curve.  Thus  there  will  be 
relations  of  the  form 


for  the  values  i=l,  2,  3,  4.    To  determine  the  coefficients  Eh  Pt,  QtJ  Rf,  there  are 
the  relations 


-  =    i  cos  ajt+i  cos  w 


628  BINORMAL  [CH.  XXXIII. 

and  thus  any  expression,  homogeneous  and  linear  in  the  four  quantities  yl9  y29 
y&  y&  can  be  transformed  into  another  expression,  with  modified  coefficients, 
which  is  homogeneous  and  linear  in  the  four  quantities 

dy      dy      dy 
y  '  dne  '   dn^  '   dnx  ' 

A  symbol  [L]  will  be  used,  generically,  to  denote  an  expression  which,  so  far  as 
concerns  directional  elements,  involves  only  the  members  of  this  modified  set  of 
leading  lines  for  the  tangent  block  and  which  is  homogeneous  and  linear  in  the 
four  members.  At  a  later  stage,  when  the  final  expression  has  to  become  specific, 
the  four  coefficients  in  the  final  quantity  [L]  are  made  determinate. 

Some  preliminary  results  are  required  for  the  evaluation  of  the  typical  direc- 
tion-cosine of  the  binormal  of  the  curve. 

In  the  first  place,  because 

•*         V^  to 

-= 

we  have 


where  P0,  QQ,  R0,  T0,  have  the  values  obtained  in  §  388.    Also 

ds\p/         ds  \pj     p\a      p t 


because  A3  and  y'  are  linear  in  y\,yi,y$,y\\  and  therefore 


"0    *  P  J 

Next,  the  radius  of  domainal  flexure,  in  direction  and  magnitude,  is  given  by 
the  typical  equation  (§  390) 

/        dy     .  dy         dy 

=«-/+*  7     +M  /     5 
y       dnQ        dn^        dnx 

and  therefore 


d  (l\_     d  (dy\     .d  (dy 


d  ( dy\ 

J"     7 
ds0  \dnj 


again  introducing  a  generic   set   of  terms   [//].     But  the   arc-derivatives   of 

,— ,  -,     .  -,  - ,  which  do  not  involve  the  direction-variables  of  the  tangent  of 
dng    dn^    dnx  ° 


393]  TORSION  629 

the  curve,  are  the  same  along  the  curve  as  along  the  domainal  geodesic  tangent 
and  therefore,  by  the  result  in  §  324, 

d   fdy\     6N'  dy  __         dp          dq          dr  dt 

ds0  \dne/     6$  dn0  dn0        dne        dne        dnd 

I 

that  is, 

d   fdy\__      dp          dq          dr          dt       _ 

1       I    i        /  —  7/1  ~T       ~t~  ^?2  ~7 '    ^Is   7         I"  ^?4  ~j         '"  L-^J* 

a$0  \dnd/         dne         dne         dn0         ane 

Similarly  for  the  other  two  corresponding  arc-derivatives  of  direction-cosines 
of  domainal  normals  to  the  regions.    Hence 

rf//\_  (dp        dp         dp\ 

dsQ  \y/  \  dn0       dn^       dnj 

dq      x  dq          dq 
j     +  A -7 — ^^~j — 

(i/flft  (jvYlffL  U/' 


2lK 
/z  \ 

f  dr  .  dr  dr\ 
?s  l/c-r  +  A  , — hu  ^ — 1 
7  \  dne  dn^  ^  dnxJ 

f    dt      .   dt         dt\ 

)4  [K    —  +A        +IJL—-\ 

\  dn6       dn^       dnx/ 


To  obtain  the  direction  of  the  binomial  and  the  magnitude  of  the  torsion  of 
the  curve,  we  proceed  from  the  equation 

Po      P     7' 
Differentiating  along  the  curve,  we  have 


d  mi  dY0 

—  IQ  I—    1-f  7       - 

as0  \p0/     p0  asQ 


0p 

l*+ 

p0  \a0     p0 


once  more  introducing  the  symbol  [i]  as  denoting  the  aggregate  of  terms 
arising  through  I  and  y'.  When  the  foregoing  arc-derivatives  of  Y/p  and  //y 
are  substituted,  the  differentiated  relation  acquires  the  form 

3 
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for  t'=l,  2,  3,  4,  the  values  of  £15  £2,  £3,  f4,  being  obtained  in  §  299  ;  and  therefore 


where 


p       p    $Q   p 


Ex.  1.    Shew  that 


N  a 

-       >  "1 

y0 

-"»  ^l 
V* 

r^»  Xi 

AX 

0  ,  tfi 

0  ,  ti 


.  2.     Establish  the  relation 


394.  We  now  make  the  generic  quantity  [L]  specific,  by  postulating  a  value 
in  the  form 


and  determining  the  coefficients  so  as  to  satisfy  the  modified  equation 


. 

Q-^  -- 
°dn0 

Two  relations  can  be  obtained  from  the  fact  that  the  binormal  of  the  curve  is 
at  right  angles  to  the  tangent  to  the  curve,  with  the  typical  direction-cosine  y', 
and  is  at  right  angles  to  the  prime  normal  of  the  curve  with  the  typical  direction- 
cosine  yo,  so  that 


Because 
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the  first  of  these  relations  requires  the  condition 

7=0. 
Again,  we  have 


so  that 


while 


p       y 


=  Po  (/c  +  A  cos  co3  +  IJL  cos  co2)  =  --  ; 


and  similarly 


and  therefore  the  second  of  the  relations  requires  the  condition 


P     7e     n     7X 

The  quantities  /05  7^,  7X,  can  be  determined,  without  reference  to  this  condition, 
as  follows.     We  have 


and  therefore 


V*  y  _  [  _  ?L }  4.  v  —&-  [  _j*  _  "„ )  =  _r  ( L.9 ) 
^     °dsQ\dne/     *-*  dne\OQ 


Let  the  derived  value  of  A3  be  inserted  in  this  equation  ;  after  some  re-arrangement, 
it  assumes  the  form 


_. 

p0  ds0  \dn 

^  L  (**L 

p  ds0  \dn0 


=  v  +  y  A  L  (dJL 

' 


To  evaluate  the  right-hand  side,  we  use  the  value  of  -.—  (  -j  -  J  cited  in  §  393  ; 
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and,  because  of  the  relations  ^  Yyt=0  for  all  the  values  of  i=  1,  2,  3,  4,  the  first 
term 

I  f     dp         da          dr          dt  \ 

=  ~  \  Vl  J      +  V2  ~3      +  V3  ~7      +  V4  "j       /  ' 

p  \    tin 0        dne        dne        dne/ 
In  the  second  term,  let  the  value  of  - .  which  is 

y 

dy      .  dy         dy 
dn0       dn^       dnx 

be  inserted.     The  resulting  coefficient  of  K 

/    d 


because  ^  I  -^- )  =  1  ;  the  resulting  coefficient  of  A 

\«HI)/ 


dn 


L  (a  jj  ^,  ff,,  «„  tM, $•%,$ 

VN  \    X  X<l>n   </>n   <f>n   (p 


~-~    cos o>3,  Y- -   *- cos o>3, 


using  this  notation  for  brevity  ;  and  the  resulting  coefficient  of  /z,  similarly, 

=  A.     «   U,  «„  «„  ^ 


When  all  these  results  are  collected,  the  resulting  equation  in  the  quantities 
70,  70,  /x,  becomes 

70  -f  7^  cos  o>3  -f  7X  cos  o>2 

/p0\     I  f     dp         dq          dr          dt 
"  " 


-js  (•$'•$£-?,•"*)-£  H^lrc 
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Proceeding  similarly  with  reference  to  -,--  and  ~-  in  place  of  ,     initially,  we 
,,   .        *,  \.  tin*          dnx       *  dne  J' 

obtain  the  two  equations 


70  cos  co3  +  /^  +  Ix  cos  cux 

1  /     dp          da          dr          dt 

"  ^  -  - 

p 


1    d  /PO\ 

=  -  i     I      )" 
PQ  dsQ  \y0/ 


70  cos  o>2  4-  70  cos  a>!  -f  Ix 

/p0\     1  /     dp          do          dr          dt  \ 

-  -   K  T"  'j"  V2  J       •*•  ^3  >—  +  r4  T~ 

p  \     awx        awx        anx        anx/ 


Thus  the  quantities  Ie,  7^,  7X,  can  be  regarded  as  known  ;   and  the  equation  for 
the  typical  direction-cosine  A3  of  the  binormal  now  is 

dV          dy          rfy 


The  magnitude  of  the  torsion  l/a0  of  the  curve  manifestly  is  given  by  the 
equation 


Po  ^o" 

The  value  of  76  has  been  obtained  in  §  294  ;  and  thus  all  the  quantities,  which 
occur  in  the  expression  for  A3,  belong  to  the  domainal  geodesic  touching  the  curve 
and  to  the  regions  giving  rise  to  the  curve. 

Similar  analysis  would  lead  to  the  direction  of  the  trinormal  and  the  magnitude 
of  the  tilt  :  it  will  not  be  pursued.  At  this  stage,  a  halt  is  made  in  these  investiga- 
tions in  the  intrinsic  geometry  of  amplitudes  in  multiple  space. 


So  my  long  labour  ceases,  not  unfitly  in  the  sigh  of  Dante  as  he  passed  from  a 
loftier  theme, 

0  quanto  e  corto  il  dire,  e  come  fioco 

al  mio  concetto  !  e  questo,  a  quel  ch'io  vidi, 
e  tanto  che  non  basta  a  dicer  poco. 
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Additive  measure 

of  flexure  of  a  surface  in  a  region,  II, 
11  ;  of  a  region  in  a  domain,  IT, 
401  : 

of  superficial  curvature  of  a  primary 
amplitude,  I,  225  ;    of  a  primary 
domain,  IT,  563. 
Algebraic  minimal  surfaces  in  a  quadruple 

space,  I,  278. 

Amplitude,   defined,   I,    1  :    see  General 
amplitude,     Primary     amplitude, 
Surface,  Region,  Domain. 
Amplitude  of  constant  sphericity,  integral 

equations  of  geodesies,  I,  35. 
Amplitudinal  flexure  :    see  Floxure,  Re- 
gional flexure,  Domainal  flexure. 
Amplitudinal  normals  to  sub-amplitudes, 

I,  165,  166  :  sec  Normal. 
Angles  of  a  small  geodesic  triangle 
in  an  amplitude,  T,  158-161  : 
on  a  free  surface,  I,  298-303  : 
in  a  region,  II,  83-86  : 
in  a  domain,  IT,  374-377. 
Angles  of  a  small  geodesic  parallelogram 

on  a  surface,  I,  350  : 
.  in  a  region,  II,  149. 
Angular  excess  of  a  small  geodosic  triangle 

and  the  Riemann  sphericity 
in  an  amplitude,  I,  161  : 
on  a  surface,  I,  303,  305  : 
in  a  region,  IT,  86  : 
in  a  domain,  IT,  377. 
Angular  points,  parameters  of, 
for  a  Peres  parallelogram  on  a  surface 

geodesic  to  a  region,  II,  134  : 
for  a  regional  cell,  II,  162  : 
for  a  domainal  paralleloid,  II,  599,  607. 


Approximations,  second-order, 

for  parallel  geodesies,  after  Levi-Civita, 

I,  330  ;  II,  110,  580  :  after  Severi, 

II,  117,  587  :    when  primary  con- 
ditions are  satisfied,  II,  594  : 

in  small  triangles,  I,  291-302  ;    II,  73- 

83;   11,365-368: 
in  parallelograms,  I,  328-346  ;   II,  127- 

134: 

in  domains,  II,  601-612. 
Arc-derivatives  of 

ChristofTel  symbols,  I,  147,  259  ;  II,  65- 

67;  11,354: 
circular  curvature 
on  a  surface,  I,  267  : 
in  a  region,  I,  497  : 
in  a  domain,  II,  297,  308  : 
in  an  amplitude,  I,  81,  95  : 
direction-cosines  of  principal  lines,  1, 14, 
77,  87,  215  :  see  Frenet  equations  : 
normal  dilatation  of  a 

regional  surface,  II,  47,  53  : 
domainal  region,  IT,  407  : 
parameters 

of  second  order,  I,  33,  247,  458  ;   II, 

6,  263,  385,  462  : 
of  third  order,  I,  51,  258,  465  ;    II, 

278: 

of  fourth  order,  I,  64  : 
primary  magnitudes 
of  a  surface,  I,  260  : 
of  a  region,  II,  67  : 
of  a  domain,  II,  358  : 
regional  flexure  of  superficial  geodesic, 

II,  55  : 

space-coordinates    (of  second    order) : 
see  Circular  curvature  : 
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Arc-derivatives  of 

space-coordinates  (of  third  order),  I,  54, 

265,  495  ;   IT,  280  : 
torsion  of  a  geodesic  on  a  surface,  I, 

287. 

Arc-derivatives  of  primary  magnitudes 
along  different  geodesies,  conven- 
tion for,  1,263;  11,69,362,602,608. 
Arc-element  of  an  amplitude,  in  relation 
to  the  plenary  homaloidal  space, 
I,  21,  22 ;  cannot  be  assumed 
arbitrarily  for  a  surface  in  a  triple 
space,  I,  234. 

Area  of  a  small  geodesic  triangle  :  see 
Angular  excess,  Riemann  measure, 
Sphericity. 

Asymptotic  curves  of  flexure 
on  a  regional  surface,  IT,  13  : 
on  a  domainal  surface,  II,  536. 

Baker,  II,  422. 
Basic  curve  for 
parallel  geodesies 
in  a  region,  II,  98,  101  : 
in  a  domain,  IT,  578  : 
regional  geodesies  drawn  after  a  given 

law,  II,  107. 
Beckenbach,  I,  273. 
Beltrami  on  amplitudes  of  constant 

sphericity,  II,  590. 
Bessel  functions  in  the  arc-element  of  a 

surface,  I,  231. 

Bianchi,  I,  56,  57,  290  ;   TI,  226. 
Binary  forms  connected  with  superficial 

geodesies,  I,  374. 
Binary  quartic  and 
principal  curvatures  on  a  free  surface, 

I,  383  : 

principal  flexures  on  a  domainal  surface, 

II,  533. 
Binomial  of  a  geodesic 

in  an  amplitude  lies  in  the  tangent 
homaloid,  T,  75 ;  its  direction- 
cosines,  I,  76  ;  when  the  amplitude 
is  primary,  I,  208  : 


on  a  surface  lies  in  the  tangent  plane, 

I,  76,  241,  252  ;    direction-cosines 
of,  when  the  surface  is  free,  I,  284  ; 
when  the  surface  is  regional,  IT, 
35,  36,  39  ;    when  the  surface  is 
domainal,  II,  480,  490,  492  : 

in  a  region  lies  in  the  tangent  flat,  I, 
482  ;  direction -cosines  of,  I,  482, 
490,  518  : 

in  a  domain  lies  in  the  tangent  block, 

II,  292 ;  direction-cosines  of,  TI,  293. 
Binormal  of  a  parametric  curve 

on  a  surface,  I,  429,  431,  448  : 
in  a  region,  TT,  185-191  : 
in  a  domain,  II,  627,  630. 
Binormal  of  a  superficial  geodesic  is  the 
direction  of  the  radius  of  flexure  of 
any  curve  on  the  surface  touching 
the  geodesic,  T,  416. 
Bi-parametric  representation  of  a  domainal 

surface,  Ti,  259,  507,  512,  520. 
Bi-polar  representation   of  domains   by 

geodesies,  II,  271-274. 
Block, 

defined,  I,  1  : 
osculating  a  regional  geodesic,  I,  484, 

485: 
tangential  to  a  domain,  TI,  247,  261, 

291. 

Bompiarii,  1,  304,  321  ;   II,  136. 
Bonnet,  II,  226. 

Calculus  of  variations,  applications  of  : 
see  Geodesies,  Minimal  surfaces, 
Minimal  regions. 

Cauchy's  existence-theorem  for  differ- 
ential equations,  and  the,  unique- 
ness of  a  geodesic  determined  by 
direction,  1,  248. 

Cayley,  II,  226,  239,  435. 

Cell 

in  a  region,  II,  158  : 
in  a  domain,  II,  599-607. 

Centre-locus  for  circular  curvature  of  con- 
current geodesies 
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on  a  free  surface,  I,  392,  399  : 
on  a  domainal  surface,  II,  345-352,  544, 
548, 568-575  ;  connected  with  locus 
of  orthogonal  centre,  II,  546  : 
in  a  region,  II,  201-205,  208-212,  568- 

575: 

in  a  general  amplitude,  I,  131,  133,  134. 

Centre-locus  for  spherical   curvature   of 

concurrent  geodesies  on  a  surface, 

I,  401. 

Centre,  normal,  of  a  surface  in  quintuple 

space  :  see  Normal  centre. 
Centre  of  globular  curvature  of  a  super- 
ficial geodesic,  I,  411. 
Centre,    orthogonal,    of  a    surface :     see 

Orthogonal  centre. 
Christoffel,  I,  23. 
ChristoiTel  symbols,  combinations  of  arc- 

dorivatives  of, 
for  a  surface,  I,  258  : 
for  a  region,  II,  65-67  : 
for  a  domain,  II,  354-357. 
Christoffel  symbols, 

for  an  amplitude,  I,  23-25  ;  derivatives 

of,  and  relations  between,  I,  48,  49  : 

for  a  surface,  I,  25,  236  ;  derivatives  of, 

and  relations  between,  I,  237,  238  : 

for  a  region,  I,  26,  457  ;   derivatives  of, 

and    relations    between,    I,    461  ; 

whon  the  region  is  referred  to  polar 

geod (\sics,  I,  470  : 

for  a  domain,  I,  26  ;  IT,  248  ;  deriva- 
tives of,  and  relations  between,  II, 
275-280. 

Christoffel  symbols,  extended  :    see  Ex- 
tended Christoffel  symbols. 
Circular  curvature,  arc-variation  of, 
in  a  domain,  II,  297,  308  : 
in  a  general  amplitude,  I,  81,  95  : 
in  a  region,  I,  497,  503  : 
on  a  surface,  1,  266. 
Circular  curvature,  curves  of :  see  Curves 

of  circular  curvature. 
Circular  curvature,  locus  of  centres  of: 
see  Centre-locus,  Locus  of  centres. 


Circular  curvature  of  a  free  curve,  I,  15. 
Circular  curvature  of  a  geodesic  in  an 
amplitude,  I,  68,  69,  70,  80  ;  prin- 
cipal values  of,  I,  130. 
Circular   curvature   of  a   geodesic  in   a 

domain,  II,  263,  285-287,  325. 
Circular  curvature  of  a  geodesic  in  a  region 
when  domainal,  11,  385-390  : 
when  free,  1,  460,  479,  480. 
Circular  curvature  of  a  geodesic  on  a 

surface 

when  domainal,  II,  465-469,  482,  507  : 
when  free,  I,  249,  267,  281,  382  : 
when  regional,  II,  6-10,  24,  27,  45. 
Circular  curvature  of  a  parametric  curve 
in  a  domain,  II,  618,  624-626  : 
in  a  region,  II,  177,  179  : 
on  a  surface,  T,  416,  419,  420. 
Clebsch,  Pref.,  x. 
Codazzi,  T,  232,  235. 
Coil  of  a  free  curve,  1,  15. 
Coil  of  amplitudinal  geodesic,  1, 113,  117, 

118,  143,219: 

of  domainal  geodesic,  II,  316  : 
of  regional  geodesic,  1,526,528,533,552: 
of  superficial  geodesic,  1,  377. 
Concomitants 

of  a  binary  quadratic  and  a  binary 
quartic,  system  of,  I,  384-389  ;  II, 
534-536  : 

of  an  amplitude,  I,  114  : 
of  a  domain,  II,  306,  319,  321,  344  : 
of  surfaces,  regions,  domains,  passim. 
Concurrent  geodesies,  centre-locus  of  cir- 
cular curvature  of, 
in  an  amplitude,  I,  134,  137,  138  : 
in  a  domain,  II,  345-352  : 
in  a  region,  II,  201-205,  208-212  : 
on  a  surface,  I,  392,  399  ;    II,  548  : 
centre-locus  of  domainal  flexure  for  a 

domainal  surface,  II,  544  : 
centre-locus  of  spherical  curvature  of, 

on  a  free  surface,  I,  401  : 
locus  of  orthogonal  centre  of,  on  a 
domainal  surface,  IT,  541. 
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Cone  and  sphere  in  centre-locus  of  circular 
curvature  of  concurrent  geodesies 
on  a  surface,  I,  394,  399. 

Conjugate  points  on  a  geodesic,  I,  145. 

Constant  sphericity, 

Beltrami,  on  amplitudes  of,  II,  590  : 
Riemann  amplitude  of,  I,  162  ;    geo- 
desies  in,    I,    35,    248 ;     geodesic 
parallels  in,  II,  590  : 
Riemann  region  of,  geodesies  in,  I,  461  ; 
property  of,  as  regards  Levi-Civita 
parallelsandSeveri  parallels,  11, 127; 
minimal  surfaces  in,  II,  242-244. 

Contact,  orders  of, 

between  a  parametric  surface  and  a 

geodesic  surface 
in  a  region,  II,  59-65  : 
in  a  domain,  II,  476-480  : 
between   a   parametric   region   and   a 
geodesic  region  in  a  domain,  II, 
406,  415-424. 

Content  of  figures,  I,  3,  5,  273,  471  ;  11, 
239. 

Covariants,  see  Concomitants. 

Cubic  equation  for  principal  values  of  the 
sphericity  of  a  region,  II,  90. 

Curvature  :  see  Circular  curvature,  Globu- 
lar curvature,  Orbicular  curvature, 
Principal  curvatures,  Spherical  cur- 
vature, Total  curvature :  Additive 
curvature,  Measures  of  curvature, 
Specific  curvature,  Superficial  cur- 
vature :  Torsion,  Tilt,  Coil. 

Curvature,  Riemann  measure  of,  Chapters 
V,  IX,  XVII,  XXVI :  see  Riemann 
measure,  Sphericity. 

Curvature  of  screw,  I,  518. 

Curvatures  of  a  free  curve  and  the  Frenet 
equations,  1, 15-17  :  a  geodesic  and 
the  modified  Frenet  equations,  1, 18. 

Curves  of  circular  curvature 

in  an  amplitude,  I,  126,  128,  130,  179, 

200: 

on  a  surface,  1, 285, 382,  401  ;  II,  14-16, 
39: 


in  a  domain,  II,  325-328  : 
in  a  region,  I,  546,  547,  549. 
Curves  of  domainal  circular  curvature  on 

a  domainal  surface,  II,  500. 
Curves  of  domainal  flexure 

in    quadruply   orthogonal   families    of 

regions,  II,  432  : 

on  a  domainal  surface,  II,  533,  534. 
Curves    of    flexure,    asymptotic,    on    a 

domainal  surface,  IT,  536. 
Curves  of  globular  curvature 
in  any  amplitude,  I,  141,  143,  144  : 
in  a  region,  I,  551,  552. 
Curves,  parametric  in  any  amplitude  :  see 

Parametric  curves. 

Curves  of  regional  circular  curvature  on 
a  regional  surface,  It,  14,  17, 
19. 

Curves  of  regional  flexure  in  triply 
orthogonal  families  of  surfaces,  II, 
230. 

Curves  of  spherical  curvature 
in  any  amplitude,  I,  138,  140  : 
on  a  surface,  I,  246  : 
in  a  region,  1,  549,  550. 

Darboux,  II,  226,  231,  236,  237,  435. 

Dedekind,  Pref.,  xiii,  I,  192,  289. 

Derivatives :    sec  Arc-derivatives,  Para- 
metric derivatives. 

Derivatives  of  Christoffel  symbols 
in  any  amplitude,  I,  25,  48  : 
in  a  surface,  1,  236  : 
in  a  region,  I,  461,  464  : 
in  a  domain,  II,  274-280,  354-357. 

Derivatives   of  circular   curvature   of  a 

geodesic 

in  any  amplitude,  I,  81,  95  : 
on  a  surface,  I,  266  : 
in  a  region,  I,  497,  503  : 
in  a  domain,  II,  297,  308. 

Derivatives  of  normal  dilatation  and  of 

its  direction  cosines, 
for  a  regional  surface,  II,  47  : 
for  a  domainal  region,  II,  407. 


INDEX 


639 


Derivatives  of  primary  magnitudes 

in  any  amplitude,  I,  25,  26  : 

in  a  surface,  I,  236  : 

in  a  region,  I,  457  : 

in  a  domain,  II,  248. 
Derivatives  of  secondary  magnitudes 

in  a  surface,  I,  361  : 

in  a  region,  I,  498,  500  : 

in  a  domain,  II,  297. 
Determinant  of  primary  magnitudes,  I, 
20,236,452;   11,248: 

of  secondary  magnitudes  for  a  region, 

I,  489. 
Diagonal 

of  a  Peres  parallelogram  on  a  surface, 
I,  337  ;  II,  135,  136  : 

of  a  regional  cell,  II,  167-169  : 

of  a  regional  parallelogram,  II,  147. 
Diagrams  of  principal  lines  of  geodesies  : 
see  Geometrical  construction,  Prin- 
cipal lines. 

Difference-differential  equation  for  direc- 
tions of  principal  lines  of  a  geodesic 
in  a  primary  amplitude,  I,  220. 
Dilatation  (normal) 

of  a  sub-amplitude,  I,  165  : 

of  a  curve  on  a  surface,  I,  437-440,  446, 
447: 

of  a  regional  surface,  I,  455  : 

of  a  domainal  region,  II,  254,  407. 
Dimensionality  of  plenary  space 

of  a  surface,  1,  21,  231,  269  : 

of  a  region  in  relation  to  properties  of 

geodesies,  II,  192. 

Direction-cosines  of  primo  normals  of 
geodesies,  I,  46,  176  ;  I,  249,  419  ; 
I,  460 ;  II,  6,  177  ;  II,  263,  387, 
465,  549,  619,  624  : 

of  binomials,  I,  76,  77  ;    I,  284,  429 ; 
1,490;   11,293: 

of  trinomials,  I,  88,  90,  92,  363,  510 ; 
IT,  303  : 

of  quartinormals,  I,  100,  103,  109,  375, 
532,  536  ;   II,  313  : 

of  quintinormals,  II,  329 : 


of  regional  normal  to  a  surface,  II,  34  : 
of  domainal  normal  to  a  region,  II, 

253. 
Direction-cosines  of  line  in  tangent  plane 

of  a  surface  at  right  angles  to  the 

tangent,  I,  240,  253. 

Direction  of  a  perpendicular  from  a  neigh- 
bouring point  on  the  tangent 
line  of  a  curve,  II,  620  : 
plane  of  a  surface,  I,  254,  255  ;  II,  470  : 
flat  of  a  region,  1,  522  ;  IT,  381  : 
block  of  a  domain,  II,  261  : 
homaloid  of  an  amplitude,  I,  42. 
Direction-variables  of  binomial  and  tri- 
nomial of  regional  geodesic,  I,  518, 

519. 
Direction-variables    of    diagonal     of    a 

regional  cell,  II,  167  : 
of  edges  of  a  regional  cell,  II,  166  : 
of   diagonal   of  domainal   paralleloid, 

II,  612  : 
of  edges  of  domainal  paralleloid,  II, 

607: 
of  regional  normal  to  regional  surface, 

1,455;  11,2,49,50: 
of  domainal  normal  to  domainal  region, 

II,  253,  407. 

Direction-variables  of  parallel  geodesies 
on  a  surface,  1,  324,  328,  334  : 
in  a  region,  IT,  98,  101,  110,  117,  138, 

141,  153,  166  : 
in  a  domain,  II,  578,  584,  586,  598,  599, 

601,  607. 
Discriminant 

of  primary  magnitudes,  for  an  ampli- 
tude, I,  20  ;  for  a  surface,  I,  236  ; 

for  a  region,  I,  452  ;  for  a  domain, 

II,  248  : 
of  secondary  magnitudes,  for  a  primary 

amplitude,  I,  201  ;    for  a  region, 

I,  489. 
Domain,   I,    1  ;     II,   247  ;    see  Primary 

domain : 

four-index  symbols  for,  I,  32,  264. 
Domainal  cell,  II,  599-607. 
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Domainal  circular  curvature,  curves  of, 

on  a  domainal  surface,  II,  500. 
Domainal  curvatures  of  geodesies 
in  domainal  regions,  II,  444,  514  : 
on  domainal  surfaces,  II,  485-596. 
Domainal  flexure,  curves  of, 

on   a   domainal   surface,    II,   533-536, 

548: 
in  regions  belonging  to  a   quadruply 

orthogonal  system,  II,  432. 
Domainal  flexure,  measure  of,  analogous 
to  the  Itiemann  sphericity,  II,  406, 
517-520. 

Domainal  flexure  of  concurrent  geodesies 
on  a  surface,  centre-locus  of,  II, 
544. 
Domainal  flexure  of  parametric  curve,  II, 

619,  620,  624-626. 

Domainal  flexure  of  regional  geodesies,  II, 
387,  411  ;  principal  values  and 
directions,  II,  394,  514  ;  regional 
measures  of,  II,  397  ;  superficial 
measures  of,  II,  399. 
Domainal  flexure  of  superficial  geodesies, 

II,  465,  466-469,  512. 
Domainal  geodesic,  equations,  II,  263  : 
circular  curvature,  11,  285-287  : 
binomial  and  torsion,  II,  293  : 
trinomial  and  tilt,  II,  303  : 
quartinormal  and  coil,  II,  313  : 
quintinormal  and  fifth  curvature,  II, 

329. 

Domainal  geodesic  parallelogram,  II,  598. 

Domainal  geodesic  triangle,  II,  591  ;  does 

not  lie  in  the  geodesic  surface  at  a 

vertex,  II,  594. 

Domainal  magnitudes  of  rank  higher  than 

four,  II,  332,  335. 
Domainal 

normal  to  a  region,  11,  253,  390-394  : 
normals   to    three   regions   defining   a 
parametric  curve,  IT,  614,  618,  624 : 
normals  to  two  regions  defining  a  sur- 
face, II,  465. 
Domainal  orientation  of  a  region,  II,  456. 


Domainal  paralleloid,  II,  599,  600,  607- 

612. 
Domainal  plane  orthogonal  to  a  domainal 

surface,  II,  523-528. 

Domainal  quadrilateral  under  primary 
conditions  of  geodesic  parallelism, 
II,  594  ;  postulate  of  equal  op- 
posite sides,  II,  596  ;  leading  to  a 
geodesic  parallelogram,  II,  598. 
Domainal  region, 

primary  and  secondary  magnitudes,  II, 

436-439  : 

geodesies  in,  II,  385,  387,  390-394  : 
inflexional  surfaces  of,  II,  416  : 
Riemann   four-index   symbols   of,    II, 

405  : 

sphericity  of,  II,  402. 
Domainal  surface, 

curves  of  domainal  flexure  on,  II,  533  : 
defined,  II,  462,  506  : 
geodesies  on,  II,  464,  503,  529-532  : 
primary  and  secondary  magnitudes,  II, 

480. 
Domainal  tilt  of  a  superficial  geodesic,  II, 

531. 
Domainal  torsion 

of  a  regional  geodesic,  II,  450-455  : 

of  a  superficial  geodesic,  II,  494-496, 

530. 
Dupin's  theorem  extended 

to  orthogonal  surfaces  in  a  region,  II, 

226,  227,  230  : 

to  orthogonal  regions  in  a  domain,  II, 
432. 

Eddington,  I,  290. 

Edges  of  a  regional  cell,  II,  162-166  : 

domainal  cell,  11,599,601. 
Eisenhart,  I,  278. 
Eliminant  of  three  ternary  quadratics,  II, 

209. 

Envelope  of  tangent  plane  of  a  surface,  I, 
241  : 

orthogonal  homaloid  of  a  surface,  I,  243. 
Enneper,  I,  278. 
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Excess,  angular,  of  a  geodesic  triangle  : 

see  Angular  excess. 
Extended  Ghristoifel  symbols 

of  order  three,  I,  49,  54,  57,  258,  465  ; 

II,  274-278  : 
of  order  four,  I,  64. 

Families  of  geodesies  in  a  domain,  II,  271  : 
of  regions  in  a  domain  that  are  quad- 
ruply  orthogonal,  II,  424  ;  when 
one  family  is  known,  the  others 
are  obtainable  by  Pfaffian  quad- 
ratures, 11,  434  : 

of  surfaces  in  a  region  that  are  triply  or- 
thogonal, II,  226 ;  when  one  family 
is  known,  the  others  are  obtainable 
by  Pfaffian  quadratures,  II,  238. 
Family  of  geodesies  drawn  according  to 
assigned  law,  direction-variables 
of,  I,  318 ;  II,  107. 

Fifth  curvature  of  a  domainal  geodesic,  II, 
333,    334,    343 ;     some   associated 
concomitants,  II,  344. 
Fifth  normal  of  a  geodesic  :    see  Quinti- 

normal. 
Fifth-order  magnitudes  for  a  domain,  II, 

335. 

First  kind  of  Riemann  four-index  symbol, 
I,  50 :  see  Riemann  four-index 
symbol. 

First-order  approximation  in  a  small  geo- 
desic triangle 
in  an  amplitude,  I,  150  : 
on  a  surface,  I,  291  : 
in  a  region,  II,  73  : 
in  a  domain,  II,  364. 
First-order  approximation  for  direction- 
variables  of  parallel  geodesies  :  see 
Parallel  geodesies. 
First-order  contact  between 

parametric  region  and  geodesic  region 

in  a  domain,  II,  418  : 
parametric  surface  and  geodesic  surface 
in  a  domain,  II,  477  : 
in  a  region,  I,  59. 
r.i. a.  ii. 


First-order  derivatives  of  Christoffel 
symbols  and  relations  between 
them 

for  an  amplitude,  I,  48,  50,  53  : 
for  a  surface,  I,  237,  238  : 
for  a  region,  I,  51  ;  II,  65-67  : 
for  a  domain,  II,  274-280,  354. 
First-order  derivatives  of  dilatation 
of  a  regional  surface,  II,  47  :          * 
of  a  domainal  region,  II,  254,  407. 
First-order     derivatives      of     direction- 
cosines    of    principal    lines    of    a 
curve  ;  see  Frenet  equations  : 
of  direction-cosines  of  prime  normal  of 

a  geodesic 

in  an  amplitude,  I,  76,  204  : 
on  a  surface,  I,  286  : 
in  a  region,  I,  490  : 
in  a  domain,  II,  294. 
First-order  derivatives  of  primary  magni- 
tudes 

in  an  amplitude,  I,  24  : 
on  a  surface,  I,  236  : 
in  a  region,  I,  457  : 
in  a  domain,  II,  248. 
First-order  magnitudes  of  an  amplitude  ; 

see  Primary  magnitudes. 
Flat,  defined,  I,  1  ;    see  Orthogonal  flat, 

Osculating  flat,  Tangent  flat : 
inclination  to  plane,  I,  9,  14. 
Flexure  of  geodesies 
in  a  domainal  region,  II,  387  : 
on  a  domainal  surface,  II,  465  :    see 

Domainal  flexure  : 

on  a  regional  surface,  II,  6  ;    see  Re- 
gional flexure  : 

in  a  sub-amplitude,  I,  177-179,  190. 
Flexure  of  parametric  curve 
on  a  surface,  I,  414  : 
in  a  region,  II,  181  : 
in  a  domain,  II,  618. 
Flexure,    principal ;     see    Measures    of 

flexure. 

Flexure  of  small  circle  on  a  sphere,  I, 
420. 

2s 
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Four-index  symbols  ; 

see  Eiemann  four-index  symbols  : 

in  a  region  referred  to  polar  coordinates, 

I,  470. 
Fourth  angle  in 

a  Peres  parallelogram  on  a  surface,  I, 

342: 
a  regional  parallelogram  with  equal  op- 

«    posite  sides,  II,  153,  155. 
Fourth-order   derivatives   of  parameters 

along  a  geodesic,  I,  64  ;  I,  271. 
Fourth-order  magnitudes  for  a  region,  I, 

507. 
Frame 

of  a  curve,  1, 14  ;  see  Frenet  equations  : 
of  a  geodesic 

on  a  domainal  surface,  II,  496-500  : 
on  a  regional  surface,  II,  21,  27  : 
of  a  parametric  curve 
in  a  domain,  Tl,  627  : 
in  a  region,  II,  172-175. 
Free  domains,  Chapter  XX 1 11. 
Free  regions,  Chapter  XIV. 
Free  surfaces,  Chapter  VIII. 
Frenet  equations, 
passhn  : 

for  a  free  curve,  I,  16: 
adapted  to  geodesies  in  configurations, 
T,  17. 

Gauss  characteristic  equation  for  a  sur- 
face in  triple  space,  I,  232,  235, 
239  : 

measure  of  curvature  of  the  surface 
satisfies  two  partial  equations  of 
the  third  order,  I,  233. 

Gauss  (extended)  relations  for  a  primary 
amplitude,  I,  210. 

Gauss'  theorem  on  the  total  curvature  of 
a  geodesic  triangle  on  a  surface,  I, 
306. 

General  primary  amplitude,  I,  19,  20. 

Geodesic  cells 
in  a  domain,  II,  599  : 
in  a  region,  II,  158  :  see  Cell. 


Geodesic,  curvatures  of  a :  see  Circular 
curvature,  Torsion,  Tilt,  Coil,  Fifth 
curvature. 

Geodesic  Levi-Civita  and  Severi  parallels 
in  amplitudes  of  constant  curva- 
ture, II,  127,  590. 
Geodesic  parallelograms 
in  a  region,  II,  141,  155  : 
in  a  domain,  II,  594,  596,  598,  599. 
Geodesic  parallelograms  on  a  surface 
after  Levi-Civita,  I,  31 1,  322,  324,  328- 

334: 
after  Peres,  I,  312,  322,  324,  334-346 ; 

II,  127  : 

other  types,  I,  312,  353. 
Geodesic  polar  coordinates 
on  a  surface,  I,  255  : 
in  a  region,  I,  467-470  : 
in  a  domain,  II,  267. 

Geodesic,  principal  lines  of  a,  see  Prime 

normal,      Binomial,      Trinormal, 

Quartinormal,  Quintinormal. 

Geodesic  regions  in  a  domain,  II,  406-415, 

and  relations  to  parametric  regions 

in  the  same  orientation,  IT,  416-423. 

Geodesic   small   triangles  and   Riemann 

sphericity 

on  a  surface,  I,  291-304  : 
in  a  region,  II,  71-85  : 
in  a  domain,  II,  364-378. 
Geodesic  surfaces 

in  an  amplitude,  Pref.,  xiii,  I,  162,  191, 

192  : 
used  in  Seven's  definition  of  parallel 

geodesies,  II,  101  : 

in  a  region,  II,  55-59,  and  relations  to 
parametric  surfaces  in  the  same 
orientation,  II,  60-65  : 
in  a  domain,  II,  475-477,  and  relations 
to  parametric  surfaces  in  the  same 
orientation,  II,  478-480. 
Geodesic  tangents  to  curves  of  circular 
curvature  in  any  amplitude  have 
zero  torsion  at  the  point  of  contact, 
I,  128. 
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Geodesically  parallel 
curves  on  a  surface,  I,  256,  258  : 
surfaces  in  a  region,  I,  468  : 
regions  in  a  domain,  II,  269. 
Geodesies,  circular  curvature  of, 
on  a  surface, 

when  free,  I,  249,  280,  381-386  : 
in  a  region,  II,  6,  94-97  : 
in  a  domain,  II,  465,  II,  482  : 
in  a  region, 
when   free,   I,   460;    II,     192,  208- 

221: 

in  a  domain,  II,  385,  439,  443  : 
in  a  domain,  II,  285-287. 
Geodesies,  domainal  tilt  of  superficial  geo- 
desic, IT,  529-532. 
Geodesies,  domainal  torsion  of, 
on  a  surface,  II,  491  : 
in  a  region,  II,  450. 
Geodesies ;  equations  of, 

in   a   general   amplitude,  I,  33,  47, 

48: 
in    a    sub-amplitude,    I,    35,    167, 

175: 

on  a  surface 
when  free,  I,  247-249  : 
in  a  region,  II,  6  : 
in  a  domain,  II,  462  : 
in  a  region 

when  free,  I,  458  : 
in  a  domain,  II,  385  : 
in  a  domain,  II,  263. 
Geodesies, 
in  a  primary  amplitude,  I,  198,  208, 

209,  218,  219  : 

in  a  primary  domain,  II,  549-564. 
Geodesies,  locus  of  centres  of  concurrent, 

see  Centre-locus. 

Geodesies,  regional  tilt  of  superficial  geo- 
desic, II,  24. 

Geodesies,  regional  torsion  of, 
on  a  regional  surface,  II,  22  : 
on  a  domainal  surface,  II,  495. 
Geodesies,  spatial  tilt  of, 
in  an  amplitude,  I,  92  : 


on  a  surface, 
when  free,  I,  363-369  : 
in  a  region,  II,  41-45,  46  : 
in  a  domain,  II,  503  : 
in  a  region, 

when  free,  I,  514-516  : 
in  a  domain,  II,  456. 
Geodesies,  spatial  torsion  of, 
in  an  amplitude,  I,  78  : 
on  a  surface, 

when  free,  I,  285  : 
in  a  region,  II,  30  : 
in  a  domain,  II,  485  : 
in  a  region, 
when  free,  I,  492  : 
in  a  domain,  II,  445  : 
in  a  domain,  II,  295. 
Geodesies,  square  of  circular  curvature, 
on  a  surface,  I,  280  : 
in  a  region,  I,  481. 

Geodesies  uniquely  determinate  in  any 
amplitude    by    assignment    of    a 
direction  at  a  place,  I,  40. 
Geometrical    construction    for    principal 

lines  of  a 
geodesic 

in  a  domainal  region,  II,  390  : 
in  a  sub-amplitude,  I,  187  : 
on  a  domainal  surface,  II,  468,  496  : 
on  a  regional  surface,  II,  10,  28  : 
parametric  curve 
on  a  surface,  I,  432,  435  : 
in  a  region,  II,  179,  183  : 
in  a  domain,  IT,  625. 
Globular  curvature, 

curves  of  ;  see  Curves  of  globular  curva- 
ture : 

of  a  superficial  geodesic,  centre  of,  1, 41 1 . 
Grace,  J.  H.,  T,  384  ;  II,  64. 
Gremial  curvatures  of  an  amplitudinal 

geodesic,  I,  122. 
Gremial  lines  of  a  geodesic 
in  any  amplitude,  I,  122  : 
in  a  domain,  II,  324,  390-394  : 
in  a  region,  I,  517,  524. 


644 


INDEX 


Gremial  orientations  associated  with  a 
regional  geodesic,  I,  534. 

Historical  note  on  Riemann's  measure  of 

curvature,  I,  288. 
Homaloid, 
defined,  I,  1  : 

inclination  of  line  to,  I,  7,  10-12  : 
orthogonal  to  osculating  plane  of  ampli- 
tudinal  geodesic,  1,  73. 

Inclination  ;  see  Principal  lines  : 

of  homaloids,  estimated  by  projections, 

I,  10  : 

of  prime  normals  of  two  geodesies  on  a 

surface,  I,  369  : 

of  sub-amplitudes,  estimated  by  refer- 
ence to  amplitudinal  normals,  1, 166. 
Indicatrix  conic  of  regional  flexures  for  a 

surface,  II,  13. 
Inflexional  surfaces  of  a  domainal  region, 

II,  416. 

Intercepted  geodesic  length  between  the 
vertex  and  the  base  of  a  small  geo- 
desic triangle,  I,  308. 
Intermediate  invariants  connected  with  a 

region,  I,  489. 

Intersections    of    quadruply    orthogonal 
regions  in  a  domain  as   curves   of 
domainal  flexure,  II,  432. 
Invariants  ;  see  Concomitants  : 

intermediate  between  the  discriminants 
of  primary  magnitudes  and  secon- 
dary magnitudes  of  a  region,  I, 
489: 

of  a  binary  quadratic  and  binary 
quartic  for  the  measures  of  curva- 
ture on  a  free  surface,  I,  384,  388  ; 
for  the  measures  of  flexure  on  a 
domainal  surface,  II,  536  : 
of  domainal  flexure  of  regional  geo- 
desies, II,  514-517. 

Jacobi  quantitative  test  for  geodesies,  I, 

145: 
for  minimal  surfaces,  II,  240. 


Joachimstahl's  theorem,  on  surfaces  in 
triple  space  intersecting  at  a  con- 
stant angle,  extended  to  regional 
surfaces,  II,  230. 

Kommerell's  conic-locus  of  orthogonal 
centres  of  a  surface,  II,  205. 

Leading  lines, 
in  frame   of  reference   of  a   regional 

curve,  II,  173,  175: 
in  orthogonal  flat  of  a  free  surface,  I, 

359  : 

in  tangent  flat  of  a  region,  I,  512. 
Legendre  test  for  minimal  surfaces,  II, 

240. 
Lemmas  on  differentiation  along  a  curve 

on  a  surface,  I,  421-429. 
Lemniscate  as  a  locus  of  centres  of  con- 
current geodesies  on  a  surface, 
when  free,  I,  392  : 
in  an  amplitude,  I,  134  : 
in  a  region  in  quintuple  space,  II,  204  : 
in  a  domain  in  sextuple  space,  II,  346- 

348. 
Length  of  diagonal 

of  a  Peres  parallelogram  on  a  surface, 

I,  337  : 

of  a  regional  cell,  II,  166. 
Length    of    perpendicular    on    tangent 
homaloid    from    a    neighbouring 
point, 

for  a  domain,  II,  261  : 
for  a  general  amplitude,  I,  42  : 
for  a  parametric  curve,  II,  620  : 
for  a  region,  I,  520  ;  II,  381  : 
for  a  sub-amplitude,  1, 170  : 
for  a  surface,  1, 250,  254 ;  II,  2  ;  II,  470. 
Levi-Civita,  I,  290,  304,  311,  320,  321, 
328  ;    II,  98,  106,  578,  584,  590, 
595,  596. 

Levi-Civita  parallel  geodesies, Pref. ,  xiii-xv, 
I,  163,  320-322,  333 ;  II,  98,  99, 
110,  578,  580-582 ;  see  Parallel 
geodesies  : 
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Levi-Civita  parallel  geodesies, 
forming  a  parallelogram  on  a  surface,  I, 

322,  333  : 
do  not  lead  to  a  parallelogram  in  a 

region,  II,  113-117  : 

diverge  from  Severi  parallels,  II,  124. 

Lie's  theory  of  continuous  groups,  Pref.,  x. 

Line  and  hornaloid,  inclination  of,  T,  10-12. 

Line  in  tangent  plane  of  a  surface  at  right 

angles  to  tangent  to  a  geodesic,  I, 

240,  241. 

Lines  of  curvature  ;   see  Curves  of  curva- 
ture. 

Liouville,  J.,  T,  420. 
Locus  of  centres,  of  circular  curvature 

of   concurrent   geodesies,    and    of 

centres  of  flexure  ;   see  Centre-loci, 

Concurrent  geodesies. 
Locus  of  orthogonal  centre  of  concurrent 

geodesies  on  a  domainal  surface,  II, 

541. 

Magnitudes  associated  with  principal  lines 

of  geodesies, 

on  a  surface,  I,  356,  368,  369,  378  : 
in  a  region,  I,  507,  525-528,  530,  536, 

543  ;   11,  195,  197,  199,  212-221  : 
in  a  domain,  11,  263,  281,  293,  303,  313, 

319,  332,335. 
Magnitudes, 

non-gremial ;    sec  Non-gremial  magni- 
tudes : 

primary  ;  see  Primary  magnitudes  : 
secondary  ;   sec,  Secondary  magnitudes. 
Mainardi,  I,  232,  235. 
Mainardi-(  Wazzi  relations, 

for  a  primary  amplitude,  I,  210  : 
for  a  primary  domain,  11,  289. 
Manifold,  denned,  I,  2. 
Mean  curvature  ;  see  Additive  measure. 
Measure  of  curvature  of  an  amplitude, 
Riemann's,  I,  145,  192;    I,  303; 
II,   83;    II,   266:    see   Riemann 
measure,  Sphericity. 
Measures  of  superficial  curvature  of  a 


primary  amplitude,   I,   200,   224- 
226 ;  of  a  primary  domain,  II,  549, 
551-560,  561-568;    see  Superficial 
measures,  Volumetric  measures. 
Measures  of  domainal  flexure, 
for  a  region,  II,  397  : 
for  a  surface,  II,  536. 
Measures  of  regional  flexure  for  a  surface, 

II,  11. 

Minimal  regions  in  free  space,   I,  471  ; 
property    of,    when    the    plenary 
space  is  quadruple,  I,  472. 
Minimal  surfaces 

in  an  amplitude,  equations  of,  T, 
196: 
in  plenary  space,  integrated  equations 

of,  I,  273-279  : 
in  regions,  II,  239,  241-244. 
Monge,  I,  420. 

Neville,  1,  317,  353. 
Non-gremial  lines  ;  see  Principal  lines. 
Non-gremial  magnitudes 
for  a  region,  I,  525  : 
for  a  domain,  II,  338,  340,  343. 
Normal, 

amplitudinal,  to  sub-amplitude,  I,  164; 
domainal,  to  a  region,  II,  253  : 
regional,  to  a  surface,  II,  1,  462. 
Normal  centre  of  a  surface,  I,  244,  296. 
Normal  dilatation  of  a 

domainal  region,  II,  254,  255  : 
regional  surface,  II,  2,  47,  48, 50, 55,  62. 
Nul-regions,    equation    of,    satisfies    the 
equations  characteristic  of  minimal 
regions  in  plenary  space,  1,  473. 
Nul -surfaces   in   a  region,   equation   of, 
satisfies  the  equations  character- 
istic of  minimal   surfaces  in  the 
region,  II,  241. 

Octuple  space,  centre-locus  for  concurrent 
geodesies  of  a  domain  in,  II,  351. 

Orbicular  curvatures  of  curves  in  space, 
I,  15,  18. 
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Orbicular  representation  used  to  deter- 
mine flexure  of  geodesies 
in  a  domainal  region,  II,  387  : 
on  a  regional  surface,  II,  21. 
Orders  of  contact 

between  a  geodesic  region  and  a  para- 
metric region  in  a  domain,  II,  418- 
423: 

between  a  geodesic  surface  and  a  para- 
metric surface 
in  a  domain,  II,  477-480  : 
in  a  region,  IT,  59-65. 
Orientations, 

gremial  for  a  regional  geodesic,  I,  534  : 
parallel,  II,  109. 

Orientation-variables  in  a  domain, 
for  a  region,  1,  6  ;  II,  251-253  : 
for  a  surface,  I,  5  ;   II,  1,  256,  261. 
Orthogonal  centre  for  a 
domainal  surface,  II,  539, 541,  547,  575- 

577: 
free  surface  in  quadruple  space,  I,  245, 

396: 
region  in  sextuple  space,  I,  485,  486  ; 

II,  221-225. 
Orthogonal  families  of 
regions  in  a  domain,  1  f,  424-435  : 
surfaces  in  a  region,  II,  226-238. 
Orthogonal  flat  of  a  surface,  I,  357,  359, 

396;  11,462. 
Orthogonal  frame  of  a  free  curve  and  the 

Frenet  equations,  I,  16. 
Orthogonal  homaloid 
of  a  sub-amplitude,  1,  171  : 
of  a  surface,  and  its  envelope,  I,  242, 

243. 

Orthogonal  plane 

of  a  domainal  surface,  II,  523-528  : 
of  a  region  in  quintuple  space,  II,  193- 

197,  205-208  ; 

of  a  regional  geodesic,  I,  539. 
Orthogonal  radius  of  a  domainal  surface, 

II,  540. 

Orthogonal  regions  in  a  domain,  families 
of,  II,  424-435. 


Orthogonal  surfaces  and  polar  geodesies 

in  a  region,  I,  468. 
Orthogonal  surfaces  in  a  region,  families 

of,  II,  226-238. 

Orthogonality  of  homaloids,  I,  8,  9. 
Osculating  block 

of  a  curve,  I,  15  : 

of  a  regional  geodesic,  I,  485. 
Osculating  flat 

of  a  curve,  I,  15  : 

of  a  regional  geodesic,  I,  485. 
Osculating  plane 

of  a  curve,  I,  15  : 

of  an  amplitudinal  geodesic,  1,  73. 

Parallel  curves  on  a  surface  and  polar  co- 
ordinates, I,  256,  258. 
Parallel  geodesies,  Pref. ,  xiv,  xv ;  as  defi ned 
by  Lcvi-Civita,  1,  320  ;   II,  98,  578  : 
by  Severi,  II,  101,586: 
in  a  domain,  II,  578,  586,  594,  598  : 
in  a  region,  II,  98,  101,  124,  138,  141  : 
in  an  amplitude,  I,  321  ;  II,  101  : 
in  reference  to  construction  of  paral- 
lelograms, II,  138,  141,  153,  594: 
on  surfaces,  I,  304,  318,  320,  321. 
Parallel  orientations  in  a  region,  II,  109. 
Parallel  regions  in  a  domain  and  polar 

coordinates,  II,  270. 

Parallel  surfaces  in  a  region  and  polar  co- 
ordinates, I,  467  ;  II,  237. 
Parallelism  of  geodesies,  primary  condi- 
tions of, 

in  a  domain,  II,  580  : 
in  a  region,  II,  101,  110,  141  : 
in  any  amplitude,  II,  101-106. 
Parallelograms 
in  a  domain,  II,  594-599  : 
in  a  region,  II,  113-117,  139,  141-155  : 
on  a  surface, 

after  Levi-Civita,  I,  311,  328-334  : 
after  Peres,  1, 312,  334-346  ;  II,  127  : 
other  types,  I,  313,  346,  350,  353. 
Paralleloid  in  a  domain,  II,  599,  600,  607- 
612. 
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Parameter  of  a  family  of  quadruply  ortho- 
gonal regions  in  a  domain  satisfies  a 
partial  equation  of  the  third  order, 
II,  427-434  : 

of  a  family  of  triply  orthogonal  surfaces 
in  a  region  satisfies  a  partial  equa- 
tion of  the  third  order,  TT,  231- 
238. 
Parameters, 

arc-derivatives  of  the  second  order  of ; 
see  Geodesies,  equations  of  : 

arc-derivatives  of  third  order,   I,  51, 
258,465;  11,278: 

arc-derivatives  of  fourth  order,  1,  64, 

271. 
Parameters  at  angular  points 

of  a  domainal  cell  and  paralleloid,  Tl, 
599: 

of  a  Peres  parallelogram,  11,  134  : 

of  a  regional  cell,  II,  162. 
Parametric  curves 

in  a  domain,  II,  324;  Chapter  XXXIII : 

in  a  region,  TT,  172-185  ;  Chapter  XX  : 

on  a  surface,  I,  414-450  ;  Chapter  XIII. 
Parametric  derivatives  of 

Christoffel  symbols,  T,  48,  49,  237,  461  ; 
II,  274-280  : 

direction-cosines  of  prime  normal  of  a 
primary  amplitude,  I,  204,  222  : 

extended    Christoffel   symbols,    I,   57, 
65: 

primary     magnitudes,     nee     Primary 
magnitudes  : 

Riemarm  four-index  symbols,  I,  56  : 

Riemann  measure  of  curvature  for  a 
surface,  T,  269  : 

space-coordinates,  I,  28,  55,  65,  265, 

495;   11,280. 
Parametric  directions 

for  parallel  geodesies,  see  Parallel  geo- 
desies : 

in  a  region  for  gremial  lines  of  a  geo- 
desic, I,  512. 

Parametric  equations  of  geodesies,  see 
Geodesies,  equations  of. 


Parametric  region  and  geodesic  region  in 
a  domain,  relations  between,  II, 
415-423. 

Parametric  region  in  a  domain,  II,  381- 
405,  Chapter  XXVII;  see  Do- 
mainal region. 

Parametric  representation  of 
an  amplitude,  I,  19  : 
curve,  I,  414  ;   II,  171,  613  : 
region,  I,  451  ;   II,  381  : 
surface,  I,  229  ;   II,  462,  506. 
Parametric  surface  and  geodesic  surface 
in  a  domain,  II,  475-480  : 
in  a  region,  II,  55-65. 
Parametric  surface 

in    a    domain,    Chapter    XXIX ;    see 

Domainal  surfaces  : 
in  a  region,  Chapter  XVI ;  see  Regional 

surfaces. 
Partial  differential  equation  of  geodesies 

on  a  free  surface,  I,  247  : 
of  geodesic  surfaces  in  a  domain,  IT,  274. 
Partial  differential   equations  of  second 
order    satisfied    by    space-coordi- 
nates 

of  an  amplitude,  I,  125,  201  : 
of  a  domain,  IT,  288,  335  : 
of  a  region,  I,  529  : 
of  a  surface,  I,  372. 

Partial  differential  equations  of  the  fifth 
order  to  be  satisfied  by  the  coeffi- 
cients in  the  arc-element  of  a  free 
surface  in  homaloidal  triple  space, 

I,  234. 

Partial  differential  equations  of  the  third 
order  satisfied  by  the  parameters 

of  quadruply  orthogonal  domainal  re- 
gions, II,  429-435  : 

of  triply  orthogonal  regional  surfaces, 

II,  231-246. 

Partial  differential  equations  satisfied  by 
superficial  measures  of  curvature 
of  a  primary  domain,  11,  563. 

Peres,  Pref.,  xiii,  1, 304, 305, 312, 322,  334, 
337  ;  II,  127,  592. 
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Peres  parallelogram 
on  a  free  surface,  I,  322,  346  : 
on  a  surface 

geodesic  to  a  region,  II,  127-134  : 
geodesic  to  a  domain,  II,  592  : 
theorem  on  the  fourth  angle  of,  I,  342. 
Permanent  relation  for 

an  arc,  I,  16,  280,  451  ;  II,  247  : 
regional  orientation,  1,7;  II,  250  : 
superficial  orientation,  1,6,475;  11,255. 
Perpendicular,  magnitude  and  direction 

of,  upon  the  tangent  honuiloid 
of  amplitude,  1,  42  : 
of  domainal  curve,  IT,  620  : 
of  region,  when  free,  I,  476  : 

when  domainal,  II,  381  : 
of  surface,  when  free,  I,  249  : 
when  domainal,  IT,  470  ; 
when  regional,  II,  2  : 
see  Prime  normal. 

Perpendicularity  and  orthogonality,  I,  8. 
Pfaffian  equations,  in  the  determination 
of  quadruply  orthogonal  regions  in  u 

domain,  II,  434  : 
of    triply    orthogonal    surfaces    in    a 

region,  II,  238. 

Plane,  orthogonal ;  see  Orthogonal  plane. 
Planes,  inclination  of,  to  homaloids,  1,  8, 

9,  14. 
Plenary  space  of 

a  region,  as  affecting  loci,  TI,  192  : 
an  amplitude,  Pref.,  vi,  1,  2  : 
surfaces,  I,  231,  283,  369. 
Point-coordinates  in  plenary  space,  arc- 
derivatives  of, 

of  second  order,  see  Circular  curva- 
ture : 
of  third  order,  I,  54,  265,  495 ;    IT, 

280: 

of  fourth  order,  J,  65  : 
satisfy  partial  differential  equations  of 
second  order,  1, 125,  201,  372,  529  ; 
II,  288,  335. 

Polar  geodesic  coordinates, 
in  a  domain,  II,  267  : 


in  a  region,  I,  467  : 
on  a  surface,  I,  255. 

Polygon,  angular  excess  of  a  geodesic,  on 
a  surface,  I,  305. 

Primary  amplitudes,  I,  19,  Chapter  VII. 

Primary  amplitudes  of  minimal  content, 
geometrical  property  of,  1,  200. 

Primary  conditions  of  orthogonality 
of  domainal  regions,  II,  425  : 
of  regional  surfaces,  11,  226,  231. 

Primary  conditions  of  parallelism  of  geo- 
desies 

in  a  domain,  II,  580  : 
in  a  region,  11,  101-106,  110: 
in  an  amplitude,  IT,  100  : 
on  a  surface,  T,  320  ;   II,  101. 

Primary  domains,  Chapter  XXXI. 

Primary    conditions    of    parallelism    of 
orientations  in  a  region,  II,  110. 

Primary  magnitudes 
of  a  domain,  Ti,  248-250: 
of  a  domainal  region,  11,  436  : 
of  a  domainal  surface,  11,  480  : 
of  a  region,  1,  452,  458  : 
of  a  regional  surface,  II,  37  : 
of  a  surface,  T,  22,  229,  231. 

Prime  normal  of  a  geodesic 
in  a  domain,  I,  263  : 
in  a  general  amplitude,  1 ,  46,  47, 48, 1 98  : 
in  a  region,  when  free,  I,  460  : 

when  in  a  domain,  I,  385  : 
in  a  sub-amplitude,  I,  170,  181,  187  : 
on  a  surface,  when  free,  1,  249  : 
when  in  a  domain,  IT,  470  : 
when  in  a  region,  I,  6. 

Prime  normal  of  a  parametric  curve 
in  a  domain,  II,  618,  624-626  : 
in  a  region,  II,  177-179  : 
on  a  surface,  I,  416-419. 

Prime  normals  of  two  intersecting  geo- 
desies on  a  surface,  inclination  of,  1, 369. 

Principal  curvatures  of  geodesies, 
in  a  genera]  amplitude,  I,  130 : 
in  a  primary  domain,  II,  274,  550  : 
on  a  surface,  I,  382-384. 
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Principal  directions  for  circular  curvature 
in  a  domain,  II,  325,  549  : 
in  a  region,  I,  546  : 
on  a  surface,  I,  382  : 
for  domainal  flexure  in  a  region,  II,  396  : 
for  regional  flexure  on  a  surface,  II,  11- 

13. 

Principal  domainal  orientations 
for  sphericity  of  the  domain,  II,  380  : 
for  superficial  and  volumetric  measures 
of  curvature  of  a  primary  domain, 
II,  553. 

Principal  flexures  on  a  minimal  surface  in 
a  region  are,  equal  iu  magnitude 
and  opposite  in  sign,  II,  245. 
Principal  lines  of  geodesies 

in  a  domain,  II,  263,  293,  303,  313,  329  : 
in  a  general  amplitude,  I,  46,  75,  88, 

100,  119-124,  220  : 
in  a  region,  1,  460,  490,  510,  532  ;    II, 

456  : 
on  a  surface,  I,  249,  284,  356,  363,  375  ; 

IT,  486-491,  496-500. 

Principal  regional  orientations  for  spheri- 
city of  the  region,  II,  86. 
Principal  values 

of  circular  curvature 

of  domainal  geodesies,  II,  325  : 
of  superficial  geodesies,  I,  384  : 
of  domainal   flexure   of  regional   geo- 
desies, 11,395,514: 
of  regional  flexure  of  superficial  geo- 
desies, II,  11  : 
of  sphericity 

of  a  domain,  II,  379  : 
of  a  region,  II,  87  : 
of  superficial  measures  of  curvature  of  a 

primary  domain,  II,  564-567  : 
of  volumetric  measures  of  curvature  of 

a  primary  domain,  II,  552. 
Product  measure  of  superficial  curvature 
of  a  primary  domain  is  the  same  as 
the  Riemann  measure,  I,  225,  226. 
Puiseux,  II,  226. 
Quadrilateral  in  a  domain  under  primary 


conditions  of  parallelism,  II,  594  : 
becomes  a  parallelogram,  II,  596, 
599. 
Quadrilateral  in  a  region ;  see  Regional 

quadrilateral. 
Quadruply  orthogonal  families  of  regions 

in  a  domain,  II,  424-435. 
Quartic  and  quadratic,  system  of  super- 
ficial binariants  of, 
for  circular  curvature,  I,  384-389  : 
for  domainal  flexure,  II,  534. 
Quartinormal  of  a  geodesic 
in  a  domain,  II,  292,  313,  314,  317,  318  : 
in  a  general  amplitude,  I,  100,  102-106, 

109,  120: 

in  a  primary  amplitude,  I,  219  : 
in  a  region,  I,  525-529,  533,  536  ;    II, 

195,  197,  199,  212-221  : 
on  a  surface,  I,  375. 
Quaternariants,  II,  261. 
Quintinormal  of  a  geodesic 
in  a  domain,  IF,  329-332,  334  : 
in  a  region,  IT,  212-221. 
Quintuple  space 

and  primary  domains,  II,  287,  288  : 
properties  of  a  region  in,  II,  193-208. 

Radius  of  flexure  of  a  geodesic  in  a  sub- 

amplitude,  I,  179-182. 
Radius  of  flexure  of  a  parametric  curve 
in  a  domain,  IT,  618  : 
in  a  region,  II,  181  : 
on  a  surface,  I,  417. 
Radius  of  flexure 

of  a  regional  geodesic,  11,  387  : 
of  a  superficial  geodesic, 
domainal,  II,  465  : 
regional,  II,  6. 
Range  in  vicinity  of  a  place 
in  a  domain,  II,  353,  364  : 
in  a  region,  11,  65  : 
on  a  surface,  I,  291. 
Rectifying  line  of  a  regional  geodesic,  I, 

522. 
Region,  defined,  I,  1. 
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Region,  dimensionality  of  plenary  space 
of,  affecting  properties,  II,  192. 

Region,  geodesic  to  a  domain,  IT,  406  : 
relations  of,  to  parametric  region 
in  the  same  orientation,  II,  416. 

Region  geodesically  parallel  to  regions  in 
a  domain,  II,  270. 

Region  in 

a  domain,  Chapter  XXVII ;    see  Do- 
mainal region  : 

normal  dilatation  of,  II,  254,  255  : 
quintuple  space,  properties  of,  II,  193- 
208. 

Region  is  developable  to  a  flat,  if  it  con- 
tains two  parametric  families  of 
geodesies,  I,  471. 

Region  of  constant  sphericity, 
integral  equations  of  geodesies  in,  1,461 : 
Levi-Civita  and  Severi  parallels  coincide 

in,  II,  127  : 
minimal  surfaces  in,  11,  242-244. 

Region  orthogonal  to  polar  geodesic,  IT, 
270. 

Region,  parametric  representation  of,  I, 
451. 

Region,  the  six  Riemann  four-index 
symbols  of,  J,  32,  47,  462. 

Regional  cells,  II,  158-169. 

Regional  curvature,  curves  of,  upon  a 
regional  surface,  II,  14,  17. 

Regional  curvature,  measures  of,  for  a 
primary  amplitude,  I,  227,  228. 

Regional  curvatures  of  superficial  geo- 
desies, II,  19-24. 

Regional  curves,  Chapter  XX. 

Regional  diagonal  of  a  Peres  parallelo- 
gram on  a  geodesic  surface  of  a 
region,  II,  135  ;  it  does  not  lie  in 
the  surface,  II,  136  ;  relation  to 
diagonal  of  a  regional  parallelo- 
gram, II,  157. 

Regional  flexure,  curves  of,  as  the  inter- 
sections of  triply  orthogonal  sur- 
faces in  a  region  (extension  of 
Dupin's  theorem),  II,  230. 


Regional  flexure,  measure  of,  for  a  regional 

surface,  I,  194. 
Regional  flexure 
of  geodesies  on  a  parametric  surface,  II, 

7-12,  55  : 
of  parametric  curve  in  the  region,  IT, 

181-183. 
Regional  frame 
for  a  geodesic  on  a  parametric  surface, 

11,21,27-30: 

for  a  parametric  curve,  II,  172. 
Regional  geodesies,  I,  458,  476,  490,  497, 

,503,  510,  522,  532-534,  539. 
Regional  minimal  surfaces,  II,  239-246. 
Regional  normal  to  a  parametric  surface, 

1,455;  11,2,34,49-51. 
Regional  orientation,  directions  in,  I,  457. 
Regional  parallelogram 
and  Levi-Civita  parallels,  II,  113-117  : 
and  Severi  parallels,  IT,  139  : 
properties  of,  IT,  147-155. 
Regional  parallels, 
after  Levi-Civita,  II,  98,  110,  113  : 
after  Severi,  II,  101,  117,  139: 
leading  to  parallelogram,  IT,  141-153  : 
other  types  of,  II,  140-142. 
Regional    quadrilateral    under    primary 
conditions  of  parallelism,  II,  141  ; 
postulate  of  equal  opposite  sides, 
II,  145 ;   becomes  a  geodesic  par- 
allelogram, II,  155. 
Regional  surface,  when  geodesic  to  the 

region,  II,  56-60. 

Regional  surfaces,  parameters  of  triply 

orthogonal  families   of,   satisfy   a 

partial  equation  of  the  third  order, 

II,  226-238. 

Regional  tilt  of  a  superficial  geodesic,  11, 

19,  23,  25-27. 
Regional  torsion  of  a  superficial  geodesic, 

IT,  13,  23. 

Representation  of  configurations  by  para- 
meters, see  Bi-parametric  repre- 
sentation, Parametric  representa- 
tion. 
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Riemann,  citation  of  memoir,  I,  28,  192, 

289,  314. 

Riemann  amplitude  of  constant  spheri- 
city, 1, 162,  248,  461  ;  II,  590. 
Riemann  four-index  symbols 
for  a  domain,  I,  32  ;  II,  264-267,  340  : 
for  a  region,  I,  32,  47,  462,  471  ;    II, 

405: 

for  a  surface,  I,  31,  47,  238,  239  : 
for  an  amplitude, 
general,  I,  28-33,  47,  50  : 
primary,  I,  203. 
Riemann  measure   of  curvature,   Pref., 

xii-xiv  ;  see  Sphericity  : 
for  a  domain,  II,  267,  353,  377,  563  : 
for  a  general  amplitude,  1, 145, 1 92,  314 : 
for  a  primary  amplitude,  I,  193,  225  : 
for  a  region,  II,  83,  406  : 
for  a  surface,  T,  269,  289,  290,  303,  304. 
Riemann    measure    of    curvature    and 
analogous    measure    of   domainal 
flexure,  II,  517-520. 

Riemann  measure  of  curvature  distinct 
from  measures  of  circular  curva- 
ture of  a  surface,  1,  387  ;  II,  88. 

Salmon,  II,  64,  209,  479. 
Schouten,  1,  304. 

Screw,  curvature  of,  in  a  regional  geo- 
desic, I,  518. 
Second    kind    of    Riemann    four-index 

symbol,  I,  50. 
Second-order  approximation  for  parallel 

geodesies 

after  Levi-Civita,  I,  330  ;  II,  110,  580: 
after  Severi,  II,  117,  586-590: 
in  general,  II,  584,  594-598. 
Second-order  approximation  in  small  geo- 
desic triangles 
in  a  domain,  II,  364-378  : 
in  a  region,  II,  71-86  : 
on  a  surface,  I,  291-303. 
Second-order  arc-derivatives 

of  circular  curvature  of  a  geodesic,  I,  95, 
503;  11,308: 


of  direction-cosine  of  prime  normal,  I, 

17,  87,  92,  287,  513  ;  II,  305  : 
of  parameters   along   a   geodesic,   see 

Geodesies,  equations  of : 
of  primary  magnitudes 
of  a  domain,  II,  359-363  : 
of  a  general  amplitude,  II,  149  : 
of  a  region,  II,  67-71  : 
of  a  surface,  I,  261-265  : 
of  space- variables,  see  Circular  curva- 
ture, Prime  normal. 
Second-order     conditions     for     geodesic 

quality 

of  a  domainal  region,  II,  4J6  : 
of  a  domainal  surface,  II,  476  : 
of  a  regional  surface,  II,  57. 
Second-order   contact   between   a   para- 
metric region  and  a  geodesic  region 
in  a  domain,  II,  416-423. 
Second-order    contact    between   a   para- 
metric surface  and  a  geodesic  sur- 
face 

in  a  domain,  II,  478-480  : 
in  a  region,  II,  55-59. 
Second-order  magnitudes  associated  with 
the  orthogonal  plane  of  a  regional 
geodesic,  I,  539,  543. 
Second -order  normal  derivative  of  dilata- 
tion 

of  a  domainal  region,  II,  408  : 
of  a  regional  surface,  II,  56. 
Second -order  parametric  derivatives  of 
primary  magnitudes,  I,  261-265  ;    FI, 

67-71,  149,  359-363  : 
space-variables,  see  Christoffel  symbols. 
Second-order    partial    differential    equa- 
tions, sec  Partial  differential  equa- 
tions. 
Secondary  conditions  of  orthogonality  of 

families 

of  regions  in  a  domain,  II,  426  : 
of  surfaces  in  a  region,  II,  231 . 
Secondary  conditions   of  parallelism   of 
geodesies,  I,  324;    II,  110,   117, 
142-146,  582,  584,  586,  598. 
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Secondary   magnitudes    connected   with 

circular  curvature 
in  an  amplitude,  I,  68,  71,  82,  83,  203, 

204: 

on  a  surface,  I,  280  ;   II,  38,  481  : 
in  a  region,  I,  479  ;  II,  437  : 
in  a  domain,  II,  284. 
Secondary  magnitudes   (non-linear)  con- 
nected with  circular  curvature 
in  a  domain,  II,  284,  288-290  : 
in  a  region,  I,  479, 480 ;  11,1 96, 437-439  : 
on  a  surface,  I,  281,  381 ;  II,  520. 
Secondary    sub-amplitude,    equations    of 

geodesies  in,  I,  169. 

Septuple    space,     centre-locus    of    con- 
current geodesies  on  a  domain  in, 
11,348-351. 
Sets    of    perpendicular    geodesies    in    a 

domain,  II,  272. 
Severi,  Prr/.,  xiv,  xv.,  I,  304,  321 ;    II, 

101-106,  578,  586,  590,  594-596. 
Severi  parallel  geodesies,  I,  163,  321  ;   II, 

117-124,  586-590: 
do  not  lead  to  parallelograms,  II,  139, 

594: 
in  relation  to  Levi-Civita  parallels,  II, 

124: 

see  Parallel  geodesies. 
Sextuple  space, 

centre-locus  of  domainal  geodesies  in, 

II,  346-348  : 
region  in,  II,  208-225. 
Sides  of  a  Peres  parallelogram  on  a  surface 
geodesic  to  a  region,  II,  134  :    see 
Peres  parallelogram. 

Simultaneous  derivatives  of  primary  mag- 
nitudes along  two  different  geo- 
desies, 1,  263  ;  II,  69,  362. 
Small  geodesic  triangle 
in  a  domain,  II,  364,  372-377  : 
in  a  general  amplitude,  I,  145-162  : 
in  a  region,  II,  71-87  : 
on  a  surface,  I,  291-304. 
Small  ranges  in  an  amplitude ;  see  Small 
geodesic  triangle. 


Solid  angle,  at  the  concurrence  of  three  re- 
gional geodesies,  conserved  in  value 
along  parallel  geodesies,  11,  109. 
Space-coordinates,  I,  19  : 
arc-derivatives  of;   see  Arc-derivatives 
(of  second  order),  Arc-derivatives 
(of  third  order)  : 

partial  differential  equations  satisfied 
by ;  see  Partial  differential  equa- 
tions. 

Spatial  curvature,  curves  of, 
on  a  domainal  surface,  II,  500  : 
on  a  regional  surface,  II,  14  : 
we  Curves  of  circular  curvature*. 
Spatial  curvatures  of  geodesies 

in  a  domainal  region,  II,  443,  445-449  : 
on  a  domainal  surface,  II,  480  : 
on  a  regional  surface,  II,  19,  97. 
Spatial  tilt  of  a  geodesic 
in  a  domainal  region,  II,  455  : 
on  a  domainal  surface1,  II,  503  : 
on  a  regional  surface,  11,  41-45  : 
see  Tilt. 
Spatial  torsion  of  a  geodesic 

in  a  domainal  region,  IT,  415-449,  455  : 
on  a  domainal  surface,  II,  492  : 
on  a  regional  surface,  1 1,  30,  35,  37,  97  : 
see.  Torsion. 

Specific  (Gauss)  measure  of  curvature  of  a 
surface  in  triple  space,  I,  225,  237, 
239  ;   11,  563. 
Specific  measure  of  domainal  Jlexurc  of  a 

domainal  region,  II,  405. 
Spherical  curvature,  curves  of ;  see  Curves 

of  spherical  curvature  : 
geodesic   tangent  to,  has  zero   tilt,  1, 

550: 

locus  of  centre  of,  on  concurrent  geo- 
desies on  a  surface,  I,  401,  407,  409. 
Spherical  representation  of  directions  of 
principal  lines  of  a  geodesic  on  a 
domainal    surface,    II,    496 ;     see 
Orbicular  representation. 
Spherical  trigonometry,  illustrations  from, 
1,  301,  341,  353. 


INDEX 


653 


Sphericity,   amplitudes  of  constant,  see 

Constant  sphericity. 
Sphericity,  as  the  Riemann  measure  of 

curvature,  Pref.,  xiii,  I,  161. 
Sphericity  cubic  for  a  region,  II,  90. 
Sphericity,  magnitude  of,  in  the  system  of 
concomitants  for  a   free   surface, 
I,  387. 
Sphericity 

of  a  domain,  II,  377,  379,  380  : 

of  a  domainal  region,  IT,  402  : 

of  a  free  region,  II,  82,  86-88  ;  referred 

to  polar  geodesies,  I,  470  : 
of  a  general  amplitude,  1, 161,  311-316  : 
of  a  domainal  surface,  II,  514  : 
of  a  free  surface,  I,  1 93,  303  ;   referred 

to  polar  geodesies,  I,  257  : 
of  a  regional  surface,  II,  90-94. 
Sphericity  sextic  for  a  domain,  If,  379, 

380. 

Stationary 

coil,  see  Curves  of  globular  curvature : 
tilt,  see.  Curves  of  spherical  curvature  : 
torsion,  see  Curves  of  circular  curvature. 
Sub-amplitudes,  Chapter  VI. 
Superficial  flexure  of  a  parametric  curve 
in  a  region,  IT,  181,  183  : 
on  a  surface,  I,  416. 

Superficial  measure  of  domainal  flexure, 

analogous  to  sphericity,  11,517-520. 

Superficial  measures  of  curvature  (other 

than  sphericity) 

of  a  primary  amplitude,  I,  224,  225  : 
of  a  primary  domain,  II,  561-568. 
Superficial  measures  of  domainal  flexure, 

for  a  region,  II,  399. 
Superficial  normal  to  a  parametric  curve 

on  a  surface,  I,  436. 
Superficial  orientation 
in  a  domain,  II,  255,  353,  354  : 
in  a  region,  I,  453  ;  II,  1. 
Superficial  variables 
in  a  domain,  II,  255-257  : 
in  a  general  amplitude,  I,  5  : 
in  a  region,  II,  1. 


Surface,    domainal,    II,    256,    259 ;     see 

Domainal  surface. 
Surface,  geodesic, 

see  Geodesic  surface,  Parametric  sur- 
face : 

to  a  domain,  II,  475,  592-594  : 
to  a  general  amplitude,  I,  162,  163  : 
to  a  region,  II,  56,  127,  137. 
Surface,  geodesies  on  a  free,  partial  dif- 
ferential equation  of,  I,  247. 
Surface,  inflexional,  of  a  domainal  region, 

II,  416. 
Surface 

in  plenary  space,  Chapter  VIII : 

in  quintuple  space,  I,  395  : 

in  space  of  unlimited  dimensionality,  I, 

230: 
in  triple  space,  arc-element  of,  cannot 

be  assumed  arbitrarily,  I,  234. 
Surface,  minimal,  sec  Minimal  surfaces. 
Surface  of  constant  sphericity,  integral 

equations  of  geodesies  on,  I,  248. 
Surface, 

orthogonal  centre  of,  in  quadruple  space, 

I,  245  : 

orthogonal  homaloid  of,  I,  242. 
Surface,  orthogonal  to  polar  geodesies  in  a 

region,  I,  469. 
Surface,  parametric ;  see  Geodesic  surfaces, 

Parametric  surfaces. 

Surface  referred  to  geodesic  polar  coordi- 
nates, I,  257,  258. 

Surface,  regional,  see  Regional  sur- 
faces. 

Surface,  regional  flexure  of,  I,  194. 
Surface,  Riemann  four-index  symbol  for, 

I,  31,  47. 
Sylvester,  II,  209. 

Tangent  block  of  a  domain,  II,  261,  262  ; 
contains  also  the  binormal,  the 
trinormal,  and  the  quartinormal, 
of  geodesies,  II,  291,  292. 

Tangent  flat  of  a  domainal  region,  II,  381, 
382. 
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Tangent  flat  of  a  free  region,  I,  473-476  ; 
contains  also  the  binormal  and 
the  trinormal  of  a  geodesic,  1, 481, 
486 ;  sets  of  leading  lines,  I,  512, 
517. 

Tangent  homaloid  of  an  amplitude,  T,  73- 
75,  89  ;  contains  certain  principal 
lines  (gremial  lines)  of  a  geodesic, 
1, 119-124  : 

of  a  sub-amplitude,  I,  170,  175. 
Tangent  plane  to  a  domainal  surface,  IT, 

470-474. 

Tangent  plane  to  a  free  surface,  I,  240, 
250-252  ;  envelope  of,  I,  241  ;  con- 
tains the  binomial  of  a  geodesic,  I, 
252. 
Ternariants  in  a  region,  I,  488,  490,  514, 

526,  527,  544-546. 
Ternary  quadratics,  eliminant  of  three, 

IT,  209. 

Third -order    approximations    for    para- 
meters in  a  small  geodesic  triangle, 
in  a  domain,  II,  364-373  : 
in  a  general  amplitude,  I,  154-158  : 
in  a  region,  II,  77-83  : 
on  a  surface,  I,  291-297. 
Third-order  arc-derivatives  of  parameters 

along  a  geodesic 
in  a  domain,  II,  278  : 
in  a  general  amplitude,  I,  52  : 
in  a  region,  I,  465  : 
on  a  surface,  T,  258. 

Third-order  arc-derivatives  of  space- 
coordinates,  I,  54,  265,  495  ;  II, 
281. 

Third-order  conditions  of  geodesic  qual- 
ity 
of  a   region,    in   a  domain,    II,   419, 

422: 

of  a  surface, 

in  a  domain,  II,  477,  479  : 
in  a  region,  II,  59,  63-65. 
Third-order  contact  between  a  parametric 
region  and  a  geodesic  region  in  a 
domain,  II,  406,  415-424. 


Third-order  contact  between  a  parametric 
surface  and  a  geodesic  surface 

in  a  domain,  II,  476-480  : 

in  a  region,  II,  59-65. 
Third-order  partial  differential  equation 
satisfied  by  the  parameter  of  a 
family 

of  quadruply  orthogonal  domainal  re- 
gions, II,  434  : 

of  triply  orthogonal  regional  surfaces, 
TI,  231. 

Third  side  of  a  small  geodesic  triangle 
in  a  domain,  II,  372,  373  : 
in  a  general  amplitude,  T,  150-158  : 
in  a  region,  II,  71-82  : 
on  a  surface,  T,  298,  301. 
Tilt,  domainal,  of  a  geodesic  on  a  surface, 

II,  531. 

Tilt  of  a  curve  in  space,  I,  15. 
Tilt  of  a  geodesic 
in  a  domain,  II,  305  : 
in  a  general  amplitude,  T,  94,  116,  118: 
in  a  primary  amplitude,  T,  219  : 
in  a  region, 
if  free,  I,  513  : 
in  a  domain,  IT,  455  : 
on  a  surface, 

if  free,  1,282,286,364,365: 
in  a  domain,  II,  503,  529-532  : 
in  a  region,  II,  19,  41-45. 
Tilt  of  a  geodesic  tangent  to  a  curve  of 
spherical  curvature  vanishes  at  the 
point  of  contact,  I,  140,  246,  389, 
549. 
Tilt  of  a  parametric  curve  on  a  surface,  T, 

435. 
Tilt,  regional,  of  a  geodesic  on  a  surface, 

II,  19,  23,  25-27. 
Torsion,  domainal,  of  a  geodesic 
in  a  region,  II,  450-455  : 
on  a  surface,  1 1,  494-496,  530. 
Torsion  of  a  curve  in  space,  I,  15. 
Torsion  of  a  geodesic 
in  a  domain,  II,  294,  295  : 
in  a  general  amplitude,  I,  79,  80,  114 : 
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Torsion  of  a  geodesic 
in  a  primary  amplitude,  I,  209  : 
in  a  region, 
if  free,  1,492,  511  : 
in  a  domain,  II,  445-449  : 
on  a  surface, 
if  free,  I,  285,  287  : 
in  a  domain,  II,  484,  485  : 
in  a  region,  II,  30,  35-37. 
Torsion  of  a  geodesic  tangent  to  a  curve 
of  circular  curvature  vanishes,  I, 
78,  128,  381,  547  ;   II,  325. 
Torsion  of  a  parametric  curve 
in  a  domain,  TT,  633  : 
in  a  region,  IT,  185-191  : 
on  a  surface,  I,  430,  448. 
Torsion,  regional,  of  a  geodesic  on  a  sur- 
face, II,  13,  23. 
Total  curvature  of  a  geodesic  triangle  on 

a  surface,  I,  306-308. 
Triangles,   geodesic,   see  Small   geodesic 

triangle. 

Trinormal  of  a  geodesic 
in  a  domain,  II,  292,  303  : 
in  a  general  amplitude,  I,  87,  90,  120  : 
in  a  primary  amplitude,  I,  218  : 
in  a  region,  1,  484,  511,  519  ;  II,  459  : 
on  a  surface,  I,  286,  360,  363,  368,  432, 

435;   11,42,43,45. 

Trinormal  of  a  parametric  curve  on  a  sur- 
face, 1,  432-435. 

Triple-suffix  notation,  I,  451,  503. 
Triply  orthogonal  surfaces  in  a  region,  II, 

226-238. 

Types  of  variables, 
in  a  domain,  II,  250-257  : 
in  a  region,  I,  453-457. 


Umbral  notation  used, 
for  concomitants,  II,  89,  90,  396  : 
for  conditions  of  geodesic  quality  of 
regions,  II,  423  : 
surfaces,  II,  64,  478. 
Uniqueness  of  geodesies  by  assignment  of 

direction  at  a  place,  I,  40,  248. 
Unlimited  number  of  dimensions,  example 
of  a  surface  in,  I,  230. 

Variables,  types  of, 
in  an  amplitude  I,  3 : 
in  a  domain,  II,  250-257  : 
in  a  region,  I,  453-457. 
Variations  of  magnitudes  along  a  geodesic, 

see  Arc-derivatives. 

Volumetric  measures  of  curvature  of  a 
primary  domain,  TI,  551-560. 

Weber,  Pref.,  xiii,  I,  192,  289. 
Weierstrass, 

equations  of  a  minimal  surface  in  triple 

space,  I,  277  : 

test  in  calculus  of  variations  for  minimal 
surfaces,  II,  240. 

Young,  A.,  I,  384  ;  IT.  64. 

Zero  additive  measure  of  flexure  for  mini- 
mal surfaces  in  a  region,  II,  245. 
Zero 

coil  of  geodesic  tangent  to  a  curve  of 

globular  curvature,  I,  141  : 
tilt  of  geodesic  tangent  to  a  curve  of 

spherical  curvature,  I,  138  ; 
torsion  of  geodesic  tangent  to  a  curve 
of  circular  curvature,  I,  126. 
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